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Abstract: We prove the existence and uniqueness of weak solu-
tions to the variational formulation of the Maxwell-Boussinesq ap-

proximation problem. Some further regularity in W12+ § > 0, is
obtained for the weak solutions. The shape sensitivity analysis by
the boundary variations technique is performed for the weak solu-
tions. As a result, the existence of the strong material derivatives
for the weak solutions of the problem is shown. The result can be
used to establish the shape differentiability for a broad class of shape
functionals for the models of Fourier-Navier-Stokes flows under the
electromagnetic field.
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1. Introduction

The problem of magnetohydrodynamic flows has been studied by several authors
(see Druet, 2009; Duvaut and Lions, 1972; Gerbeau and Le Bris, 1997, 1999;
Hoémberg and Sokolowski, 2003; Meir, 1994; Meir and Schmidt, 2001; Sermange
and Temam, 1983) and it goes back to the work of Ladyzhenskaya and Solon-
nikov. At that time the coupled system did not include thermal effects. The full
complete problem including the heat transfer seems to be more realistic and not
many authors dealt with it. The full Navier-Stokes-Fourier-Maxwell problem
was ounly partially studied in the works of Alekseev (2006), Meir (1994), Meir
and Schmidt (2001), where the principal coefficients are assumed constant. On
the other hand, in Druet (2009) the coefficients are only temperature dependent,
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and the force term is either globally bounded (truncated) or the thermal expan-
sion coeflicient is sufficiently small. Concerning the shape sensitivity analysis
we can mention work of Zolésio and his collaborators (see Boisgérault and Zolé-
sio, 2000, 2001; Delfour and Zolésio, 2001; Dziri and Zolésio, 1996, 1997; Dziri,
Moubachir and Zolésio, 2004; Murat and Simon, 1976; Pironneau, 1984; Plot-
nikov and Sokolowski, 2006; Plotnikov, Ruban and Sokolowski, 2008), where the
case of Navier-Stokes problem was investigated and also the coupled problem
with heat transfer. We refer to Consiglieri, Ne¢asova and Sokolowski (2008)
where an uncoupled complete problem is studied (see Remark 5). It is only in
this paper that the problem under study has the principal coefficients varying
with the temperature as well as the space variable.

Let € be an open bounded subset of R? with the boundary 092 € C1! which
is splitted into two parts 9Q = I'p UT x, where I'p is an open nonempty subset
of 90 and I'y = 9Q \ ['p. The thermoelectromagnetoflow problem reads in Q:

-V - ((T)Du) + p(u- V)u+ Vp = protH x H + pf — pG(T)T}; (1)
Vx (c7HT)V xH) =V x (67 (T)Jg + pu x H); (2)
3
. Ou; .
divu = 2 o, = divH = 0; (3)
—V - (k(T)VT) + pu- VT = f. (4)

Here u is the fluid velocity vector, T is the temperature, Du = (D;;) = (dju; +
0;u;)/2 (i, = 1,2, 3) is the symmetrized gradient of the velocity, 1 the magnetic
permeability, p denotes the pressure, p is density, f and f denote the external
forces and heat sources, respectively. The coefficients v, o, k are temperature
dependent functions representing the viscosity of the fluid, the electric and the
heat conductivities, respectively. Indeed in order for the setting to be more
realistic these coefficients are not only functions of the temperature but also of
the space variable. The density p is assumed to be constant, we set p = 1.

The buoyancy force, as in the Boussinesq approximation, is described by
G(T) = B(T)(0,0,9)", where 3 denotes the coefficient of thermal dilatation
and g is the constant of gravity. The existence of two body forces in the fluid,
the Lorentz force J x B = (V x H) x (#H) and the buoyancy force, results
from the presence of the magnetic field H. Moreover (2) results if we take the
rotational in the second equation of the steady-state Maxwell equations:

VxE=0; J=VxH,

where E is the electric intensity field and J is the current density given by the
Ohm’s law

J=Jy+0(T)(E+ux B),

where Jo denotes a given applied current (see Alekseev, 2006).
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Finally, the thermoelectromagnetoflow problem under study has the follow-
ing boundary conditions

u=0, H-n=0 on 0Q; (5)
oT

T=0onTIp, k(T)%—I—aT:h on I'y, (6)
where a represents the convective heat transfer coefficient. Here « is a function
only depending on the space variable. We refer to Consiglieri (2006, 2008), Druet
(2009), Meir and Schmidt (2001), whereby it can be extended to a function also
depending on the temperature and even to include radiation effects. To simplify
the presentation we assume a homogeneous Dirichlet condition for the velocity
of the fluid (see Remark 2).

The outline of the paper is as follows. In Section 2, new existence results
are stated under diverse assumptions for the system of strongly coupled ellip-
tic equations governing temperature dependent electromagnetic stationary flow.
Fluid velocity, magnetic field intensity and fluid temperature are the state vari-
ables. Section 3 is devoted to the proof of existence of a weak solution to the
nonlinear coupling of electromagnetics, heat and fluid device, using a fixed point
argument. Some well posedness auxiliary existence results are established as well
as results on the regularity of solutions. In Section 4, additional regularity of
a weak solution to the considered electromagnetic flow problem is proved, as-
suming more regular external forces and applied current intensities. Assuming
Lipschitz type continuity of function parameters with respect to temperature,
this solution is shown to be unique for suitable small data. In Section 5, assum-
ing that all coefficients of the elliptic system are constant and the velocity field
is divergence free, sensitivity analysis of the unique solution to the considered
elliptic system with respect to perturbation of the boundary of the domain oc-
cupied by the fluid is performed using the material derivative approach. The
existence of strong material derivative of the weak solution to the elliptic system
is shown. The elliptic system characterizing this derivative is provided.

2. Assumptions and main existence results

We need some assumptions on the model, which are listed below.
Let us assume that
(H1) v,0,k : Q@ x R — R are Caratheodory functions such that

I vy >0 vy <v(,€) <v¥ ae inQ, VEER; (7)
Jo#, 04 >0: oy <o(,€6) <o¥, ae inQ, VEER; (8)
IE# ky >0: ky <k(€) <E*, ae inQ, VEeER; (9)

(H2) G = (0,0,G) where G = ¢ with 8 a real, continuous, and bounded
function and we denote by G# the upper bound for the function G;
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(H3) a € LY (I'y) = {a € LYTy) : o« > 0} for ¢ such that ¢ > 3/2, which
means that its conjugate ¢’ = ¢/(¢ — 1) verifies ¢’ < 3;
(H4) and f € L2(Q2), Jo € L%*(Q), feL?*Q) andhe L*(Ty).

In the framework of function spaces of the Lebesgue and Sobolev type, the
norms are denoted by the symbols || - ||, || - |1, ]| - [[rx in spaces L2(2), H'(Q),
L?(Ty), respectively, and the scalar and vector function spaces are not dis-
tinguished in our notations. Providing that the meaning remains clear, the
canonical norm in L”(Q) for p # 1,2 is denoted by || - ||,. We introduce the
Hilbert spaces

V = {veH}Q): divv=0inQ},
V(rot) = {veL*Q): rotveL*Q), divv=0inQ, v-n=0ondQ},

Z = {€cHY(Q): €=0onTp},
equipped with their standard scalar products. We recall that the norms || |v(rot)
and | - ||z are equivalent to the usual seminorms ||V x -|| and |V - || and also
to the norms || - ||; on spaces H(Q) and H(Q), respectively (see Duvaut and
Lions, 1972).

We state the main existence results of the paper.

THEOREM 1 Under the above assumptions (H1)-(H4), and, in addition, under
the following assumptions

b>0 and pa® <b*, (10)
Vi
a = ——Jol| ,
e

_ (g
b= o? (Hfll A+ |h|pN>),

the problem (1)-(6) has a weak solution in the following sense:
The triplet (u,H,T) € V x V(rot) x Z satisfies the following integral iden-
tities

/ v(T)Du : Dvdx + / (v@u): Vudr =
Q Q

_ / (4(V x H) x H + £~ G(D)T) - vz, v € V; (11)
Q
1
/QTT)(VXH)'(VXV)dCC—H/Q(UXH)'(VXV)dCC+
1
+/Q TT)JO (V x v)dz, Vv e V(rot); (12)
/Qk(T)VT - Vndz + /Q u- VIndz + /FN aTnds =

= fnda:—l—/ hnds, Vne€ Z. (13)
Q Ty
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Moreover, the pair (H,T) enjoys the additional regularity, actually, it belongs
to WH2T¢(Q) x Wh2+e(Q) for some €, € > 0.

REMARK 1 Ife > 2/5 we can deduce the additional regularity on u as in Con-
siglieri, Necasovd and Sokolowski (2008). Otherwise, since the operators in the
above elliptic equations of the second order have discontinuous coefficients, we
can obtain Holder continuity on Q0 of the weak solution T due to the De Giorgi-
Nash Theorem if f,h € L1(Q) for q > 3. If o is taken as a continuous function,
then the main operator in (12) has continuous coefficient and the regularity the-
ory can be applied to the weak solution H. Or, simply, if we suppose that the
electric conductivity o is constant, it will be sufficient to our purposes in the
study of the shape sensivity. However, in the sequel the data assumptions are
kept as general as possible.

THEOREM 2 Let g < € <1 and 2 < g < 3 be such that

3q _ (2+€)(2+¢€) (14)
3—q €—€o '

If Jo € LI(Q), then H € L39/G~9(Q). Under the assumption £ € L2T01(Q),
where §1 > 0, the weak solution u given by Theorem 1 enjoys the additional
regularity, actually, it belongs to WH2T9(Q) for some § > 0. Furthermore, under
the following Lipschitz-type continuity assumption on the temperature dependent
function parameters of the model

30 >0: [V(T?) — v(TY)| < p|T? — T30/ 2+ (15)
3G >0: glB(T?) = B(T")| < G|T* - T, (16)
36 >0: lo(T?) — o(TY)| < a|T% — TP/ 3+, (17)
3k >0: |k(T?) — k(TY)| < k|T? — TH3/CF) w12 T1 e R, (18)

the weak solution (u,H,T) is unique for small data.

The existence of the pressure p in the space of distributions follows from the
well-known results by using the divergence-free test functions v € C5°(Q) in
(11). Moreover, the pressure is unique up to a constant.

3. Proof of Theorem 1

First, we recall the Tychonoff extension to weak topologies of the Schauder fixed
point theorem (see Dunford and Schwartz, 1958, pp. 453-456 and 470).

THEOREM 3 Let K be a nonempty weakly sequentially compact convex subset
of a locally convex linear topological vector space V. Let L : K — K be a weakly
sequentially continuous operator. Then L has at least one fixed point.
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Let £ be the mapping of the form
L:(w,h &) eVXxV(rot)x Z— H,T)— (u,H,T),

where the functions u, H and T are the solutions for the elliptic boundary value
problems (23), (21) and (19), respectively. Indeed, the fixed point argument
starts by prescribing (w, h, £) from V X V(rot) x Z next by finding the temper-
ature and the magnetic field and finally the velocity of the fluid. The proofs of
such existence results are the straightforward application of the classical exis-
tence theory, hence are omitted here.

PROPOSITION 1 Let (w,&) € V X Z and assume that conditions (9), (H3)-(H4)
are fulfilled. Then there exists a unique T € Z such that

/k({)VT-Vndx—l—/ w - VTnd:c—i—/ aTnds =
Q Q I'n

= fnda:—l—/ hnds, Vne Z. (19)
Q Ty
Moreover, the energy estimate holds

kTl < 111+ lllr - (20)

PROPOSITION 2 Let (w,h,£) € VX V(rot) x Z and assume that conditions (8)
and (H/4) are fulfilled. Then there exists a unique H € V(rot) such that

1
/Q@(VxH).(Vxv)d:c:—,u/ﬂ(th).(va)dx_F

1
+/ —Jo - (V xv)dz, Vv eV(rot). (21)
ao(§)
Moreover, the energy estimate holds
1 1
—z[[H][1 < pllh x w|| + —||Jo- (22)
o o4
PROPOSITION 3 Let (w,&) € V x Z, and T and H the solutions in accordance

with Propositions 1 and 2, respectively, and assume that conditions (7), (H2)
and (H4) are fulfilled. Then there exists a unique u € V such that

/Qy(f)Du : Dvdx + / (vew): Vudr =

Q

:/(MVXHij+f—Gawﬂ.wm,vvev. (23)
Q

Moreover, the energy estimate holds

vgllully < |V x H|[[H]| 2 + [l + GFNT goss. (24)
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REMARK 2 For given g € H™Y2(9Q), there exists a lifting ug € HY(Q) such
that ug = g on 0Q and ug verifies

-V (w(€)Dug) + (Ww-V)ug = —Vpg; V-ug =0 1inQ.
If the element U = u —ug € 'V is determined by a solution to the problem
V- @()DU) +(w-V)U=-Vpy +u(VxH)xH+f-G(T)T in Q,
then u = U + ug s the solution to the problem

V- wE)Du)+ (w-V)u=-Vp+pu(VxH)xH+f—-GT)T in Q,
V-u=0inQ, u=g ond.

Therefore, it is assumed that g = 0, observing that in the inhomogeneous case
a smallness assumption for the velocity at the boundary will be also needed in
order to prove the main results.

In view of Propositions 1, 2 and 3, the operator L is well defined. Moreover,
L maps the ball

KZ{(W,h,g)EVXV(T‘Ot) X 7 : HWHl SRl, HhHlSRg,

1€l < ki(l\fl\ + l1Alles)}
#

into itself, since by (20), (22) and (24) it follows that

1
JH)s < o* (uRle 4 Euon) <R, . (25)
1 5 G#
Pl < = (3 18+ S (171 + Il ) = B (26)
Vs #

where Ry > 0 is such that
# o #
1o o
AT o (g + 161+ 01+ k) ) + 2130 < R
# # O#

or equivalently
a< RQ(b - NRg)v
if b > 0 and (a/b)? < b/u, which is assured by (10).

In order to apply Theorem 3 it remains to prove the weak continuity of L.
Since we have the compact embeddings

V,V(rot) —»— {weL'(Q): V-w=0inQ, w-n=0ondQ} (27)

7 = I4(9), (28)
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let {(Wp, by, &n)} be a sequence such that
W, —Ww, h, —h inL*Q); &m — & in LY(Q). (29)

Let (wm, Hy,, Thy,) be the corresponding weak solutions given by Propositions 1,
2 and 3, for each m € N. From the estimates (24), (22) and (20), the sequence
{(Wm,Hy, Trn)} is bounded in V x V(rot) x Z. Then there exists the weak
limit (u,H,T) € V x V(rot) x Z such that

U, —uinV; H,, — H in V(rot); T — T in Z, (30)

possibly for a subsequence, still denoted by (u,, H,,, T,,). Applying (27)-(28)
we obtain

u, —u, H, —-H inL*Q); T, —Tin L' Q). (31)

We pass to the limit as m — 400 in the integral identities (23), (21) and
(19), replacing w,h, &, u,H and T by the sequences w,,, hy,, &, upm, Hy, and
T, respectively, using (29)-(31) and the continuity properties of the Niemytskii
operators in the coefficients combined with (7)-(9). Therefore, we conclude
that the limit (u, H,T) is a solution corresponding to (w,h,¢) of the required
problem (23), (21) and (19).

Then, Theorem 3 guarantees the existence of at least one fixed point which
is the required weak solution.

The regularity (H,T) € W12T¢(Q) x Wh2+e(Q) for some ¢, ¢ > 0 is a
consequence of the following regularity results.

PROPOSITION 4 If Jg € L2(Q) then there exists a constant € > 0 such that the
weak solution H € V(rot) of (12) belongs to WH2T<(Q), i.e.

IVH[[24 < K7,
with a constant K1 > 0 only dependent on the data.

Proof. Adapting the regularity theory for elliptic equations of the second order
(see Groger, 1989), we obtain H € WH2T¢(Q) with 2 + ¢ < 6 since

Jo — o(T)pH x u € L2(Q) — (WH/5(Q))’.

The following result is a consequence of the regularity of solutions to the
mixed boundary value problems for elliptic equations (see Groger, 1989).

PROPOSITION 5 If f € L*(Q) and h € L*(Ty) then there exists a constant
e > 0 such that the weak solution T € Z of (13) belongs to W12T¢(Q), i.e.

VT |24e < Ko,

with a constant Ko > 0 only dependent on the data.

Proof. According to Groger (1989) we obtain T € WH2+¢(Q) with 2 +¢ < 3
since f,h € (W13/2(Q)). m
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4. Proof of Theorem 2

The regularity u € W1H2+9(Q) for some & > 0 is a consequence of the following
regularity results.

PROPOSITION 6 For every 2 < q < 3, if Jo € L4(Q) then the weak solution
H € V(rot) of (12) belongs to L34/3=9(Q).

Proof. Adapting the regularity theory for elliptic equations of the second order
(see Groger, 1989), the desired result is obtained, provided by Jo—o(T)uH xu €
L(Q). m

PROPOSITION 7 If q is given as in (14) and f € L2t91(Q) for some §; > 0, then
there exists a constant 6 > 0 such that the weak solution u € V of (11) belongs
to WL2+9(Q) i.e.

[Vull24s < K3,

with a constant K3 > 0 only dependent on the data.

Proof. For every zg € Q, 0 < r < R small enough, Q(z¢, R) := QN B(zo, R),
6 €]0,1[ and some positive constants By, Ba, independent of u,H and T, we

have the following reverse estimate (see Consiglieri and Shilkin, 2000, Lemma
3.2)

1/2
/ |Vu|?dz <46 / |Vu|?dz
Q(zo,r) Q(zo,R)
B 5/6
+ / |Vul|®/5dx
R =7\ Ja(o.r)

1/2
B

2 / (lu®ul + [F + £ + 1)dz
R =7 \Jao.r)

where F = protH x H — G(T)T. By Propositions 4 and 6, we have H €
Wh2te(Q) N LEHeo)2+e)/(e=<0)(Q)), Thus, it follows that rotH x H € Lt (Q)
and F € L?*T%(Q). Since u ® u € L3(Q) then the Gehring inequality (cf.
Gehring, 1973) guarantees the higher integrability u € W2+9(Q) for some
0 < § < min{ep, d1}. L]

1/2

+

Now, we prove the uniqueness. To this end, let (u!, H!, 1) and (u?, H?,7?)
be two weak solutions to problem (11), (13), and (12). Arguing as in Consiglieri,
Necasova and Sokolowski (2008), the respective differences it = u' — u?, H =
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H'—H? and T = T" — T? satisfy
2D < %I|T|\25/<2”>|\Du2||§+5 + C3 || Dul* || Vu?||+
+% (MH(V x HY) x H' — (V x H?) x H?|g/5+
G| Tless + GITIlIT2)

2
+

1 _ 1 1
CVxHP <o | — H?
o# |V HIP <o H(om) o<T1>>VX

2
1 1

# 1l 12 212 # :

+o"pllut xH —u® x H||* 4+ o H(U( 5ol 2))J0 ;

k- ko 6o Cy
2T < TS CH N34 + [l IV T2 0, (32)
2 ky kg

where Cj,Cy are the Sobolev constants of the embeddings H'(Q) — L5()
and H'(Q) — L*(Q), respectively. Using the Lipschitz continuity assumptions
(15)-(18), and applying Holder and Young inequalities leads to

v _ U\ =168/(2+6 _
5 1Dl < TS DR 5 + Gl Dal| v+

ol _ . i - )
+@(MI\V x HI[|[H (|5 + pl|V x H2|[||H|js + G#|T|6/5 + GHT|\6HT2||3/2) :

1 - g —=116€/(24+¢€
oV H|? < 7l /CH) (| VH2 |3, + [ Joll3 )+
(a2 + )3,

Let K1, K5 and K3 be the upper bounds derived in Propositions 4, 5 and 7,
respectively, and K4 stand for the upper bound in estimate (20), namely,

1
Ky = —(If1+ [1hllry)-
#
Next, in view of (25)-(26), we set

1
(kRS + |If|| + G*Ky)

:E

R’
where Rs is chosen such that

# #
_ Ho™ 2 # _9"
(1 ” (uR3 + |If| + G K4))R2 U#HJoHa
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we have

V. —
Z|Dulf? < —||T)g" K + CF | Du* R+

v
Vi

Cl — _ 2|17 _ 2
o (P17 %+ [Bl) + G# T o5+ GIT oK)

1 112 O 1 Be/(2+e) ( o2 2
1oV < HIT = CAE 17l (KT + [Jollz)+
+u((aliRS + RY|H).

Now, sum the above two inequalities with (32) rewritten as follows as
k — k- 6e/ (24 Cy
S IVTIP < I TN P9 KE + g
2 ky ky

As a result,

C

Y# _ 2R, — 2_ =

1 2002,
el -
" (4(0#)2 vg

Kf) |Da2+
CMR%) |VE|2+

k c -
+ (—# - — (K3 + (G* + GKy)?)—

2 V#
Co Ck _
———5 (K7 + [|Joll340) — — K3 ) [VT|* <0,
(o%) ky

with C standing for different Sobolev constants, and the uniqueness of solution
holds under smallness assumption on the data.

5. Shape sensivity analysis

In this section we deal with the shape sensivity analysis to the model correspon-
dent to Theorem 1, when the coefficients v, k, o0 and a are assumed constants.
First, a family of mappings 7> : R?* — R? associated with a given velocity field
V (7, x) is constructed. The evolution of geometrical domains, if the vector field
V is chosen, is governed by the real parameter 7. So we denote by Q, = 7,(Q)
the variable domain depending on two parameters, a vector field V' and the real
variable 7. We call the family of perturbations 2, of a given initial configura-
tion €2, and the variable 7 has the meaning of time in our setting. Indeed, the
variable domains €2, are defined by the images of the mapping, which is given
by the system of differential equations
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with the solution denoted by z(7) = z(r,X),7 € (0,71), X € R3, for some
positive constant 7. Therefore, each specific family parametrized by 7 is defined
in the direction of a given vector field V, and it is denoted by Q, = {z € R3| z =
z(r, X), X € Q}.

In our setting all equations defined in variable domain 2, can be transported
to the reference domain, which is also called the fixed domain 2, using the
inverse transformation 77! : Q, — Q.

Let us assume the following additional hypotheses:

(H5) The field V is compactly supported with respect to the spatial variable z,
ie.,

V € C(0,11; D*(Q;R?)), suppV C Q,

and it is divergence free.
(H6) In the variable domain setting, the elements

fT e L2(Q,), J5el?(Q,), fTelL*Q,) andh” € L*Ty), (33)

stand for the data in boundary value problems in €2, are simply given by
restrictions to €2, of some functions

f e H'(R?), JocH'R?), fecH'(R®) andhec H'(R?) (34)

defined in the whole space. In this way the shape derivatives of all the
data vanish, except for h, and the material derivatives are just given by
the scalar products of the gradients of the data with respect to spatial
variables with the velocity vector field, e.g., f =V f -V, provided that all
data are given in the Sobolev spaces H*(R?).
Notice that (H5) implies the additional constraint, || = constant, this
means that for our shapes the admissible domains have the given volume.

5.1. Perturbed problem

We consider in (H5) that the velocity field V(r,z) is divergence free, which
implies that also our u and H conserve the divergencelessness. This simplifies
the situation and we do not need to apply Bogovskii operator, since for pressure
we use the standard Rham theorem.

DEFINITION 1 We call a perturbed problem to the model (1)-(6) in a perturbed
domain the following system of equations in €.

V- (wDu") + (u” - V)u” + Vp” = protH™ x H™ + {7 — G(T7)T"; (
Vx(VxH) =V x(J] +opu” xH); (36
divu™ = divH" = 0; (
~V-(kVTT) +u" - VT = f7; (
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with the boundary conditions:

u” =0, H -n"=0 ondQ,; (39)
orT
T"=0 onT%h; k% +aT7=h" onT. (40)
We introduce the Hilbert spaces

VT = {veH}Q,): divv=0inQ,}

V7(rot) = {veL?Q,): rotveL?Q,),
divv=0inQ,, v.-n=0o0n 99, }
ZT = {¢€HY(Q,): &£=0onTph}

equipped with their standard inner products.

THEOREM 4 Assuming (H2), (H5), (33) and (10) with the constants a and b
under the perturbed data, i.e.

v
:—JT
a= 53]

b=~ (I71+ S+ 1))

the problem (35)-(40) has a weak solution in the following sense:
The triple (w™,H™,T7) € V™ x V' (rot) x Z™ and it satisfies

u/ Du” : DvTdx,; —I—/ Du” : (0 @v")dx, =

Q- Q.

- / (u(v x H™) x H” + 7 — G(TT)TT) NTdz,, W EVT,
Q,

/ (VxHT) - (Vxw)dz, = O"LL/ (W xH") - (Vxw)dz.+
Q. Q.

+/ Jo - (Vxwhdz,, Yw™ € V7 (rot),
Q,

k/ vVT™ . -Vn'dz, —I—/ u” -VI'n"dx, + a/ T™n"ds, =
Q, Q,

'y

= / fn"dx; +/ h'nds., Vnm €Z7.
Q, ry,

Proof. See the proof of Theorem 1. [
THEOREM 5 If the assumptions of Theorem 4 are fulfilled, the solution (u™, HT,
TT™) in accordance to Theorem 4 is such that (HT,TT) belongs to WH2+¢(,) x
Wh2+e(Q.) for some €, € > 0. Moreover, if we assume f7 € L2T01(Q,) for
some 61 > 0 and J7 € LY(Q,) with q given as in (14), then u™ € Wh2+9(Q))
for some 6 >0, and (0", H",T7) is unique under small data.

Proof. See the proof of Theorems 1 and 2. [
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5.2. Transported problem

The transported solution to the fixed domain is denoted by u, = u” o 7,
H.=H"07,T, =T"07, withdataf;, =707, G, = G"07;, Jo, = J] o7,
fr=f"0oTand hy =h7 o T,.

We begin by recalling the following result (see Sokolowski and Zolésio, 1992).

PRrROPOSITION 8 The unit normal vector field on I'; is given by
n(7,(X)) = (VT - nllg (VI n)(X)

for X €. For any f € L*(T,),
s, = [ £oTIM(T) nifssds,
r, r

where M(T,) = det (VT,;)VT 1 is the cofactor matrixz of the Jacobian matriz
JT;.

We recall the following important results, which give us the answer to the
question, what happens with grad, div or curl after applying the transformation
of domain.

PROPOSITION 9 Denote by JT, the Jacobian of T, i.e. JT, = 0,,(7;);, and for
any matriz B the transposed matriz is denoted by BT. The following relations

hold, with JT.! = VT,

(i) (grad w)o T, = (JT;TV) (w ° TT) for all w e H'(R);

(i) (div w)oT, = ((r)~! (c(r)JT;lv) : (w o TT) for all w € HY(Q);

(iii) (curl w)oT, = (JT;TV) x (w o TT) for all w € H'(Q).

REMARK 3 From Proposition 9, it follows that functions, which are divergence
free on Q. generally lose this property when they are transported to the fized

domain. For more details see Remark 6.2 in Homberg and Sokolowski (2003).
This is the reason, why we assume, additionally, for simplicity, that div V = 0.

We introduce the following notations
(r) = detJT,),

o(7) VI,
A(r) = () o(r)To(7),
(7)
(7)

= C(T)Q(T)v
— M(T) mles.



Incompressible Maxwell-Boussinesq approximation 1207

DEFINITION 2 We call the weak variational formulation of the transported prob-
lem to the model (1)-(6) in the fired domain (relative to the perturbed problem
in accordance with Definition 1) the following system of equations

V/ A(7) : (Du,Dv)dz +/ B(1)Vu; : (v®@u;)dr =
Q Q

= o ¢(r) (/L((Q(T)V) xH;) x H, + £, — G(TT)TT) -vdx, Vv eEV;

/Q((Q(T)V) x H,) - ((o(1)V) x w)dz =

= 0 C(r)(opur x Hy +Jor) - ((0(1)V) X w)dz, Vw € V(rot);

k/ﬂ A(r) : (VT ® Vi)dz + /Q B(7) : (u; @ VT )ndx+

+a /FN T-nw(T)ds = /QanC(T)d:c + /FN h:nw(T)ds, Vn € Z.

In particular, with v, = v™oT., w, = w0l andn, =n"o7T,, forallvT € VT,
w”™ € V7 (rot), and n™ € Z7.

THEOREM 6 Suppose that the assumptions (H2), (H5) and (34) are fulfilled
and additionally assume that (10) holds for the constants a and b under the
transported data:

v
a=—|Jor|
o
v

b £+ < h
=2 — (g + Sl + el ).

then the triple (u.,H,,T;) € V x V(rot) x Z is a weak solution in the sense of
Definition 2. Moreover, the solution (u,,H,,T;) is such that (H.,T,) belongs
to Wh2T€(Q) x WL2+£(Q) for some €, ¢ > 0, and if £, € L2T%1(Q) for some
81 > 0 and Jo, € LI(Q) with q given as in (14) then u, € WH2H(Q) for some
0 > 0. Furthermore (u,;,H;,T;) is unique under small data.

Proof. See the proof of Theorems 1 and 2. [

As we introduce the forms

(F1) ao(r,u,v) =v [, ((7)(e(r)Du) : (o(T)Dv)dx = v [, A(T) : (DuDv)dx
(F2) ax(r,0,v) = fo C(r)(o(r)Vu) : (v @ w)de = [, Br)Vu : (v © u)dz

(F3) az(r,H,v) = 4 [, () (((e(r) V) x H) x H) - vda

o
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(F4) as(r,£,T,v) = [, ( (f G(T)T) vdz

(F5) Bi(r,H,w) = [,((0 ) X H) ((o(T)V) x W) dx

(F6) fa(m,u,H,w) =o0pu fﬂ (uxH) - ((o(1)V) x W) dz

(E7) B3(7, Jo, w) = [ ¢( (T)V) x w) da

(F8) vi(1,T,n) = ka (VT® Vn)dz

(F9) ~o(7,u,T,n) fQ o(T)V)Tndx = [, B(7) : (u @ VT)ndzx
(F10) ~3(7,T,n) = oszN an T)ds
(F11) ya(r, fim) = [o fn(r)da

(

F12) ~s5(r, h,n) = fFN hnw(7)ds

we can state the following corollary:

COROLLARY 1 Assume (H5). Let |7| < 1 and 71 be small enough, then there
exist real valued functions g; satisfying g;(7) = o(r), i = 0,...,11 and forms

a;(r,...),1 =0,1,2,3, B8(r,...), i = 1,2,3, and A(7,...), i = 1,--- |5, such that

the following statements are valid.

(B1) For allu,veV
ap(t,u,v) = aop(0,u,v)+ 7a0,(0,u,v) + ag(r,u,v)

aor(0,u,v) = 1//Q A'(0) : (DuDv)dx

ao(r,u,v) < go(7)[[ul[1/[v]].
(B2) For allu,veV

ar(m,u,v) = a1(0,u,v)+701,-(0,u,v) 4+ ai(r,u,v)
a1 +(0,u,v) = / B'(0)Vu : (v ®u)dr
Q

ar(r,u,v) < gi(m)llul3|vlh.
(B3) For allH e HY(Q) and v eV
az(T,H,v) = a2(0,H,v)+702,(0,H,v)+ az(r,H,Vv)

az-(0,H,v) = ;L/Q((g/(())V) xH) x H-vdx

az (7, H,v) < go(7) IV x H|[[[H][1[[v |1
(B4) Forallf € L?(Q), T € Z andv eV
a3 (Ta f7 T7 V) = a3 (Oa f7 T7 V) + 6&3(7’, fa Ta V)

as(r.£,T,v) < gs() (Il + GFI|T) [Vl
(B5) For all H,w € V(rot)

Bi(r,H,w) = B1(0,H,w)+78..(0,H,w)+ 5 (r, H,w)
B1,-(0,H,w) = /A' (VxH)® (Vxw)de

Bu(r, H,w) < ga(7)|[H[|1 [ w1
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(B6) For allu €V, H € V(rot), w € V(rot)
62(7’,11,H,W) = 62(0,11,H,W) +76277(0,U,H,W) +62(T,U,H,W)

B2-(0,u,H,w) = Ju/ﬂ(u x H) - (('(0)V) x w)dx

Bo(r,u, How) < g5(7) w0 x H2 Wy (ror)-
(B7) For all Jo € L?(Q), w € V(rot)

53(7—7 JQ,W) = 62(07J07W) + Tﬁ?),T(OaJOuW) + Bg(’ru Jo,W)
B5,-(0,Jg, W) = /QJO (' (0)V) x w)dx

Ba(r, 3o, w) < ga(T)||Toll|V x w].
(B8) ForallT,neZ
(r,T,n) = 7(0,T,m) +71,-(0,T,n) + (7, T,n)

i (0,Tom) = / A(0) : (VT ® Vi)da
Q

(. Ton) < gr(T) Tl
(B9) ForallueV andT,ne Z

Ye(r,w,T,n) = ~(0,u,7,n) 4+ 7y2,,(0,u,T,n) + Y2(7, 0, T,n)
o (0,0, T, ) = / B(0) : (w® VT)dz
Q

V27,0, Tym) < gs(7)[[ull [Tl [[7]l:-
(B10) ForallT € Z,ne Z

V3 (7-7 Tv 77) = 73 (07 Ta 77) + 73,7 (0, Ta 77) + ;}73(7" Ta 77)
73,7 (0, T, m) = a / Tnw'(0)ds
I'n

V3(7 T, m) < go (M) Tl
(B11) For all f € L*(Q) andn € Z

'74(7—7 I 77) = ’74(07f7 77) + %(Tv fs 77)

Ya(r, f:m) < gro(m) L f1llInll-
(B12) For allh € L*(Ty) andn € Z

Ys(1,hm) = 5(0,h,m) + 795, (0,h,n) +35(7, by m)
¥5,-(0, h,m) = / hnw'(0)ds
I'n

Vs (75 hym) < gua(T) [ Al [l

Proof. The expressions (B1)-(B12) are consequence of the following derivatives
with respect to 7 at 7 =10

¢(0) = div V(0) =0, ¢'(0)=B'(0)=-VV(0), A'(0)=-2D(V(0)),

observing that as in Section 1, D(V(0)) denotes the symmetrized part of VV'(0),
i.e. D(V(0)) = 3(VV(0)+(VV)T(0)). For the proof see Sokolowski and Zolésio
(1992), Section 2.13. ]
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Applying Taylor polynomials of degree one we can prove the stability results.

PROPOSITION 10 Under the assumptions of Theorem 6, if (u.,H,,T,) is the
transported solution corresponding to (u,H,T) and the following assumptions
are fulfilled

(M1) |- —f£]| < Cl7|

(M2)

(M3) || Jo, — Jol| < C|7]

(M4) ||hr = hlry < Cl7|

(M5) || fr = fIl < C|7]

then we have
lur —ul: < C7f; (41)

|H, —H|: < C7]; (42)

T =T < Clrl, (43)

with C' denoting different constants.

Proof. For 7 small enough and &; € [0,7], 4 =0, ..., 4, we can write

(r) = 1+7¢ (%),
o(r) = I+7d(&),
A(r) = IT+74(&),
B(r) = I+7B'(&),
w(r) = 14+7u'(&)

where ((7) > ¢;, >0 for |7| <7 and A, B, g are positive definite for |7| < 7.
Observing that «q is linear with respect to the second argument, we write

ap(T,ur,v) — ap(0,u,v) = ap(0,ur—u, v)+

+7v [ A'(&) : (DurDv)dz. (44)

Observe that «;, (i = 1,2,3), is no more linear with respect to the secondary
argument, thus we write

a1 (r,ur,v) —a1(0,u,v) = a1 (0,ur,v)—ay(0,u,v)+

7 fy B(€)Vu ¢ (v © ur)da (45)
as(7,H;,v) — a2 (0, H,v) = a2 (0, H,, v)—a2(0,H, v)+
71 oy (€' (60)(V % Hy) x Hy + (¢ (61)V) x Hy) x H, ) - vda (46)
013(7', f7'7 TT’ V) - 043(07 fa T7 V) = 013(0, f‘l’a TT} V)_ (47)

—as(0,£,T,v) + 7 [, ¢’ (&) (fT - G(TT)TT) vdz.
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Considering that u is the particular case (7 = 0) to the perturbed u,, it
follows that

RHS of (44) + RHS of (45) = RHS of (46) + RHS of (47).

If we set v = u, — u and argue as in the proof of Theorem 2, we get

v C
(5 — il Jur = wlf < = (ul(V x Hy) x Hy = (V< H) x Hjogs
2

- — £l + |G (T2 T — G(T)T o5 + Clr|) (48)

Now, observing that 81 and (3 are linear with respect to the second argument
we write

)
B3(1,Jor, W) — 33(0,Jg, W) = 33(0,J0, — Jo, W)+
+T/ B/(§3) :(Jor ® V X w)dz,

Q

while the remaining term reads

62(7’; ur, HT,W) - 62(05 u, H,W) = 62(0; ur, HTaW)_
—B2(0,u, H, w) + TO',LL/ B'(&) : ((uT xH,;)®V x w)d:c.
Q

Considering that H is the particular case (7 = 0) to the perturbed H,, we set
w = H, — H to get the following estimate

IH- —H|ly < [[Jor = Joll + opllur x Hy —ux H|[ + Cl7]. (49)

Next
(N1) (7, Tron) = 71(0,7,n) = 71(0, T — T,n) + 7k [, A'(&2) : (VT @ Vi)dz;
(N2) /72(7-7 u,, Tr, 77) - /72(07 u, 7, 77) = /72(07 u,, 1=, 77) - ’72(07 u, T, 77)

+7 [ B'(&) : (ur @ VT, )nda;

(Ng) 73(7" TT? 77) - 73((), Tv 77) =73 (07 TT - Tv 77) + T er Tan/(&l)dS;
(N4) /74(7-7 I 77) - ’74(07 s 77) = '74(07 fr= 1 77) +7 fQ fTT]CI(&))d,T;
(N5) 75(Ta hTa 77) - 75(07 ha 77) = 75((), hT - ha 77) + TfFN h‘l'nw/(€4)d5'

We set n =T, — T to get

k c
SIVT = D)2+l T =TI, < (Il = w) - VT 5+
2

1> = £+ A = hllry + CIr1) (50)

Now we add the three inequalities (48),(49),(50) and from assumptions (M1)
-(M5), we get (41)-(43). L]
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Finally, we are in the position to formulate the existence theorem for the
material derivative of our problem.

DEFINITION 3 The following limit in the function space norm H

i SO O

T—0 T
is called the strong material derivative f of f in 'H.

REMARK 4 The shape derivative v’ of u(7) in the direction of the vector field V
is defined by the formula v’ = @4 — Vu -V provided that there exists the material
derivative 1.

We recall that A(0) = B(0) = 0(0) = I, {(0) = w(0) =1, ¢ = ¢'(0) = 0,
o= 0(0), A= A(0), B= B'(0) and w = w'(0), and we state the following
result on the existence of material derivatives.

THEOREM 7 Assume (H2), (H5), f € L2(Q), J € L2(Q), f € L*(Q), h €
L3(Ty) and moreover (10) holds with constants a and b given as

V.
a=—|Joll
uo

v , G# . .
b—;—oﬂbﬁm+mm0,

then the triple (0, H,T) € V x V(rot) x Z satisfies

I// (ADu + Du) : Dvdx —I—/
Q

(BVu+ Vi) : (v @ u)dzs + / Vu: (v®t)de
Q

Q

:u/ (((@V)><H)><H+(V><ﬂ)><H+(V><H)><ﬂ)~vd:c+
Q

—I—/Q (f - G(DT - G(T)T) -vdr, VveV;

/((QV)><H+V><H)-(V><w)dac—i—/(VxH)-((@V)xw) dx =
Q %

:UM/Q (ﬁxH—i—uxH) (V Xw)d:v—i-o,u/ﬂ(uxH)-((g'V) x w)dz+
+/ Jo - (V x w)dz +/ Jo - (0V) x wdz, Vw € V(rot);
Q Q

k/(AVT+VT)-Vnd:c+/(B:u®VT+1’1-VT+u~VT)nd:c
Q Q

—I—a/ (T 4 Tao)ynds = | fnda —I—/ (h+ ha)nds, V€ Z;
Iy Q r

N
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and the following estimates
17l < (U + Il + ) ITl + 1+ Dl + IRl );
el < C(QUELlh + BB + ]+ GFITl + G# Tl + ) )
€1l < € (I + po (i B + [l B+ [la o B =+ [-3ol) + 1 90ll)-

Proof. We subtract the perturbed solution and the transported solution and we
pass to the limit with 7 tending to 0 (for details, see Consiglieri, Nec¢asova and
Sokolowski, 2008, for analogous proof). [

6. Concluding remarks

In order to overcome the problem of losing divergence free behavior we can
apply the Piola transform, which is given by the following mapping:

Pr: V-V
v (JT; -v) o T, L

Denoting
0, := (JT;)"' - (u; o 7;) defined on Q

and
u, = Pr(0;) is defined on Q,,

the mapping P; can be applied on velocity field and also on magnetic field to
conserve the divergencelessness and that u-n =0 and H-n = 0. By the same
method as in Section 5 we get the stability and material derivative for &1 and
then we just apply the inverse mapping to conclude the results in Consiglieri,
Necasova and Sokolowski (2008).

REMARK 5 In Consiglieri, Necasovd and Sokolowski (2008) we get the stability
depending not only on the data but also on assumption of behavior of H, but it
s not the case in our present problem.
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