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Abstract: The aim of this paper is to present the shape deriva-
tive for a wide array of objective functions using the incompressible
Navier—Stokes equations as a state constraint. Most real world ap-
plications of computational fluid dynamics are shape optimization
problems in nature, yet special shape optimization techniques are
seldom used outside the field of elliptic partial differential equations
and linear elasticity. This article tries to be self contained, also pre-
senting many useful results from the literature. We conclude with a
comparison of different objective functions for the shape optimiza-
tion of an obstacle in a channel, which can be done quite conveniently
when one knows the general form of the shape gradient.
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1. Introduction

Optimal control of fluids has seen much attention due to its importance for
many technical, scientific, and engineering applications. A good overview on
fluid control can, for example, be found in Gunzburger (2003). However, the
problem is seldom treated from a pure shape optimization perspective. Notable
exceptions are Pironneau (1973) and one section of Mohammadi and Pironneau
(2001). When the problem is treated from a shape optimization approach, usu-
ally only one very specific type of objective function is considered: the volume
dissipation of the kinetic energy of the fluid into heat. In the limit of the Stokes
equations, this results in a self-adjoint problem, allowing for an elegant analy-
sis. A more general volume objective function for the Navier—Stokes equations
is considered in Ito et al. (2008), where the existence is shown using surprisingly
weak regularity assumptions.
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Although many objective functions of practical relevance are defined on the
surface of the flow obstacle alone, such objectives are seldom considered. On
the one hand, the shape sensitivity analysis for surface functionals is much more
complex in itself, but on the other hand, a surface functional often features a
dependence on the geometry that adds to the difficulties in deriving the correct
gradient expression in Hadamard form. The Hadamard form enables a very
efficient computation of the gradient without the need to compute the so called
“mesh sensitivity” Jacobian. This is especially true for aerodynamic quantities
such as drag, lift, or matching a target surface pressure distribution. The shape
derivative for such quantities can, for example, be found in Schmidt et al. (2008)
for a compressible fluid model. Since many auxiliary results from a special shape
analysis background are needed to derive the Hadamard expression, this paper
seeks to be self-contained, listing them from multiple literature sources such
as Amrouche, Ne¢asova and Sokolowski (2007), Boisgérault and Zolésio (1993),
Delfour and Zolésio (2001) and Sokolowski and Zolésio (1992).

As such, the present work seeks to derive the expression for the shape deriva-
tive of a general objective function using an incompressible Navier—Stokes flow
that is as general as possible, combining both a volume part and a surface
objective function. A dependence on the geometry is also included.

This article is structured as follows: Section 2] presents the problem under
consideration in more detail. Subsequently, Section Bl is used to give a detailed
overview about shape sensitivity analysis from the literature, especially Delfour
and Zolésio (2001), Sokolowski and Zolésio (1992). Finally, Section Ml presents
the adjoint calculus, which in combination with the results from Section Blleads
to Theorem ] the Hadamard representation of the shape derivative. Theorem [
is the main purpose of this article and new to the best of our knowledge. Since
the pressure in an incompressible fluid has an artificial character and usually
no boundary condition on the fluid obstacle, there will be some restriction on
the surface part of the objective function such that the adjoint state exists.
For more detailed existence results we would like to refer to Plotnikov, Ruban
and Sokolowski (2008) and Plotnikov and Sokolowski (2005, 2008). Section
concludes with the comparison of different objective functions for the shape
optimization of an obstacle in a channel. When knowing the general form of the
shape gradient for a Navier—Stokes fluid, such a comparison can be done quite
conveniently.

2. The optimization problem

The aim of this paper is to show the structure of the shape derivative of a
general objective function under a PDE constraint describing an incompressible
Navier—Stokes fluid:



Shape derivatives for general objective functions and incompressible Navier—Stokes equations 679

(ﬁyrgll)J(u,p,Q) = /f(u,Du,p) dA—i—/g(u,Dnu,p, n) dS (1)
Q To
subject to
—pAu+ puVu+ Vp=pG in Q
divu =0
u=uy on I'y 2)

u=>0 on I’y

0
pn—ua—Z:O on I'_.

Here, f: R x R4 xR — R and ¢ : R? x R? x R x R — R are assumed to
be continuously differentiable in each argument. Also, d is the dimension of the
bounded domain 2 C R? and in the following I' := 9Q is used to denote the
whole boundary of Q. Furthermore, u : Q — R¢ is the velocity of the fluid and
p: ) — Ris the pressure. The viscosity is given by i, and p denotes the density,
which is constant in an incompressible fluid. The outflow boundary condition on
I'_ is the finite element “do nothing” outflow condition that naturally arises due
to integration by parts during the finite element matrix assembly. Additionally,
I'; denotes the inflow boundary and I'y is the fluid obstacle or the channel wall,
using the no-slip boundary condition. The shape I'y is the unknown to be found.
Also, n is the normal vector with components n; and pG; are the outside body
forces, i.e. the forces per unit volume acting on the fluid. Due to the no-slip
boundary condition on I'y it is sufficient to consider the derivative in normal
direction D,u := Du -n on I'y since the tangent derivative of the velocities is
zero anyway. The domain is sketched in Fig. [1l

e
-

Figure 1. Exemplified domain under consideration. Solid lines denote the no-slip
boundary I'y, dotted lines represent inflow I' . and outflow I'_.

The control we are considering is the shape of the Dirichlet boundary I'y.
As such, I'y is the unknown and we seek the total derivative of the above with
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respect to I'g. The inflow direction is considered constant and independent of the
shape of the boundary. Since the outflow boundary has an artificial character
anyway, we also consider the shape of the outflow boundary to be fixed. In order
to keep the notation readable we refer to the Jacobian components as follows:

Du =: [aij]ij S RdXd

Dyu=Du-n= % =: [bi]; € R% (3)

Since the pressure has no explicit boundary condition on I'y, but is implicitly
linked with the velocity, we need to impose the following restriction on g, the
boundary part of the objective, such that we can later arrive at a consistent
adjoint boundary condition: we choose g such that there exists a functional
A : Q — RY satisfying the following conditions on Ty:

109 .
)\Z—;abiw—l,...,d
dg
An)=—=2
(hm) =57

This is less restrictive than it might appear. A consequence is that for a force
minimization, the forces should be chosen in line with the state equation, i.e.
since the state equation describes a viscous fluid, the objective function should
also include the viscous forces. For drag minimization at zero angle of attack,
we have

811,1
g(ua Dnuapv TL) = /L% — pna,

which leads to

9 _ _,
op !
dg

b, = /M51,i

and the above is satisfied with A; = §; ;, where

. 1 ifi=y
0 else

is the Kronecker symbol. The inclusion of higher derivatives on the velocities
within the objective (IJ) is straightforward, but further limits the allowed surface
functionals g and will not be considered here.

3. Review on shape calculus

Since we are interested in a gradient with respect to the shape of T'y, we first
define a one parametric family of bijective mappings T; : (¢, z) — Ti(z). A de-
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formed domain € is then given by
Q= {Ti(zo) : mo € N} .
Usually, the mapping T; is either given by the perturbation of identity
Ti(x) =z +tV(x) (4)

or implicitly by the speed method

ccli_:tc =V(t,x), (0) = xo,

where V is a vector field of appropriate smoothness. For first order calculus, it
can be shown that both approaches are equivalent. Here, however, we will focus
on the perturbation of identity (). We seek to derive a formula for the shape
derivative as defined in Sokolowski and Zolésio (1992) that can be computed
very efficiently:

DEFINITION 1 (SHAPE DIFFERENTIABILITY, SHAPE DERIVATIVE) Let D C R
be open and 2 C D measurable. Let V be a continuous vector field. A shape
functional J is called shape differentiable at 2, if the Eulerian derivative

AIQV] = tim L8 =)

t—0t t ’

Qt = Tt(Q)

exists for all directions V' and the mapping V +— dJ(Q)[V] is linear and con-
tinuous. The expression dJ(Q)[V] is called the shape derivative of J at Q in
direction V.

Parameterization based approaches usually require knowledge of some “mesh
sensitivity” for the gradient computation: suppose the Navier—Stokes state equa-
tion () is given in abstract form by ¢(u,p, ¢) = 0, where ¢ is some design pa-
rameter defining the shape, e.g. b-splines or Bézier-curve parameters. Without
taking into account the shape optimization nature of the problem, a formal
Lagrangian approach results in:

ﬂ_g_/\T%
dg g dq

{ de ]T N

9(u, p) A(u,p)’

Thus, computing this expression requires knowledge of the “mesh sensitivity”
Jacobian g—g, i.e. the derivative of the solution procedure of the PDE with respect
to perturbations in the mesh discretizing the domain. The key to avoid this
expression is the so-called Hadamard theorem, a consequence of the Delfur—

Zolésio structure theorem (Delfour and Zolésio, 2001; Sokolowski and Zolésio,
1992).
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THEOREM 1 (HADAMARD THEOREM) Let J be shape differentiable as in Defi-
nition[d. Then the relation

dJ(Q)[V] = dJ(T)[(V,n)n]
holds for all vector fields V € C*(D;RY).

Proof. See Proposition 2.26, pages 59-60, in Sokolowski and Zolésio (1992). =

The consequence of the Hadamard formula is that under some mild smooth-
ness assumptions, the shape derivative dJ has the structure of a scalar product
with the normal component (V,n) of the prescribed perturbation V' of the do-
main 2. One can thus use the shape gradient directly as an update for the
boundary, which results in the steepest descent direction and can be applied
without knowledge of the costly mesh sensitivity Jacobian g—;.

REMARK 1 (SHAPE GRADIENT) In Sokolowski and Zolésio (1992), the Hada-
mard theorem actually states the existence of a scalar distribution

9(T') e D7H(I),
such that the shape gradient G(Q2) € D=*(Q,RY) is given by
G(Q) =g - 1),

where v{ is the adjoint of the trace operator on I'. Here, however, it is al-
ways assumed that G(2) is an integrable function, i.e.  has piecewise smooth
boundaries. Then the shape gradient g is much more conveniently expressed by

4J(Q)V] = / (V.n) g dS.

In order to find the shape gradient for the general Navier—Stokes problem
we are considering, we need some additional results. Most of them are known
from the literature (Amrouche, Necasova and Sokolowski, 2007; Boisgérault and
Zolésio, 1993; Delfour and Zolésio, 2001; Sokolowski and Zolésio, 1992), but we
think that listing them here will create a much more self-contained derivation
of the Navier—Stokes gradient.

3.1. Shape derivative for volume objectives

We start with recapitulating the Hadamard formula for objective functions,
which are defined over the whole domain 2, such as the first part of the mixed
objective function (II):
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LEMMA 1 (DERIVATIVE OF DEFORMATION DETERMINANT) The derivative of
the determinant of the perturbation of identity approach is given by:

det DT} (x) = div V(z). (5)
t=0

Proof. For a matrix A(t) € R™*™ where each entry is a differentiable function
such that A(¢)~! exists for some interval I C R, the derivative of the determinant
with respect to t is given by

Since DTy(z) = I, we have

4 et A(t) = tr (dA(t)A(t)‘1> det A(t).
dt

dt Cdt
—w(DV(x)

= div V(x). L]

det DT} (x) = tr <

t=0

LEMMA 2 (HADAMARD FORMULA FOR VOLUME OBJECTIVE FUNCTIONS) For
a general volume objective function f : Q — R, not depending on a PDE
constraint, i.e.

J(9) = ! f dA,

the shape derivative is given by

dJ(Q)[V] = / (V,n)f dS.
I8

Coincidentally, the shape gradient is already given by f in this case.

Proof. See Proposition 2.46 in Sokolowski and Zolésio (1992), or Theorem 4.1
in Delfour and Zolésio (2001). m

3.2. Definitions and lemmas

Before we recapitulate the Hadamard formula for objective functions, which are
defined on the boundary of the domain , such as the second part of (), some
definitions and lemmas should be presented from the literature:

DEFINITION 2 (SUBMANIFOLD OF R™, PARAMETERIZATION, CHART, CO-
DIMENSION) A set Q C R™ is called d-dimensional submanifold of R™ if for
each © € Q) there exists an open neighborhood Uy(z) C R™ and a differentiable
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function h : Uy — R™ with Uy C R? open and with injective Jacobian and with
continuous inverse mapping h™1 : h(Us) — Us such that

h(UQ) c Ui NA.

Furthermore, h is called (local) parameterization, h=' is called map, and the
pair (h=1, h(Uz)) is called chart. Thus, x € Q@ C R™ is given by x = h(&1, ..., &4)
for (€1, ...,&q) € Uy C RY. The value m — d is called co-dimension.

DEFINITION 3 (INTEGRAL OVER SUBMANIFOLDS) Let Q be a d-dimensional
compact submanifold in R™ with finite open atlas

l
Qc|Jh
j=1

such that Q; := h;(M;) and a corresponding partition of unity

er(:v) =1

j=1

with r; infinitely continuously differentiable with compact support for all j.
Then, the integral over § is defined by

/g ) = Z/grj Q) = Z/ hj(s))\/det(DthDhj)(s) ds

I=lg, J=lpp,

- / g(h(s))y/det(DRT Dh)(s) ds, (6)

M
where Dh; is the Jacobian of h;.

LEMMA 3 (INTEGRAL OVER THE SURFACE OF SUBMANIFOLDS) Let §) be as in
Definition[3. The integral over the surface of Q2 is then given by

/gdS / $))|det Dh||| (D)7 eq| ds, (7

[219]

where By = {€ € R? : ||¢|| < 1, & = 0} is the intersection of the open d-
dimensional unit ball with the &g = 0 hyperplane and eq s the d-th unit vector.

Proof. Let B := {¢ € R%: ||¢|| < 1} € R? be the open unit ball in R?. The unit
ball is segmented by a cut with the £; = 0 hyperplane in
Bi:={{eB:¢& >0}
B_:={{eB:{ <0}
By :={¢€ B:& =0}
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Without loss of generality, one can assume that the interior of €); is given by
int Q; = h;(By)

and, consequently, the boundary is given by
98 = h;j(Bo),

ie. 09 = {h;(£,0) : (£0) = (&,....,6a-1,0) € By}. Hence, for a proper
computation of the surface integral it is necessary to project the integration
density

det(Dh; T Dhy)

of the volume case above to the (£, 0)-hyperplane, i.e. dropping the last column
and last row from the matrix, which is the dd-minor [Dh;” Dh;]aq of Dh;* Dh;.
By the definition of the cofactor-matrix, the determinant of the dd-minor is
exactly the mgq-entry of the cofactor-matrix M (DthDhj). Thus, the proper
integration density for the surface integral is given by

AV Mdd = \/edTM Dh-TDhj)ed
— \/eZ M(Dh;")M(Dhj)eq

1M (Dh;)eall3
= [[M(Dhj)ealls
= | det(Dh)|[| DR "eqll2,

where in the last line the property M(A) = det(A)A~T was used. Hence, the
corresponding boundary integral is given by

l
/gdS::Z/grj ds

80 I=1gq;
—Z/g?"] s))| det Dhy||| (Dh;) ™" eq|| ds
J= 1Bo
—: [ g(h(s))| det DA | (D) el ds,
By
where s = (£,0) = (&1, ...,€4-1,0). m

LEMMA 4 (UNIT NORMAL FIELD ON 99Q) For a regular surface 02, the unit
normal field at x = h(£,0) on 09 is given by
Dh(¢,0)~"
n(z) = (& )7T6d '
IDR(&,0)~ " edl|
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Proof. The tangent space is given by
T.Q = span(Dh(£,0)e;,i =1,...,d — 1),
i.e. one (non-unit) tangent direction is given by 7; := Dh(§,0)e;. Hence,

(1:, Dh(€,0)"Tey) = (Dh(£,0)e;, Dh(£,0) " Tey)

Dh(&,0)"' Dh(£,0)e;, eq)

= <ei7 ed>

o~ o~

is normal to the tangent space. [

REMARK 2 (ALTERNATIVE REPRESENTATIONS) Since M(A) = det (A)A~T,
the boundary integral can also be expressed as

/ gdS = / 9(h(s))]| M (Dh(s))el| ds.

oQ Bo
Analogously, the outer normal is given by

M(Dh(&,0))ea

™) = TRI(Dh(E. 0))ealls

(8)

The structure of the normal can now be used in the definition of the surface
integral. Using the above, the integral over the perturbed surface I'y can now
be expressed with respect to the unperturbed surface I':

LEMMA 5 (PERTURBED SURFACE INTEGRAL) The surface integral over the per-
turbed surface T'y is given by

o v = [ o@)MOTE@)n@].2 dr).

T, r
where n is the unit normal of the unperturbed boundary I'.
Proof. The perturbed submanifold I'; can be described by

h'(€,0) == Ty(h(€,0)). (9)
According to Remark [2] the surface integral is given by

[ o dsi= [ gD s)eala ds.

082 Bo
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The chain rule results in
Dh!(,0) = DITy(h(&,0))] = DTy(h(&,0))Dh(E,0) (10)
and

M(Dh'(€,0)) = M(DTi(h(¢,0)Dh(&,0)))
= M(DT;(h(&,0)))M(Dh(&,0)).

Using the alternative representation of the normal, equation (8],

[M(Dh(s))edllz = [|M(DTy(h(, 0)))M(Dh(E,0))eall2
= [[M(DT:(h(&, 0)[|1M (DA(E, 0)eallan(h(E, 0)) |2
= [[M(Dh(¢,0))eall2|| M(DTi(h(E, 0)))n(h(&, 0))ll2-

Thus,

/ g dSy = /g(Tt(h(S))||M(DTt(h(S)))n(h(S))H2||M(Dh(5))ed”2 ds

00, Bo
= /g(Tt(x))IIM(DTt(x))N(Jf)Hz dr(z),
a0
where again s = (£,0) and x = h(s). L]

REMARK 3 (ALTERNATIVE REPRESENTATION) Due to the definition of the co-
factor matriz, the perturbed surface integral can also be written as

/ g dS, - / o(Tu())| M (DT, (x))n(x)]|2 dT(z)

00 o0

= /g(Tt(w)ﬂdet DTy(x)[[|(DTy(x)) " n(x)||2 dT'(x).
o0

Since we assume that the deformation mapping T; does not change the orienta-
tion of Q relative to Q, we can assume det DTy > 0 in subsequent considera-
tions.

REMARK 4 (DERIVATIVE THROUGH MATRIX INVERSE) Let A(t) € R™*™ be a
matriz where each entry is a differentiable function such that A(t)~! exists for
some interval I C R. The derivative of the matriz inverse with respect to t is
then given by

dA(t)

d _ _ -
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Before the preliminary shape derivative for surface objectives is presented,
some elements from tangential calculus are needed.

DEFINITION 4 (TANGENTIAL GRADIENT, TANGENTIAL DIVERGENCE, CURVA-
TURE) For a d-dimensional submanifold Q C R™ and a function f € C%(Q,R),
the tangential gradient of f is defined as the orthogonal projection of the classical
gradient onto the tangent space:

d—1
Vrf:=Pr(Vf) = 8—fn e R,

oT;
i=1 "t

where T; forms an orthonormal basis of the tangent space. For a differentiable
vector field V', the tangential divergence is defined by

d—1
ov
di = E —,Ti R.
ivpV i_1<a7—i,7—> €

This definition is independent of the choice of the orthonormal basis of the
tangent space. Furthermore, the curvature is defined as the tangential divergence
of the unit normal field:

Kk = divp n.

REMARK 5 In the following, we assume that all submanifolds Q0 are of co-
dimension 1, such that the normal is unique and {n,m1,...,7a—1} forms an or-
thonormal basis of R?. The gradient V f can then be expressed in this basis:

d—1
V= (Vfmn+> (Vfm)m
i=1
Assuming f also exists in a neighborhood of 2, such that % exists, then the

tangential gradient is equivalently given by

fo:V —ﬁn
on

and likewise
divp V =divV — (DVn,n).

REMARK 6 Similar to Remark [3, there also exists the equality
T
d—1
oV
Z | = {VVi -
o7y,
k=1 i
should the required derivative in normal direction exist. This property is needed
later in Lemmald.

Drv = =DV — DVnnT

ov: T
on

%
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DEFINITION 5 (TANGENTIAL JACOBIAN MATRIX) Similar to Definition[§) the
tangential Jacobian matriz for a differentiable vector valued functionV is defined
as

DrV = [VrVi]l,

i.e. the rows of the tangential Jacobian are the tangential gradients of the re-
spective component functions.

LEMMA 6 (PRELIMINARY SHAPE DERIVATIVE FOR SURFACE OBJECTIVES) For
g:Q — R, such that Vg is defined on T, the preliminary shape derivative not
yet in Hadamard form for the surface integral is given by

d

7 /g dS; = /(Vg, V)+g-(divV —(DVn,n)) dS
t=0

I r

= /(Vg, V) + gdivp V dS.
r

Proof. For simplicity reasons, perturbation of identity is assumed. The alterna-
tive representation from Remark [3] provides:

/9 dSt
t=0
0N
_ / d
) dt

o0

4
dt

tzo(g(Tt(I)) det DTy(2)||(DTi(2)) ™ n(x)[|2) dl'(x).

Furthermore,
y(t) == DT, n= (I +tDV)T)"In

gives

M

d

d
- t -
&Il = 5

t_ow(t)) :

d
CARNE. )L
— (ZW ) = o (00

i=1

Due to Lemma [ one has

7(0) =n
4 y(t) = e (I +tDV)TT " 'n
dt|i—o dt|i=o
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Thus,

d
L @l = —n"DVTn = —(DVn,n).
dtl—o

Using det DTy = det I = 1 and the product rule, the above results in

d / d

g dS; = / [—

o dt
o0 o0

dt (9(Tt)det DT;) | n — g - (DVn,n) dS

t=0

= /(Vg, Vy+g-(divV — (DVn,n)) dS,
o9

where formula (&) for the determinant was used again. The final expression
follows with Remark [l n

3.3. Shape derivatives of geometric quantities

The derivative of the unit normal field with respect to shape perturbations is
very often needed. Many objective functions stemming from physics, such as
the fluid forces we are also considering, or any PDE constraint of the Neumann
type require this knowledge.

LEMMA 7 (UNIT NORMAL ON PERTURBED DOMAIN) The unit normal on the
perturbed domain 0y is given by

B (DTi(x)) "n(x)
") = 7 () Tata) s

Proof. According to Lemma [4] the unit normal on the perturbed domain is
given by

_ _Dh'(§,0)"eq
D€, 0)~eall”

Using equations (@) and (I0) results in

ne(z)

nt(Tt(x)) _ (DTt(h(ga 0)))_T(Dh(§7 O))_Ted
I(DT(h(&,0))) =" (Dh(&, 0))""eal|
_ (DTi()) ()
(DT ()~ n(x)]”
where Lemma [] was used again for the unperturbed domain. [

LEMMA 8 (PRELIMINARY SHAPE DERIVATIVE OF THE UNIT NORMAL) The
preliminary shape derivative of the unit normal is given by

dn[V](z) := %t_ont(Tt(:v)) = (n, (DV (z))"n(2))n(z) — (DV (2))" n(z).
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Proof. Since DTy(z) = I, the quotient rule simplifies to

d

anfvie) = (5

[(DTt(I))Tn(fE)]> - (@) <%

|<DTt<x>>Tn<x>||2> |

t=0 t=0

Using Lemma [l the above transforms to

dnlV](z) = n(z) (%

||<DTt<w>>-Tn<w>||2) DV () ().

t=0

For any vector v(t), where the components are differentiable functions, the chain
rule gives

d d N o), v o
%t H ()”2_ dt t_Q(;“@)) - H’U(O)Hg :

Hence, for v(t) = (DTy(z))"Tn(z) one has v(0) = n(x) and again due to
Lemma @] we have v'(0) = (DV (z))Tn(z), resulting in

d
= IPTi@n(@)l2 = (n(2), (DV (@) n(2)),
t=0
which gives the desired expression. [

Unfortunately, Lemma [8 does not yet fulfill the Hadamard form, and additional
transformations using tangential Jacobians from Definition [f] are required.

LEMMA 9 The shape derivative of the normal is equivalently given by
dn[V] = —(DrV)"

Proof. Assuming that the perturbation field V' extends into a neighborhood, we
have

DrV = DV — DVan”
due to Remark [@l Likewise,
(DrV) ' n=(DV) ' n—n(DVn)" n=—dn|V]
due to Lemma [§] n

REMARK 7 The tangential Jacobian of the unit normal field n(x) at a point x
lies in the tangent space TS, i. e.

0= Drl = Dr (n(z)"n(z)) = 2(Drn(z)) n(z) = 2(Vrn,n),

meaning Drn L n. This result is needed in the following lemma [I0.
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LEMMA 10 For a perturbation normal to the boundary I, i.e. V= (V,nyn or
equivalently (V,7) =0 for a vector T € T,Q with x € T', we have

dn[V] = =V(V,n).

Proof. For x € T let {r; € T, : 1 <i <d— 1} be an orthonormal basis of the
tangent space and let the unit normal be given by n with components ny. By
Definition [ one has

I
3

T

According to Remark [7 the variation of the normal in tangent directions is
perpendicular to the normal, and with the particular choice of V', the second
part vanishes. This results in

_ d—1 d 6Vk
Vr{V,n) = ZZ 5y, kT
im1 k=1 77
= (DpV)T'n = —dn[V]. m

The idea now is to apply the preliminary shape derivative of Lemma [0] to
both sides of the divergence theorem, see below.

THEOREM 2 (DIVERGENCE THEOREM) Let Q) be compact with piecewise smooth
boundary I'. If F' is a continuously differentiable vector field on a neighborhood
of 0, then the following relation holds:

/div FdA = /(F, n) dS.
I

Q

Proof. The expression follows immediately from integration by parts. See also
Proposition 7.6.1 and Theorem 13.1.2 in Atkinson and Han (2007). m

However, the preliminary gradient expression requires certain derivatives for
which the functional under consideration must extend into a neighborhood of T'.
Unfortunately, this is not true for the outer normal n, so that an extension of
the normal into a neighborhood is needed.
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REMARK 8 When considering the shape functional

J(g,T) = /g(%n) ds,

r

where
g:RIExRY SR
(0, 0) = g(p,v)

is a sufficiently smooth function, the preliminary gradient for surface objectives,
Lemma[@, requires the existence of the total derivative (Vg(p,),V). For the
expression g(p,n) this existence is not given and a smooth unitary extension N
of the unit normal n into a neighborhood of ' is needed. Just as in Remark [,
this extension satisfies

0=D1=D (N()"N(z)) =2(DN(z))N(z) = 2(VN,N)

in the domain Q. For more details, see Sokolowski and Zolésio (1992). A popu-
lar choice for this extension N is the normalized gradient of the signed distance
function Vb/||Vb|| due to the applicability in level-set methods, Hintermiller
and Ring (2004).

The tangential Stokes formula can now be used to perform an integration by
parts on surfaces, in order to arrive at more convenient expressions for surface
shape functionals.

LEMMA 11 (TANGENTIAL STOKES FORMULA) Let g be a real valued differen-
tiable function on T’ and v be a differentiable vector valued function on I'. Then
the following relation holds:

/gdinv—l— (Vrg,v) dS = //@ g (v,n) dS.
r r

Proof. Applying the Hadamard formula for volume objectives, Lemma[2 to the
left side of the divergence theorem, Theorem [2] and the preliminary gradient
expression of Lemma [f] to the right side, the expression

/ (V.n)div F dS = / (V(F,N), V) + (Fyn) (dive V) + (F,dn[V]) dS
r r
is created. The shape derivative of the normal dn[V] enters due to the chain

rule. Choosing V = N and applying Lemma [ result in

/ div F dS = / (V(F,N),N) + (F, ) (dive A dS,
T

r
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because DNN = 0. The above now transforms into
/divF ds = /(DFn,n} + (F,n)k dS.
r r

Because divy F' = div F — (DFn,n), the desired expression is created by choos-
ing F':= g - v for a scalar g and a vector v. [

3.4. Shape derivative for surface objectives

Using the tangential Stokes formula, the preliminary gradient expression from
Lemma [@] for surface functionals such as the second part of () can now be
brought into Hadamard form.

LEMMA 12 (HADAMARD FORMULA FOR SURFACE OBJECTIVES) For a general
surface objective function g : I' — R, which is independent of the shape and for
which % exists, the shape derivative for the surface objective

J(Q) = / g ds

r
is given by

4I(Q)V] = / (V) {% +I€g] ds,

n
where Kk = divr n is the tangential divergence of the mormal, i.e. the additive
mean curvature of T

Proof. Starting from the preliminary gradient of Lemma [6 the derivative is
given by

% / g dS: = /(Vg, V)+g¢(divV —(DVn,n)) dS
=%, o9
= /(Vg, V) + gdivp V dS.
09

The desired expression is immediately obtained due to the tangential Stokes
formula, Lemma [I1] and the tangential quantities from Definition M and Re-
mark Bl n

LEMMA 13 (HADAMARD FORMULA OF THE SHAPE DERIVATIVE OF THE NOR-
MAL) Let the objective function be given by

J(g,T) := /g(cp,Dcp,n) ds,
r
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where g : R x R4 x R — R, (p,(, ) — g(p, ¢, v) is a sufficiently smooth
functional. The shape derivative of the above expression is then given by

47 (g, D)[V] = / (Vim)[DypgDio it DegD?p nt (g—Dyg n)+dive (Dyg)”] dsS.
I

Proof. To ensure applicability of the Hadamard formula for boundary integrals,
Lemma [I2] the objective

J(g.T) = / ol Do, N) dS
I

is considered. Here, A is a unitary extension of the normal into Q just as in
Remark Bl By construction, the extension fulfills N' = n and dN[V] = dn[V]
on I'. The chain rule and Lemma [12] then yield

d7(g.T)[V] = / (V.1) [(Vg(. Do, N'), ) + kg(i2, Dip, )]

' + Dyg(p, De,n) dn[V] dS.

The chain rule also leads to
(Vy(e, Do, N),n) = Dg(¢, Do, N')n
= (Dyg(, Do, N) Dy + (Dcg(p, Do, N)D?¢
+ Dyg(p, Do, N)DN)n
= D,g(p, Do, N)Dy n+ D¢g(ep, Do, N)D?*¢ n
+ Dyg(o, N)DNN
= Dy,g(p, Do, N)Dyo n+ D¢g(ep, Do, N)D?*p n,
where the second part vanishes due to Remark B Let V := (V,n)n be the
perpendicular component of V. Applying Lemma [I0 and inserting the above
results in
dJ(g,T)[V] = /<f/, n) [DygD¢ n+ DegD*pn + kg| — Dyg Vr(V,n) dS.
r

The tangential Stokes formula, Lemma [TT] gives

/—Dwng@/,n} = /—n(V,n}Dwgn—F(f/,Mdin (D¢g)T ds,
r r

which results in
dJ(g,I‘)[f/] = /(f/, n)[DygDy n + D(QD2QD n
r

+ K (g - Dillg TL) + diVF (Dd,g)T] ds.
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According to the Hadamard Theorem [II the shape derivative depends only on
the normal component of V. Hence, one has

d‘](gv F) [V] = dJ(g, F) [V]a

and the above becomes the desired expression. [

3.5. Shape derivatives under a state constraint

In the presence of a state constraint, i.e.

min J(p, Q) = /f(gp) dA—I—/g((p) dsS
Q

(0,)

T
subject to
L(p) = ¢yinQ
Ly(p) = ¢@ponl,

where f and g do not depend on the geometry Q (respective I'), the chain rule
immediately results in

W) = [0 |10+ 2D kg as+
I8
+ / —622") O'V] dA + _a%(;) o'[V] dS
subject to ; '
L(p) = ¢rinQ
OL(p) , o
95 C'[V] = 0inQ,

which does not yet fulfill the Hadamard form. The Hadamard form for such
a problem can now be found by the adjoint approach. Crucial for the adjoint
approach is the knowledge of the boundary conditions of the linearized problem,
which determines the local shape derivative ¢/'[V] of the state.

A straightforward linearization of the PDE boundary conditions usually re-
sults in an expression for the so called “material derivative”. However, the
general strategy when deriving shape derivatives is to first transfer the prob-
lem back to the original boundary before computing the limit, resulting in the
need to compute the “local shape derivative”, i.e. the linearization of the state
@ alone, without considering that the point where the state is being evaluated
has moved:

DEFINITION 6 (MATERIAL DERIVATIVE, LOCAL DERIVATIVE) Let ¢; solve the
PDE constraint on the perturbed domain Q0 = Ty(Q) and let z; := Ty(x) be
a shifted boundary point. The material derivative is then defined as the total
derivative



Shape derivatives for general objective functions and incompressible Navier—Stokes equations 697

dolV)(a) = &

ot (1)
t=0

and the local shape derivative is defined as the partial derivative

Vi) =5 plo)

REMARK 9 The chain rule combines both by the relation
dp[V] = ¢'[V]+(Ve, V).

Thus, if the right hand side of the boundary condition does not depend on the
geometry, one has

dpp[V] = (Ves, V) on T.
LEMMA 14 (SHAPE DERIVATIVE OF THE DIRICHLET BOUNDARY CONDITION)
Suppose the state ¢ is given as the solution of a PDE of the form
L(p) = p5 in Q
© = p on 0,
such that ¢f and o, do not depend on the geometry of 2, e.g. the unit normal

n, etc. The local shape derivative under the perturbation V is then given as the
solution of the problem

L) v _ g
95 P'[V]=0inQ

Aep — )
on

where I is the variable part of the boundary of 052.

O'[V] = (V,n) onT,

Proof. The linearization in 2 is straightforward. Taking the total derivative of
the boundary condition results in

dp[V] = dpy[V] on T.
Using Remark [0 the above can be transformed to

PV +(Vp, V) =dp[V] = dey[V] = (Ve V)
= ¢ VI=(V(e—9),V).

The usual orthogonality argument gives the desired expression

o= v (522, .
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LEMMA 15 (SHAPE DERIVATIVE OF THE NEUMANN BOUNDARY CONDITION)
Suppose the state ¢ is given as the solution of a PDE of the form

L(p) = ¢5 in Q
0
e _ wp on 0L,
on
such that ¢y and o, do not depend on the geometry of 1, e.g. the unit normal
n, etc. The local shape derivative under the perturbation V is then given as the
solution of the problem

IL(p) ,

90 P'[V]=0inQ
W] (V61— (DPVim) — (Ve dnlV])
2
— Vi) | 52— T2 4 (e, ViVl

where the second identity holds for the orthogonal component of the perturbation

field only.

Proof. The Neumann boundary condition at z; = Ti(x) on the deformed domain
€); reads

©p O Tt = <Vg0t,nt> o Tt
= (Vipr,ne) o Ty(z)
= (V1) o Ti(), ne (1))
The chain rule results in
V(er o Ti(w)) = (Vegr) 0 Ty(x))" - DT (x)
= (DTu(x))" - [(Vepr) o Ty(a)]
and the boundary condition becomes
o(zi) = (DTy(x)) " V(s o Ty(w)), me(z4))
= (V(et(@1)))" DTi(x) ™" - ma(e).

The total derivative with respect to ¢ now yields the material derivative of
¢t(z¢). Using Remark M we get:

dp[V] = (Vdp[V])" n+ (V)" (=DV)n+ (Ve,dn[V]),
which results in

ddp[V]
on

= dgy[V] = (Vep, (=DV) n) = (Vep, dn[V]). (11)
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Using the relationship from Remark [3]
dp[V] = [Vl + (Ve, V),
we have in addition to equation (II)) also the relation
dde[V] _ 0¢'[V]
on on
Thus, taking (1)) and (IZ) together, one obtains

Op' V] 0delV] s _

= dpy[V] + (V, DVn) = (Vp, dn[V]) = (D?*V,n) — (Vip, DV'n)
= dpy[V] = (Ve,dn[V]) = (D*¢V,n),

+(D?*@V,n) + (V, DVn). (12)

an equation for the local shape derivative. Since in addition one has

dep[V] = (Vey,, V)
the above can also be expressed as
o¢'[V]
on

Since (Vp,n) = 0, we have Vo = Vryp, and with the usual orthogonality
argument the boundary condition can be expressed as
0¢'V] (Vi) [5% ¢

oo _ 87] T (Vre, Vo (Vim)), (13)

= (Viy, V) = (D*pV,n) — (Vip, dn[V]).

on
where the last part can be brought into Hadamard form using Lemma Il =

REMARK 10 Note that a much simpler formula than ([I3) can be given in the
special case of the standard Laplace problem

—Ap =5 inQ
% = on 0f)
The Laplace-Beltrami operator
: dp 0%
Aryp :=divr Vrp = Ap — Ko = 2
provides
0%

I — —Arp — o5 — Kpp,
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which results in

90'\V] . dp
o = divr ((V,n)Vre) + (V,n) (’“)—nb + Koy + 5 | -

For more details see Sokolowski and Zolésio (1992).

Instead of conducting the adjoint calculus in a general setting, we now return
to the Navier—Stokes problem.

4. Shape derivative and adjoint calculus for the general
Navier—Stokes Problem
We begin with the shape derivative of () and (2) in sensitivity formulation:

THEOREM 3 (SHAPE DERIVATIVE IN SENSITIVITY FORMULATION) The shape
derivative of ) and @) in sensitivity formulation is given by:

dJ(u,p,Q[V] =
/ (V) f(u, Du, p) dS (14)
o
af y d of ouilv]) | of
% i V] dA 15
+/<V, n) [D<u,b,p>g(u,Dnu7p,n)-n+f€9(u,Dnu,p7 n)| dS (16)
o
d ¢ 9g o d
/(Za_g % ) > abg- 6iv]nj +a—ip’[V] ds (17)
1 ij=1 " J
dg
+ dn,[V] dS. (18)

See also equation B). The local shape derivatives u/'[V] and p'[V] are given as
the solution of the linearized Navier—Stokes equations

—pAU V] + p (W' [VIVu +uVd'[V]) + VP'[V] =0 in Q
divu/[V] =0,

with boundary conditions

on Ty
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Proof. Formal shape differentiation of (Il) and (2) is done according to Section Bl
The boundary condition on I'g is given by Lemmal[l4l Since the other boundaries
are considered fixed, one does not have to consider differences between the
material and the local shape derivative and a linearization is straightforward.m

For the adjoint formulation of the shape derivative we need further discus-
sions including adjoint functionals A : Q@ — R? and A, : @ — R.

LEMMA 16 For a sufficiently smooth arbitrary X : Q — R? and Ap i Q= R the
relation

d
B _ _ ) N,
0= / ; —pAN; — Z &Cz uj Be. W[Vl dA  (20)
Q =
d
—/Za/\ip/[V] dA (21)
Q

d
pz ()\jujni + /\iujnj) u;[V] ds (22)
=1

nZdS—I—/

M&

d | ]
Aini dS+/Z ds

(23)

=1

holds.

Proof. Multiplying the volume part of the linearized Navier—Stokes equations
with arbitrary A and A, results in

d d
ou; oul[V] op'[V]
_ o / ’ ) 4
_ / Do | mndulV] 4o | S wVIg gt | + T | da
Q =1 j=1
—i—/)\pdiv u'[V] dA.
Q
Integration by parts gives
/Zd:_ NAUV] dA/zd:— AT 9 s
- HA; 7 - — M ) an 1 an
Q = r =
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and likewise, due to divw/[V] = 0:

/Z /\u 8114 /Z /\u uZanS /Z gi‘z ’ V0u; dA.
J

7,j=1

Note that in the above equation the index of the local shape derivative is j and
not 7. To derive the desired expression, the indices ¢ and j must be switched.
Integration by parts of the second part of the linearized convection results in

/ZA”‘?U dA = /ZMJ Vin, dS — /Z ui[V] dA.

7,j=1

The pressure variation provides

Q

/\l,
PV

d

d
op'[V]
/Z/\ a0, dA://\nlp V] dS — /Z
Q =1 Q

Q

ZT;
=1 v

and the divergence constraint provides

d
/Apza dA = /)\ Zu Jn; dS — /Zm” il
=1 q =1

Q

Summarizing the above yields the desired expression. [

Using Lemma [T6, it is now possible to derive the adjoint right hand side in the
volume:

LEMMA 17 (ADJOINT RIGHT HAND SIDE, VOLUME) The adjoint equation
must fulfill in the domain €:

d d
‘ (9/\]‘ ) a)\i ) oA P 9 6f
/LA)\l p; (8171 U + 8Ij u]) Ii 8114 Z 8«@3‘ 8aij
div A = g}{

Proof. Due to equations ([20) - (23]) summing to zero, they can be added to the
preliminary gradient (Id)) - (I8). Integration by parts of equation (3] yields

of Lof aulvl\ | of
/(Za—uiui[x/])Jr Z_: Bar, O, + 557 V] dA

Q

_ / Zd: O i vin ds (24)
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d

= [ of o of \ , of
+/Zl u; Zl 0z Daj u;[V] dA + / ap V] dA (25)
Q = Jj= A

and a direct comparison between the above and equations (20) and (2I]) reveals
the required adjoint right hand side in €. Note that this has introduced a new
boundary term. [

LEMMA 18 (ADJOINT BOUNDARY CONDITION AT INFLOW) The adjoint bound-
ary condition on the inflow boundary 'y is given by

A=0
Ap  free.
Proof. Since the inflow velocity is fixed and independent of the shape of the

fluid obstacle, we have u'[V] = 0 on I';.. Hence, the only term appearing on '}
is the normal variation of u/[V] and the pressure variation p’[V] from equation

@3):

d d

oul[V]
/ 1
/Zmlp \4 ds+/2—m 5 dS,
I, =1 I, =1
which is removed by A=0on I';. [

LEMMA 19 (ADJOINT BOUNDARY CONDITION AT NO-SLIP) The adjoint bound-
ary condition on the no-slip boundary Ty s given by

109 .
)\Z_;Z)bi Vi=1,...,d
dg
Aan)=—==2
<7 > 8p

of
/. Bas; ui[Vn; dS
T'o 7,7=1
+/ zd: % v + zd: 99 9uilVl) | 99 11 g
= 8’(1,1 i =1 8&17‘ 8$j 8pp

d d
O\
+/Z Hon +pj§:1: (Ajujni + Augng) | wi[V] dS
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ds.

/)\ Zu nldS—l—/Z/\nzp dS+/Z

T'o

Using the no-slip boundary condition and the boundary condition for the local
shape derivative, the above transforms to

4 o9 O\ 6ul
Vo) | = | 5 —i—)\nl—i—za : ds
i=1 Qi

o

d d
dg Ou;[V] 9y R
+/ ( 9, on + a + ;/\mz p'[V] dS

T'o 1=1
. /i_MM is
= on

where the first part now also enters the gradient (4] - (I8). Expressing Vu; in
local coordinates on the boundary results in

d
Vu; = <Vui, n>n + Z<Vuia7'j>7j7

Jj=1

hence

ou; . 811,1 8“1
ox; on " =M Z

due to the mass conservation on I'y. Hence, A, does not receive a boundary
condition. The remaining sensitivities can be eliminated by

1 9g

\i S, Vi=1,...,d
dg
A = ——.
() = =52

In order to arrive at a complete adjoint system, we also need the boundary
conditions for the adjoint variables at the outflow boundary:

LEMMA 20 (ADJOINT BOUNDARY CONDITION AT OUTFLOW) The adjoint

boundary condition on the outflow boundary T'_ is given by

O\
H on

d
Z )\jujnl- + /\iujnj + )\pni =0.
j=1
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Proof. After inserting equation (I9) into equations (20) - (23), the remaining
sensitivity is

LN )Y
/Zl Man
r. =

Hence, the required boundary condition is

d

T_

O\
K on

d
Z )\jujni + )\iujnj + )\pni =0.

Jj=1
THEOREM 4 (SHAPE DERIVATIVE FOR THE GENERAL NAVIER—STOKES PROB-

LEM) The shape derivative in Hadamard form for the problem under considera-
tion is given by

dJ (u,p, Q)V] =
[ s Dup) as
o

+ [ (V) (Do gt Do) - -+ wg(u, Dyt )] d
o

d

+/<V,TL> —Z 8_11,1'_'—#8 + 8 Ty on dsS
T'o =1 Jj=

+ o) [(@ive V1) = w(T g ] a5
Ty

where Vg denotes the vector consisting of components . Furthermore, u

’ﬂ
and p solve the incompressible Navier—Stokes equations

—pAu+ puNVu+ Vp = pG in Q
divu =0
u=uy on Iy

u=20 on Iy
0
pn—ua—Z=O on T'_|

and A and A\, solve the adjoint incompressible Navier—Stokes equations

d d
O\; o\ 8 o Jf .
HAA pjzl ((%ci uj + O0x; uJ) ox; Bul Z 896] Oai;

div)\zg—i
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with boundary conditions

A= on T'4
1 9g
i == r
A 9, on Ty
(\n) = —g—]g? on Tg
N d
I 87; +p Z Ajuing + Aujng | + Apn; =0 on I'_.

Jj=1

Proof. The adjoint boundary conditions are derived in Lemma [I§] [[9] and
The adjoint right hand side is derived in Lemma [[7 and removing the shape
derivative of the normal is described in Lemma [I3 m

5. Application
5.1. Volume and surface formulations

For theoretical considerations on optimal shapes in a Navier—Stokes fluid, the
conversion of kinetic energy into heat is usually studied. This objective function
is a volume integral, which is more accessible for analytic studies (Mohammadi
and Pironneau, 2001; Pironneau, 1974). When we use the Stokes equation to
model the flow, the expression is even self-adjoint and optimal shapes are known
analytically (Pironneau, 1973). However, since the objective is integrated over
the whole flow domain, the objective function value depends on the size of the
simulation area. Also, the total dissipation of kinetic energy into heat cannot
be split in the coordinate axis directions, meaning that lift and drag of the
shape under consideration cannot easily be treated separately. Therefore, in
actual aerodynamic design, the total force vector the fluid exerts on an obstacle
is almost always computed as a boundary integral, which is then also non-
dimensionalized to make the resulting lift and drag values applicable to a wider
array of flow situations.

With the general formulation of the Navier—Stokes shape derivative at hand,
it appears to be natural to compare both formulations with respect to their
performance when actually computing optimal shapes discretely.

REMARK 11 (VOLUME FORMULATION: ENERGY DISSIPATION) Using the same
notation as in Theorem[{], the viscous dissipation of kinetic energy into heat in
two dimensions is given by

2 811, 2
f(u, Du,p) = Z ((%c;)

g(u7 Dnu7p7 n) = 0’
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which results in

af Ou;
6(11-]- Hatig u(?:vj
of
=0.
8ui
According to Theorem[q), the adjoint equation is given by
d d
O\ o\ o\ af o Jf
— AN — T 4+ —qs | — 222 — — —_
H pz (6951 Ui + al'j uj) 6:51 6ui Z 6,Tj 6aij
J=1 : j=1 :
= —2uAu; in
. of
div )\p = 8_p =0
with boundary conditions
A= on T
1 dg
A = — r
/j, abz on 0
9g
An)y=——=0 on T
(A,m) 9 0
O\, :
ra +p Z Ajuing + Aujng | +Apn; =0 on I'_.

Jj=1

Both conditions on Iy are satisfied by A = 0 and, consequently, the gradient is
given by

W W] = [Wim) "y (gg) is

o 7,7=1
+/<V ) —ZQ: aAWi:ﬁ )24l g
! , uan - 8&17‘”] 871
o =1 j=1
[ 2 9w\ 2
:/(V,n) uZ(az) as
I L =1 "
[ 2
o\; ou; Ou;
+/<V,n> -> e +22“ax il 50| s
o i=1 j=1 J
2 2
—/(V,n) _le on On (3 )1 ds
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REMARK 12 (SURFACE FORMULATION: FLUID FORCES) When considering flow
around an airfoil or any other obstacle, one does not want to make a new mesh in
case the airfoil has a different angle of attack. Instead, most flow solvers rotate
the coordinate system internally. For drag at angle of attack o, the incident
vector a s given by

a:= (cosa,sina)”
The drag force an incompressible Navier—Stokes fluid exerts on T'g is given by
Fp:= /—,u (Dnu,a) + p{n,a) dS.
T'o

The gradient of Fp is then given by

2

Op O\ Ouy
_ _ 2 el _ T 3
AFo(u.p W] = [(Vin) |-u(Dua+ S o) = 3wt 5| s
To -
+ /(V, n) [divp (—pDua + pa)] dS
To
with adjoint boundary condition A = —a on I'y.

Proof. Here, the function g is given by
g9 = —p(Dypu, a) + p(n, a).

Furthermore,

<v97n> = _N(Dn)QUa + %O% (L>
9g
8ui
Vng = —pDua + pa

=0

== = {(a,n)

% = —pa,
where (D,,)?ua refers to the second normal derivative tensor of u, e.g.

2 2
(Dy)*ua = g n-Mn-ak
n - (2 .
- 89016:10] J
%,,k=1

The structure of the gradient and the adjoint boundary conditions are a di-
rect consequence of Theorem [l Note that for this specific function, the terms
kg(u, Dyu, p,n) and xK(V,g,n) cancel each other. [
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5.2. Results

Here, the numerical performance of both formulations, i.e. the volume formu-
lation from Remark [I1] and the surface formulation from Remark [I2] will be
compared. The Navier—Stokes equations are discretized using mixed Taylor—
Hood finite elements. The resulting non-linear system of equations is solved
using Newton’s method. The adjoint solver is constructed discretely out of the
Newton iteration. Computation of the gradients requires knowledge of first and
second order normal derivatives of the flow states, which are computed using fi-
nite differences. The tangential divergence is approximated discretely according
to the definition

d—1 ag
ding = Z <§,Ti> )

i=1

where 7; are the tangent vectors. The tangent derivative is computed using
second order central finite differences.

The initial shape is a circle in a channel at Reynolds number Re = 80. The
shape of the circle is subject to the no-slip boundary condition and is to be
optimized using a constant volume constraint. The circle surface is discretized
using 100 nodes, which are the design parameters. Due to the Taylor-Hood
discretization, each edge mid-point also features a velocity value, such that there
exist other 100 velocity-only nodes on the circle surface that are not shape design
parameters. The channel walls are modeled as farfield. The initial shape is also
shown in Fig.[2l For both versions, surface formulation and volume formulation,
the optimization procedure is based on an approximative SQP method, where

Figure 2. The initial shape. Flow around a circle with Reynolds number Re =
80. Speed and streamlines visualized. The apparent dissymmetry stems from
the automatic generation of the seed points for the streamline integration.
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the actual update Jg is computed from the shape gradient J according to
J=(kAr +1)Js,

meaning the discrete shape Hessian is approximated by kAr+1, where Ar is the
Laplace—Beltrami operator, I is the identity, and k is a smoothing parameter.
For more details see Schmidt and Schulz (2009). Here, the parameter k& =
0.05 was chosen as a constant in all following computations.  Fig. [3] shows
how both drag and energy dissipation evolve when optimizing according to the
drag gradient. Likewise, Fig. Ml shows the same quantities when optimizing
according to the energy dissipation shape gradient. Although optimization with
respect to the volume objective function appears to be slightly faster, one has to

T T
Surface Formulation
Volume Formulation --------

Surface: Aerodynamic Drag

0.5 ! ! ! ! !

Optimization Iteration

Figure 3. Optimization history for both energy dissipation and aerodynamic
drag when using the gradient for the surface quantity “drag”.

T T
Surface Formulation
Volume Formulation --------

Volume: Energy Dissipation

Optimization Iteration

Figure 4. Optimization history for both energy dissipation and aerodynamic
drag when using the gradient for the volume quantity “energy”.
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take into account that both optimizations were conducted using a constant step
length of 0.03 for the drag optimization and 0.08 for the energy optimization.
Furthermore, the surface version requires knowledge of second order normal
derivatives of the flow quantities. Since the solver is based on standard Taylor—
Hood finite elements, the computation of second order finite differences can
be problematic. The velocities are discretized using second order polynomials
inside each of the six-noded Taylor-Hood elements, making the second order
derivatives of the velocity constant within each element. Likewise, the same is
true for first order pressure derivatives.

Fig. Bl shows the respective optimal shapes. Using the energy dissipation
gradient, the rear end appears slightly rounder, which results in less separation
and probably explains the slight difference in the objective functions. Since

Figure 5. Speed and streamlines for the optimized shapes. Top figure shows
the optimized shape when using the drag gradient, bottom shows the optimized
shape when using the energy dissipation gradient.
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the perimeter of the circle increases during the optimization, the number of
variable boundary nodes is increased automatically during optimization. As
such, the optimized shape with respect to the drag gradient has 135 variable
nodes, while the optimized shape with respect to energy has 137 variable nodes.
Since the number of surface nodes is allowed to be adapted during optimization,
the volume mesh is re-created between each iteration.

6. Summary

The main purpose of this work has been the derivation of the Hadamard form
of the shape derivative for a wide class of objective functions in a Navier—Stokes
flow, especially also considering boundary integrals as the objective. The Hada-
mard form enables a very efficient computation of the gradient, since knowledge
of the “mesh sensitivity” Jacobian is not required. Being an analytic expression,
the Hadamard form must be re-derived for each problem unless a generic ob-
jective is considered as it is in this paper. Due to the artificial nature of the
pressure in an incompressible flow, some restrictions appear on the surface part
of the objective function. Otherwise one cannot formulate a consistent adjoint
equation, since the pressure does not have a boundary condition but is implicitly
given so that mass is conserved. We also list many important literature results
from shape analysis and geometry, such that the paper is self contained and can
easily be adapted to other kinds of shape problems. Having the general expres-
sion for the shape derivative at hand, we conclude with a comparison of two
different approaches for the optimization of a fluid obstacle in a channel. One is
based on the volume objective functional using the fluid energy, while the other
is based on the surface objective functional of the aerodynamic drag. With the
general form of the gradient at hand, such a comparison can be conducted quite
conveniently.
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