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Abstract: In this paper we study second order sufficient con-
ditions for the strong-local optimality of singular Pontryagin ex-
tremals. In particular, we focus on the minimum-time problem for a
control-affine system with vector inputs. We use Hamiltonian meth-
ods to prove that the coercivity of a suitably-defined second vari-
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1. Introduction

We consider the minimum-time problem for a multi-input control affine system
on a smooth n-dimensional manifold M, namely we study the problem

min T’ (1)
subject to
§=(fo+ Sy uifi) o &(t)
£0) =20, &(T)=2y - (2)

u=(u,...,uy) € UCR™

where f;, i =0,...,m are smooth vector fields on M; the points Zo, Ty € M
are fixed. We remark that for smooth we mean C°°, although the result holds
true for C? data. L

We study the strong-local optimality of a reference triple (5 , T, ﬁ) that sat-

isfies the control system (2), and such that U € int U. Strong optimality means
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that the reference triple is optimal with respect to “neighbouring trajectories”,
independently on the values of control. We consider a type of optimality lo-
cal with respect to both state and final time, i.e. according to the following
definition:

DEFINITION An admissible trajectory E: [O,f] — M s strongly locally optimal
if it is optimal with respect to a neighbourhood of the graph of & in R x M.

Pontryagin Maximum Principle establishes a first-order necessary condition
to be fulfilled by the reference triple. The aim of this paper is to give second-
order sufficient conditions for a totally-singular state-extremal £ to be a strong-
local minimiser: that is, the reference triple satisfies PMP and the reference
control takes values in the interior of U.

Sufficient second order conditions for weak and Pontryagin minima in the
singular case can be found in Dmitruk (1977, 1983, 2008) and references therein.
For a single-input control-affine system, the strong-local optimality of a Mayer
problem is studied in Stefani (2008), while the strong optimality for the mini-
mum-time problem is studied in Stefani (2004), see also Poggiolini and Stefani
(2008 and 2009).

A classical approach to second order conditions is to consider the so-called
second variation, i.e. an accessory linear-quadratic control problem. See for ex-
ample Hestenes (1966), Péles and Zeidan (1994) for a classical formulation, and
Agrachev et al. (1998a), Agrachev and Sachkov (2004) for an intrinsic version
which can be also used when the systems evolve on a manifold.

For the case under study, both the classical second variation and the intrin-
sic version are totally degenerate; we then require the coercivity of a suitable
extended second variation, obtained starting from the coordinate-free second
variation defined in Agrachev et al. (1998a) and applying an intrinsic version of
the so-called Goh transformation (Goh, 1966; Dmitruk, 2008), in the spirit of
Stefani (2004, 2008).

We prove the result under the further assumption that the controlled vector
fields fi,..., fm generate an involutive distribution (see Subsection 2.2 for the
precise definition).

We consider this result as a first step to understand strong-local optimality
of singular trajectory in the multi-input case. It is the opinion of the authors
that the Hamiltonian approach is particularly effective in studying strong opti-
mality; in fact, it consists in lifting singular trajectories to the cotangent bundle
(independently of the values of the associate control) and to use the lifted trajec-
tories to compare the costs. In the standard theory, the trajectory to be lifted
belongs to a neighbourhood of the reference trajectory constituted by a field
of non-intersecting state-extremals, obtained by projecting suitable solutions of
the Hamiltonian system associated to the maximised Hamiltonian F,, ., see for
example Agrachev and Sachkov (2004). When the extremal is singular, Fj,q.
cannot be used, then we define a Hamiltonian greater than or equal to Fi,qz,
as suggested by the approach used in Stefani (2004, 2008).
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REMARK 1 We do not make any assumption on the control set U. Indeed, U
compact convex assures that an optimal solution exists whenever Ty is reachable
from Ty by means of the solutions of the control system. However, we do not
need the compactness assumption in proving the theorem, and we think that
the result may be useful also in case of unbounded controls, in order to find
minimising trajectory sequences in the spirit of Jurdjevic (see Jurdjevic, 1997,
Chapter 7, and also Remark 15 in Section 7).

The plan of the paper is the following:

2. Notations and preliminary results: here we recall some basic facts on
differential geometry and Hamiltonian formalism, and we state the Pon-
tryagin Maximum Principle.

3. Statement of the results: in this section we state and discuss the main
result of the paper; we, moreover, recall the necessary conditions for op-
timality of a singular extremal and we illustrate the definition and the
properties of the main tool we use in this paper, the second variation.

4. The Hamiltonian approach: here we illustrate the Hamiltonian approach;
we state the sufficient condition for optimality and we define the super-
Hamiltonian. We perform all the proofs in the case of m = 2 controlled
fields.

5. Proof of the Main Theorem: here we complete the proof of Theorem 2.

6. The case with several controls: this section is devoted to the generali-

sation of the proof of the main result to the case of m controls, m < n—1.

An example: here we illustrate the result with an example.

8. Final remarks: in this last section we give some remarks on the result and
on possible developments of research in this field.

N

Some details of the proofs are the subject of the Appendices.

2. Notations and preliminary results
2.1. Notations

For any vector field f on a manifold M, we indicate by Lyp(x) its action on
the smooth function ¢, that is Lyp : @ € M — (dp(x), f(x)), where the symbol
(-,-) denotes the dual action of T, M on T, M. We recall, moreover, that the
Lie bracket of two vector fields f, g on M is the vector field [f, g] that acts on
smooth functions on M in the following way:

[fo9l(@) == Ls (Lg(¢)) = Ly (L (), @€ CT(M).

If in coordinates (or in the case M = R™) we have that if f(q)=>""_, fi(q) a‘zi

n n dg; af;
and g(q) =7 9i(q) 5= then [f, gl(9)=>_7 ;4 (fi(q) S (q)—gi(q) 5L (q)) oo
For any smooth manifold M, T*M denotes its cotangent bundle, and 7 :
T*M — M the canonical projection onto the base manifold. It is well known
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that the cotangent bundle is a smooth manifold of dimension 2n; if we put
on the manifold local coordinates {q1,...,¢,} in a neighbourhood of a point
q € M, the 1-forms {dq1(q),...,dg.(q)} constitute a basis for the cotangent
space Ty M, therefore there are induced local coordinates {p1,...,Pn;q1,---,qn}
on T*M, in the following way: for any 1-form w € T*M,

n
P T I i Zpidqi(:v).
i=1

Obviously, theaction of the projectionis m: (p1, ..., Pniq1y -« qn)—(q1, - -+ Gn)-

In the paper we will largely use the symplectic structure of the cotangent
bundle T*M; it is well known, in fact, that to any smooth manifold a skew-
symmetric non-degenerate two form is canonically associated, called the stan-
dard symplectic form, which is constructed in this way: for any ¢ € T%,M, we
define the canonical Liouville form

s €Ty (T*M), sg:=Lom,, teTr,M,

where we recall that 7, : Ty(T*M) — T,¢M. In coordinates, we can write
(= (p1,...,Pniq1,---,qn) and then we get that sp = Y .| pidg;.

o denotes the standard symplectic form o, = dsy, and possesses the coordi-
nates expression

n
o ="y dpi Adg;;
i=1

we can prove that it is a skew-symmetric non-degenerate 2-form, thus it en-
dows the cotangent bundle with a symplectic structure. Given the two vec-
tors in Ty(T*M) written in coordinates as X = Y1 X:-& 4 X;a%_ and

q9q;
Y=o, Yqza%i + Y;a%i, the symplectic form acts as

o (X,Y) =) X)Vi— X}V
i=1

We recall, moreover, that an n-dimensional subspace V is said to be Lagrangian
if the symplectic form vanishes on it, 0|V = 0. Moreover, an n-dimensional
submanifold A is called Lagrangian if T;A is Lagrangian for any ¢ € A.

A smooth function F' : T*M — R is called a Hamiltonian on T* M ; we recall
that its associated Hamiltonian vector field F is defined by

ou(-, F) =dF(0),  0eT"M,;

in coordinates, F'(£) = >°" g; 8?1» - 35 ,9(2-

Given two smooth functions F, G:T*M — R, their Poisson bracket is defined as

{Fa G}(é) = O'E(ﬁa C_j)a
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a straight computation shows that {F,G}(¢) = >_" gzi gg - g—;g—g.

For any vector field f on M, the lifted Hamiltonian is defined as F'(¢) =
(€, f(ml)), € € T*,M; if f has the coordinate expression f = Y I | fia%i and

L= (p1,--,Pn;q1s -+, qn), then F(£) = Z?:lpifi.
In the following, we will use the notation: Fj; = {F;, F;} and Fj; =
{F;,{F;,Fx}}, 4,5,k € {0,...,m}, and it turns out that

FZ(E) = <€7 [fivfj](ﬂ—g»v Fiji = <£7 [flv [f]vfk]](ﬂg»

Finally, we recall that a Hamiltonian vector field F defines a flow via the
differential equation

i(t) = F o l(t);

which is the Hamiltonian system associated to F'. We will use the script type-
setting to denote the flow generated by the Hamiltonian vector fields, e.g. F;
(or H;) denotes the flow generated by F (or H) from the time 0 to t. We recall
that, for any function F': T*M — R and any Hamiltonian H, we have

d - d
EFoexp(tH) = EFOU‘Q ={H,F}oH;.

2.2. Involutive distributions

In this subsection we recall some facts on the properties of the vector distribution
we are going to use. As a reference, we cite the textbooks of Abraham and
Marsden (1978) and Lee (2006).

First of all, let us recall that a smooth vector distribution D of dimension
k is a k-dimensional sub-bundle of the tangent bundle, D C TM. If we put
D, = DNT,M, g € M, by definition D, is a k-dimensional subspace of the
tangent space T, M, and the subspaces D, vary smoothly with respect to ¢ € M.

If D is a smooth distribution of dimension %, then we can locally find a
local frame for the distribution; this means that for any ¢ € M there are a
neighbourhood U of ¢ and k smooth vector fields Xy,..., Xy : U — T'M such
that {X1(q), ..., Xk(q)} is a basis of D, for any ¢ € U. In this situation, we say
that the distribution D is (locally) spanned by the vector fields X, ..., Xj.

A distribution is said to be involutive if for any two smooth local sections of
D (i.e. two locally defined vector fields X,Y : U — T'M such that X(q),Y (q) €
D, for any ¢ € U), their Lie bracket is also a local section contained in D; in
other words, if {Xy,..., X} is a local frame for D, then for any pair Y, Z of
vector fields in D we can locally find k& smooth functions «;, i =1,...,k, such
that

Y, Z)(q) = > an(a) X (a)-
k
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REMARK 2 We remark that, given an involutive distribution D locally spanned
by the vectors {X1,..., Xi}, it is always possible to find locally some functions
al : M — R, i,j=1,...,k, such that the vector fields

k
0i(q) :=Zag(q)Xj(q), i=1,...,k
j=1

form a commuting local frame.

It is a well-known consequence of the Frobenius Theorem (see Abraham and
Marsden, 1978; Lee, 2006) that if D is an involutive distribution on M, then M
is foliated by integral manifolds of D: that is, if the distribution is involutive,
then for any ¢ € M there is an immersed k-dimensional submanifold N such
that ¢ € N and T,y N = D, for any ¢’ € N.

From now on, we assume that the controlled vector fields f1,..., f;n span an
m-dimensional distribution, which will be denoted by D.

PROPOSITION 1 These three conditions are equivalent:
1. D is involutive on M ;
2. the set {ﬁl, .. .,ﬁm} is involutive on the set {Fy=---=F,, =0} C T*M;
3. foranyi,j=1,...,m, F;; =0 on the set {F; =--- = F,, = 0}.
Proof. Let us prove that (1) = (2). Fix 4,5 = 1,...,m and write, locally,
[fi, £il(@) = 32521 cw(@) fi(q); then Fy5(€) = (€, [fi, fi)(@)) = D252y aw(ml) Fi (L),

and

dF;;(0) =Y ap(nl)dF(0) + Y Fi(0)dag(r0);
k=1 k=1
on the set {F} = --- = F,;, = 0}, this expression reduces to

dF;(0) = S ap(nb)dFy(0),

T

and therefore to
[F;, Fj)(0) = Fi(0) = on(ml) Fy (0).
k=1

Now we prove that (2) = (3). For ¢ € {F}, = --- = F,, = 0}, we have
that [F;, F}](€) = Y-, ax(0)Fy(¢) for some functions ay. Since [f;, f;](7l) =
T [Fy, F] = S0 () fi(nl), we are done.

Condition (1) obviously implies (3). By contradiction, assume that condition
(3) is satisfied, but there is a pair of indices i, j such that [f;, f;](¢) ¢ Dg; in
other words, there is an ¢ belonging to the orthogonal complement of D, in
T; M such that (¢, fij(q)) # 0. The statement is proved by noting that such an
orthogonal complement is given by {Fy = -+ = F,, =0} N T, M. L]
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2.3. Pontryagin Maximum Principle

Let M be a smooth manifold, and let us consider the time-optimal problem
subject to the control system (2). Let us recall that all triples (£, T, u), with
£:10,T] = M and u : [0,7] — U, that satisfy the control system are called
admissible triples, and the trajectories { admissible trajectories.

We assume that there is an admissible triple (£, T, 1), which will be referred
to as the reference triple, that satisfies the Pontryagin Maximum Principle.

We recall Pontryagin Maximum Principle stated in its Hamiltonian form (see
for example Agrachev and Sachkov, 2004). We consider the following Hamilto-
nian functions: the control-dependent Hamiltonian

h(t,u) = (€, fo(ml)) + Y ui (€, filwl)) =

=1

=Fo(0) + Y wF(), (eT*M, uel,
1=1

the (time-dependent) reference Hamiltonian F, : T*M — R, t € [0,7],

~

Bit) = Bo0) + 3 a0 E(0),
=1

and the maximised Hamiltonian

Finaz(£) := sup h({, ).
uclU

.
F; denotes the (non-autonomous) Hamiltonian vector field associated to Fy,
and ¢ — F;(£) the solution at the time t of the Hamiltonian system generated
—
by F¢(¢), with initial condition Fo(¢) = ¢.
The statement of the Pontryagin Maximum Principle is the following

THEOREM 1 (PMP) If the triple (E, T, Q) is optimal, then there exist a constant
po > 0 and a Lipschitzian curve in the cotangent bundle

t— A(t) € T* M, tel0,7)

such that
ToAt)=£(t)  tel0,T) (3)
Nt)#0  te0,T] (4)
d ~ = .
) =Feode) (5)
t(A(t)) = max A(A(t), u) (6)
Fy(\(t)) = po. (7)
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The curve X is called the Pontryagin extremal associated to the admissible
triple (¢, 7, 1), and its projection onto the base manifold a state extremal. When
M =R", X = (1i,€), where [i : [0,7] — R™ is called adjoint covector and
satisfies the adjoint equation 7i(t) = —(f(t), D(fo + >iey @i(t) fi)(E(2)))-

An extremal satisfying PMP is called normal if pg > 0, while abnormal if
po=0. .

We assume that the reference extremal A is a normal Pontryagin extremal,
and we normalise the term pg putting pg = 1. Since the reference control u
belongs to the interior of the control set U, then by (6) we get

~

FEQA@M)=0 forte[0,T], i=1,...,m. (8)

In the following, we will call £y = X(O) the initial point of the extremal.

3. Statement of the results
3.1. Necessary conditions

The study of second order condition for optimality provides additional necessary
optimality conditions for singular extremals, which are well known in literature
(see e.g. Goh, 1966; Gabasov and Kirillova, 1972, and the textbook by Agrachev
and Sachkov, 2004). In this Subsection we are focusing on them.

First of all, as a direct consequence of PMP and the singularity condition
(equation (8)), we see that:

0= %EOX@):{E, F}N0))=Fo(A0)+ > ;) Fru(A(t)) i=1,...,m. (9)

J=1

Moreover, standard theory of singular extremals states the following neces-
sary conditions for the triple (\,7,10) to be optimal (see Goh, 1966; Gabasov
and Kirillova, 1972; Agrachev and Sachkov, 2004):

Goh condition

{S—Q%}QM

Generalised Legendre Condition (GLC), the quadratic form

 =FjoAt)=0 ij=1,...,m, tel[0,T); (10)

u="u(t)

m

" Oh oh | ~
ViyennyUp) h, Vi=— ¢, vi— » (A1), u =
D K Y 3 DS T

m m

= Z viijijo(:\\(t)) + Z UivjakFijk (:\\(t)) < O’

ij=1 6,5, k=1

veR™, telo,T]

—~
—_
—_

~—
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LEMMA 1 If the distribution D is involutive, then Goh condition is automati-
cally satisfied and the generalised Legendre quadratic form appearing in equation
(11) reduces to

Lg V= (’Ul, . ,’Um) — Lg[’UP = Z ’Ui’UjFijo(f) (12)

ij=1
foranyl e {F;=0,F; =0, i,j=1,...,m}.

Proof. By the involutivity of the distribution, the Lie brackets [f;, f;] and
[fi, [fj, fx]] belong to the distribution D for any i, j, k, therefore, by equation
(8), we get that the Fj; vanish along the reference extremal. m

In the following we will use L, to indicate both the quadratic form and its
associated matrix.

Summarising, in our case the necessary conditions for the singular extremals
are R

e [;0A=0,i=1,...,m;
° Li(t) [v]2 <0forte [O,T\].

3.2. The extended second variation

In this section, we define a suitable second variation for the problem under study,
following the ideas forwarded in Agrachev et al. (1998a), and further developed
in subsequent works (see Agrachev et al., 2002; Poggiolini and Stefani, 2004;
Stefani, 2004, 2008).

For t € [0,T], we define the evolution function S; : M — M by the action
S, a0 — &(t), where ¢ satisfies the equation £ = fo(€) + 30 wifi(€) with
£(0) = zo (in particular, Sy(Zo) = £(t)), and the pull-back fields

g =805 : V(@) —>TM, i=1,...,m, tel0,T],

where V(Zy) is a neighbourhood of Zy. In coordinates,

) ~ -1 ~
gi@) = [DS,(@)]  fi(Sil@)),
We choose, moreover, a function B : M — R that satisfies the following
equality:
dB(z) = —lo. (13)

As in Stefani (2004), to compute the second variation we reduce the mini-
mum-time problem to a Mayer problem, in which we take the final time as a
new variable and also the cost.
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Consider the Mayer problem on the fixed time interval [0, 7):

minT(T)
subject to
T =
§=?<fo+zilvzfz> )
( ) =%, &(T)=z5 T free
= (u1,...,um) € U CR™

If (E, f, u) is the candidate optimal triple of the original minimum-time problem,
then for the Mayer problem the reference control is still u and the state-extremal

is (f, fA), with the associate Pontryagin extremal ((—%, f) ,/)\\), where \ is the
normal Pontryagin extremal associated to E

Evaluating the second variation of the Mayer problem, as defined in Agrachev

et al. (1998a) we obtain, thanks to its special form, the second variation, defined
by

T m
J[6u)? = /0 > SuiLsy Ly (B(Fo)) dt, (14)
i=1

where du € L2([0,7],R™) and 6n(t) € Tz, M satisfy the following system:

{5’17 = Yoty 0ui(t)gi(To)
dn(0) = on(T) = 0.

We remark that (15) is the linearisation of the system satisfied by 7(t) =
S7L(£(t)); in the linearised system, 6T = 0, since X is normal.

We underline that, if the problem is stated on R™, then the second variation
defined in (14)-(15) and expressed without the pull-back system reduces to the
classical one, as noted in Agrachev et al. (1998a), Corollary 2.

(15)

REMARK 3 If dn satisfies the system (15), then the expression for the second

variation does not depend on the particular choice of 3 with the property (13)
(see Agrachev et al., 1998a). Then J" is well-defined and coordinate free.

We now perform an integration by parts, that can be regarded as an intrinsic
version of a Goh transformation (see Goh, 1966; Dmitruk, 2008), to transform
the singular second variation into a non-singular one, which is coordinate-free,
too.

Define fori =1,...,m

T .
:/t Sui(s) ds,  wh = wi(0), (16)
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and the new variable ¢ : [0, 7] x M — ¢, (t) € T, M as the solution of
)= duit)gix)  ¢u(T)=0.

In this way, the control variation du is represented by the pair (wp, w(+)). Inte-
grating by parts equation (14), we get

T
J”[(Su]2 = _‘/0 sz t)L@ ) ﬁ( )

T ~
=3 | LewewiGo d (17)

We now put Z,(t) € T, M, t € [0,T], as Z,(t) := @, (t) + S w;(t)
gi(z). Substituting into (17) and integrating by parts, we get
J"[6u]? = i 1wiij L Bz )—i—l fw-(t)w-(t)L . 0 B(To) dt| +
= g Vool Ml PAT0) g 1 Wi g, gy PO

ij=1

m. T
30 [ w0 Ly @) ai
=1

where ((t) € T3, M is defined as ((t) := Zz,(t). It is easy to see that ((t)
satisfies the equation

=D wit)gi(@o), (18)
i=1
and the boundary conditions
0) =Y wifi@),  ¢(T)=0. (19)
i=1

This last expression is the second variation of the linear-quadratic problem
for the state variable (; we can write it as:

"5 Z L whwhLy, Ly, B@o) / 3 wlthus )R o)+

+23 wi(D)Qu0C() di (20)
i=1

subject to (19), where
R;;(t) = L[gg,g{]ﬂ(i\o) = —(]Lj\(t))z‘j Qi(t) = L)Ly B(To).
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Actually, the functional (20) is defined only on those pairs (wg,w) related
with a control variation du via equation (16). We extend the second variation
to the whole R™ x L2([0, f], R™), in order to require coercivity. This is possible
because the functional is continuous and the map du +— (wp, w) stated in (16)
from L2([0,T],R™) to R™ x L2([0,T],R™) is continuous and has dense image.

Then, from now on, we will consider the extendend second variation, which
is the second variation J” extended by continuity on R™ x L2([0,7],R™). We
will refer to it as JZ, i.e. JZ.[(wo,w)]? is defined as the right-hand side of (20).
We remark that J., is defined on the whole R™ x L2([0, T],R™), it is invariant
only on the subspace:

W:={(wo, w) € R™ x L*([0,7],R™) that satisfy equations (18) — (19)}, (21)

while its extension on the whole space depends on the choice of B .
In the following, when we will speak about coercivity of JZ, we will mean

on W, with respect to the norm induced by R™ x L2([0,T],R™).

REMARK 4 From the above formula, we see that the coercivity of the second
variation implies that the Legendre quadratic form (12) is negative definite, i.e.
that there is an o > 0 such that:

L3 [v]? < —alv?, veR™. (22)

Equation (22) is known as Strengthened Generalised Legendre Condition, or
SGLC (see Agrachev and Sachkov, 2004).

REMARK 5 It is not difficult to see that the coercivity of J!'., on W implies that

X
the controlled vector fields are linearly independent at Zy.

REMARK 6 We remark that, thanks to the linear independence of the controlled
vector fields at To, R™ is isomorphic to V = span{ f1(Zo), ..., fm(To)} C T, M,
therefore the accessory problem associated to J,, is a standard one defined on
the finite-dimensional space Tz, M. Sufficient conditions for the coercivity of
such quadratic forms in Hamiltonian setting can be found in Stefani and Zezza
(1997).

3.3. The result

In this section we state our main result and we give the main ideas for the proof
in the Hamiltonian setting.

THEOREM 2 Let §A be a totally-singular stale-extremal with associate normal
Pontryagin extremal A for the minimum time problem (1)-(2). Assume that the
distribution D is involutive. Let the extendend second variation J.,, as defined
in Subsection 3.2, be coercive on W (see (21)).

Then E is a strict strong-local minimiser, according to Definition 1.
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REMARK 7 We remark here that the hypotheses of Theorem 2 imply that the
necessary conditions are automatically satisfied by the reference extremal: in
particular, the involutivity of the distribution D implies Goh condition (see
Lemma 1), and the coercivity of the second variation implies SGLC.

A standard technique to prove the optimality of a candidate extremal is a
generalisation of the method of fields of extremals of the Calculus of Variations
(see Giaquinta and Hildebrandt, 1996); for its use in optimal control see, for
instance, Agrachev and Sachkov (2004). Briefly, this technique usually consists
in covering a neighbourhood of the candidate trajectory with non-intersecting
state-extremals, i.e. with trajectories on M that are the projection of the solu-
tions of the Hamiltonian system associated to the maximised Hamiltonian F;, 4,
emanating from a suitable Lagrangian submanifold. If it is possible to invert
the projection and lift to the cotangent bundle the admissible trajectories of the
control problem, we can compare the costs evaluated on them (see for instance
Agrachev et al., 1998b, 2002, and references therein).

In the case of singular extremals, the Hamiltonian vector field is multi-valued:
indeed, all the Hamiltonians of the form Fy + Zﬁl u; F;, u € U, coincide and
realise the maximum along the singular extremal. Moreover, no selection of
such multi-valued Hamiltonian vector fields is suitable to construct the field of
non-intersecting state-extremals.

To overcome this problem, we define a Hamiltonian Hy such that Fy < Hy
on the set

S={eT*M:F(l)= = F,{)=0},

in such a way that we can find a suitable selection K of the new multi-valued
super-Hamiltonian Ho+Y i, u;F;, such that the reference extremal is a solution
of the Hamiltonian system associated to K, and such that the corresponding
vector field is smooth and tangent to X. In this way, we can apply the method
used in Agrachev and Sachkov (2004), Agrachev et al. (1998a,b). This super-
Hamiltonian is obtained in the spirit of Stefani (2004, 2008).

4. The Hamiltonian approach

In this section we apply the Hamiltonian approach to sufficient condition, and
use it to the problem under consideration. We perform our construction in the
case of m = 2; the case with general m is a straight generalisation, and will be
illustrated in Section 6.
We remark that in this section we assume the following regularity assump-
tions:
e the distribution D spanned by the controlled vector fields is involutive;
e Strengthened Generalised Legendre condition holds along the reference ex-
tremal, therefore it holds by continuity in a (full-measure) neighbourhood
U of the extremal;
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we recall that these conditions are already included in the hypotheses of Theo-
rem 2.

4.1. Preliminary discussion

In this subsection, we study the geometry of the problem in the neighbourhood
U of the reference extremal.
We recall that

Y= {f eT*M : Fl(f) = Fg(f) = O},
and we define the subset of 2
8§ = {f eT*"M : Fl(f) = FQ(E) = Fol(f) = Fog(f) = 0} NnNuU (23)

(i.e., the set where the Hamiltonians Fy, F», Fpi, Fpe vanish and SGLC holds)
and we further notice that the reference extremal A(t) € § for t € [0,7]. We
remark that & contains all the singular extremals of the control system under
consideration, which satisfy SGLC.

LEMMA 2 In the neighbourhood U, where SGLC is satisfied, the following state-
ments hold:

1. 131 and ﬁg are tangent to ¥ and linearly independent;

2. 131 and ﬁg are transversal to §;

3. 1301 and 1302 are transversal to ¥ (and therefore to §), and the vectors
{131, ﬁg, 1301, ﬁog} are linearly independent;

4. 8 is a symplectic submanifold of dimension 2n — 4 contained in .

Proof. First of all, notice that:

Ty = ker(dFy () Nker(dF»(0)) leX
T,8 = ker(dFi (£)) Nker(dFs (€)) N ker(dFo1 (£)) Nker(dFoa () €€ 8.

Since <dFi,F‘i> =0,¢=1,2, and <dF1,132> = —<dF2,ﬁ1> =I5 =0o0n X, we
can deduce that F; and Fy are tangent to X. They are linearly independent by
SGLC; in fact, assume without loss of generality that for some ¢ € U, F (0) =
—uF5(0). Then we have that

Fi19() = o¢ (ﬁl,ﬁlo) =—poy (ﬁz,ﬁlo) = —puFp10(¢)
Fia(€) = oy (ﬁ17ﬁ20) =—poy (ﬁ%ﬁzo) = —plo0(0),

and then the matrix Ly is degenerate, which contradicts SGLC.
(2) follows by the fact that <dF01,F1> = —F110 and <dF02,F2> = —F220 are
nonvanishing on 8§ (by SGLC).
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The same fact implies (3); linear independence is again a consequence of
SGLC (the proof is analogous to the one above).

To complete the proof, we notice that the restriction o g’ £ € 8, is nonde-
iy
generate; then § is a symplectic submanifold. [

REMARK 8 Since we proved that the vector fields ﬁl, 132 are linearly indepen-
dent in U, we call D the distribution (defined on U) spanned by them. We notice

that D is involutive on X (see Proposition 1).

LEMMA 3 There is a neighbourhood 'V of the range of:\\ in X such that for any
0 €V there is a unique triple ((s,t1,t2) € (§NV) x R? such that

L =1(ls,t1,t2) == exp (—tzﬁz) O exp (—t1ﬁ1) (Ls); (24)

moreover, there exists an € > 0 such that the map 1 : (SNV) x [—e,e]> — V is
a global diffeomorphism.

Proof. The whole proof is an easy consequence of Lemma 2, point (3), and the
compactness of the interval [0, T]. m

REMARK 9 We can use the same argument to prove that t}je map 1[ XX
R?2 — T*M defined as ({5, 71, 72) = exp(—TaFo2) o exp(—71Fo1)(ls) is a local

diffeomorphism; therefore, there are an € > 0 and a neighbourhood V in T*M of
the reference extremal such that v is a global diffeomorphism from V x [—¢, €']?
to V. _

Without loss of generality, we can assume that U ="V.

LEMMA 4 Under SGLC, every singular Pontryagin extremal belongs to & and
is a Hamiltonian trajectory of the feed-back Hamiltonian

F3(0) = Fy(0) + i (O FL(0) + v (O F3(0), €, (25)
where the feed-back controls are defined by
vi(0) —1( Foor(?)
=L , LeS, 26
( VQ(K) > ¢ ( Fooz(é) ( )
and then extended constant to the whole W. With this definition, we have that
Lzv;=0,1,j=12.
In particular, u;(t) = v;(A(t)), i = 1,2, t € [0,T], which proves that U is
smooth.

Proof. We define the feed-back controls on § as in (26); then, we choose two
linearly independent commuting vector fields X;, X> on U that span the dis-
tribution D, in such a way that

Ty =T,8 & RXl(g) &b RXQ(K), les;
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we can extend v;, ¢ = 1,2, to V by putting it constant along the integral lines
of X1 and X2.

Analogously, we choose two linearly independent commuting vector fields
Y1, Y5 on U such that

Tg(T*M) :T[EGBRH(K)@R}/Q(K), éEV,

and we extend v;, i = 1,2, to U by putting it constant along the integral lines
of Y7 and Y5. The rest of the proof is an easy consequence of the singularity
conditions (9). ]

REMARK 10 The matriz L is symmetric on 8, in other words, Fio9 = Fa19. In
fact, if £ € 8, then, for small t, exp(tﬁs)(f) € 8, where FS is the vector field
associated to the feedback Hamiltonian defined in equation (25); this happens
since FS is tangent to 8, by definition of v.

Then we have that

d _
O = £F12 (exp(tFS)(ﬁ)) = {FS, F12} = F()lg,

since Fi12 and Fa15 vanish on 8. By the Jacobi identity, Fio9 = Fo19 on S.

4.2. Construction of the modified Hamiltonian

LEMMA 5 Possibly restricting V, we can define functions %1 and Y2 in such a
way that

exp(91(0)Fy) o exp(D2(0)Fy)(0) €S VLeVC 3. (27)

For any ¢ € SNV we have that

(332 Eii) 6 =1;" (5?3; EQ) (06 VileDr. (28)

Extending ¥1, Uo constant to the whole U, we obtain:
DY1(0) [50) = DI5(0) [56) =0 V60 € REyy(£) & REpp(¢), £€8. (29)

Proof. Since Fy and F, are tangent to X, then equation (27) is satisfied if and
only if

Fot(exp(91(¢)Fi) o exp(¥a(€) Fy ) (£)) =
Foa(exp(91(0) Fy) o exp(12(€) F
and

91(0) =05(0) =0 VL€ES.
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We then consider the function ® : V x R? — R2, defined as

[ Foy(exp(t ﬁ)oexp(t ﬁ)(é))
DL, ty,ta) = <Fz;(exp(tiﬁi) o exp(tzﬁz)(é))> .

We notice that D(thtz)fb’( : = —LLy, which is a non-degenerate matrix in a
£,0,0

neighbourhood of the reference trajectory (by SGLC). Therefore, we can apply
the Implicit Function Theorem to define (locally in a neighbourhood of the
reference trajectory in X) the functions 11 (¢), Y2(¢) that satisfy (30) and (31),
plus the boundary conditions. We can extend the two functions ; and 95 to U
with the same technique that we used in Lemma 4.

Let £ € V and ¢¢ € Ty%; from equations (30) and (31) we obtain

0= D [For o exp(t (0)F) o exp(d2(0)F2)(0)] 164
0= D [Foz 0 exp(t (0)F1) o exp(v2(0)F2) (0)] 64];

after long but straight computations, for g € § we have that
0= [DFo1(£s) + Fio1(ls)DV1(Ls) + Fao1(Ls)DI2(Ls)] [64]
0 = [DFp2(ls) + Fio2(€s)DV1(Ls) + Fap2(€s) D2 (Ls)] [04]

and hence equation (28). Equation (29) comes from the fact that we extended
%1, 9 constant. =
REMARK 11 By the Implicit Function Theorem it follows that ¥; =0, i = 1,2,
on 8, and hence DV, =0,71=1,2.

T,8

We now define a new smooth Hamiltonian Hy on U that will allow us to use
the Hamiltonian approach. We remark that we are interested only in the values

of Hy on ¥, and that they are obtained by transporting FO‘S along suitable

trajectories tangent to X.
DEFINITION We define the Hamiltonian Hy : U — R as

Ho(0) = Fy o exp(91(0)Fy) o exp(D2(0)Fy)(0), £ el (32)
We define, moreover, the function x : U — R as

X(£) = Ho(t) — Fo(£) = Fy 0 exp(91(€) Fy) 0 exp(92(£) F ) (¢) — Fo(€). (33)

THEOREM 3 Let Hy and x be the functions defined above. Then:
1. For !l € X, we have

—

Ho(t) = (exp(~02(0) Fy) o exp(—t1 (0)F1)) Fy

*

o (exp(1(0)F1) 0 exp(@2(0) F2) ) (0),
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2. The vector field Hy is tangent to 3.
3. For £ € 8, Dx(¢) = 0, hence D*x(¢) is well defined and a non-negative

quadratic form on Ty whose kernel is T;8.
4. Fo < Hg on X, and Fy = Hy on S.

Proof. We use the following notation:
O(0)=exp(v1 () Fy) o exp(2(0) Fo)(£), (€%,

in order to make the computations more comprehensible.

In order to prove (1), it is sufficient to prove that
dHy = dFo(O(0)) o exp(91(€)F1)s o exp(92(0)Fy), Ve . (34)

In fact, calling X } , & generic vector in Ty(T*M), we have that

o (X|€, ﬁo(é)) - <dHO(€)7X|g> =
= (dFo(O(0)), exp(91 () Fy ). 0 exp(da(6) Fa)(X|,)) =

= o (exp(D1(OF). 0 exp(W2(0)F2) (X],), Foleg ) =
v (X|€,exp(—192(€)ﬁ2)* o exp(_ﬁl(e)ﬁl)*(ﬁo|@m)) .

By nondegeneracy of the symplectic form and genericity of X, we got (1).
To prove (34), consider
dHy(£) = dFo(©(0)) 0 exp(W1(OF1):] g0y 7o)
+ (dFo(O(£)), F1(O(£)))dd1 (£)+
+ (dFo(O(0)), exp(th (E)ﬁl)* [ﬁz(exp(ﬁz(f)ﬁﬁ(@)}>d192(€)-

o exp(ﬁg(f)ﬁg)*‘g—i-

The distribution D being involutive, exp(d1 (€)Fy ). Fa(exp(92(0)Fy)(£)) is tan-
gent to the distribution, that is, there are o, 8 € R such that

exp(t1(0)F). | Fa(exp(@2(0)F2)(0))| = aF(0(0) + BR(O(0)).

Therefore we can conclude that
P

dHo(¢) = dFo(O(£)) o eXP(ﬁl(é)ﬁl)*’CXP(%(D@)(@ o exp(V2(£) F).

— F51(0(£))dd 1 (£) — (aFo1(©(0)) + BFo2(O(£))) di(f) =
o exp(V2(0)Fy).],

= dFO(G(f)) o exp(,ﬂl (g)ﬁl)* ’cxp(ﬂ2(l)ﬁ2)(f)

Thesis (2) comes straightforwardly from (1), since we have that Fy is tangent

to X on 8 (by straight computations), therefore ﬁo‘@(@ € To(pX, and

exp(—Va(£) ). 0 exp(—01 () F1) : ToyE — TiE.
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Point (3) can be proved by means of straight but long computations, that
can be found in Appendix A, Lemma A.2.

A straight consequence of (3) is that y has a minimum on §; since X‘S =0,
we get that x > 0 and hence the thesis of point (4). ]

REMARK 12 We remark here that D*x({) coincides with —IL; on D, in the
following sense: for any X € T;%, ¢ € §, we can write X = Xg + oF, (0) +
BF,(0), Xs € TS, and then we have that

D*x(O)[X]* = ~Le[(a, B)]?
(see Appendiz A for the proof).

COROLLARY 1 (SEE STEFANI, 2008) Let vy = (v},v2) : [0,7] x U — R2 be a
function such that vi(A\(t)) = @;(t), t € [0,T], i = 1,2. Consider the Hamilto-
nian HVt = Fy + vtlFl + vt2F2 + x. Then
1. H* > Iy on X.
—
2. 0%t is tangent to X.
3. Nis a trajectory of the Hamiltonian system associated to fl—”_;

In particular, these facts hold for the Hamiltonians Hy; = ﬁﬁ—x = Ho+uy(t)F1+
ag(t)FQ and KS = FS + X = H() + I/1F1 + I/QFQ.

REMARK 13 The problem is symmetric, in the sense that Proposition 3 - and
therefore the whole result - holds also for the super-Hamiltonian

—

Ho(l) = Fy o exp(d2(£) Fy) o exp(d1 (€)1 )(£),

where 51, 52 are suitably defined by
Foi(exp(02(£) Fy) o exp(d1 (£)Fy) (£)) = 0
0

Fog(exp(gg(f)ﬁg) o exp({gl (f)ﬁl)(f)) = vVieV

and
D(0) =0,(0)=0  VIeS.

4.3. The sufficient condition

As already said, we intend to prove the optimality of the extremal using a
method that generalises the method of Fields of Extremals of Calculus of Vari-
ations. We state and prove this method in this section.

We recall that we denote with K the Hamiltonian

K3(0) = Ho(0) 4+ v (O)F1L(0) + v () Fa (), Lell. (35)
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THEOREM 4 Let X be a normal singular Pontryagin extremal for the minimum-
time problem. Let K° be the Hamiltonian defined in equation (35), and let X7
denote its flow.

If there exists a Lagrangian submanifold A C X such that ZO €A and

kerm. Xy NT; A={0},  te[0,T), (36)
then (E, T) is a strict strong-local minimiser.

Proof. We give the proof by steps:
(i) (36) implies the local invertibility of the map 7o X7 : A — M, for any ¢.
Thanks to the compactness of the interval [0, f], the map id x m o K7 :
[0, f] x A — [0, f] x M is also a diffeomorphism covering the graph of €.
That is, we can find a neighbourhood O of ZO in A and a neighbourhood
1 of the range of £ in M such that the map

(t,0) € [0,T] x O+ (t, 70 K7 (0)) € [0, 7] x 4

is invertible, with smooth inverse.
(ii) Recall that s is the canonical Liouville form. Then the 1-form

w(t, ) = K*s — K% o KZ(0) dt

~

is ezact on [0,T] x A (see for instance Agrachev and Sachkov, 2004, Section
17.1.1).

(iii) Assume that there exists a solution (£,7,u) of system (2) with T' < T,
whose graph is contained in U.

If we define the following paths in [0,7] x A:

Oz/uw—l—/mw—/ﬁw. (37)

We call £(t) = (moX{)~1E(t) and A(t) = K7 of(t); we notice that £(t) € A, Vt €
[0,T], and that £(0) = 4.
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Equation (37) writes as:

T
_ s OV S o 5eS w
0= / (XS o 0(), £(8)) — K 0 KE(U(t)) dt + / +

T ~ o~ o~
—/0 (A@), fo(€(t) + T (t) fL(E(1)) + Ua(t) f2(E(1))) — K (A()) dt <

S/w
Ko

because

(K7 0 0(t),&(t)) — K 0 K7 (1) = h(KF o £(t), ue(t)) — K 0 K7 (£(t)) <
< (KT 0 l(t), ug(t)) — Fraz 0 K5 (€(1)) <0,

~ ~ ~

whileh@(tf), Fol€(1)) + T (t) f1(E(1)) + Ta(t) 2 (€(1))) = KS(A(L)).
Therefore

T

7
o 5695 o (10 K51 (3 _ _
Og/uow_ /TK %5 o (10 K5)"1(3)) dt /T(l—i—O(t))dt

=T-T+oT-T),

since KS(A(t)) = Fras(A(1)) =1, t € [0,T]. A contradiction, therefore T' = T.
Let us now prove that the minimum is strict: assume that there is an ad-
missible curve £(t) that satisfies the system (2), with £(0) = %y and &(T') = Zy.

Define 11, pio and 7i as above; since T = T, fm) w = 0 and then equality (37)
reduces to

j; . j; o~
0= [ 0.é0) - KSw) de— [ Go.E0) - KR dt =
0 0

T
- / A1), £(1) — KS(\(1)) dt,

which implies that (A(),£(t)) — K¥(A(t)) = 0, that is — A(¢) € 8, since A(t) € .
Let us now compute the derivative of A:

AMt) = RS o \(#) + K5 (—mo %) (M%f) OA(t) + K5 (moX$) T Et) =
- (ﬁo Y F o+ VQFQ) o \(t)+
+K, (w0 fKtS);l (fo+vifi+vafa— fo—uifi —uaf2) 0 &(t) =
= (Fo+niFi +12Fh) 0 M) + K5 (mo XF) " (11— wn) fu(e(0)+
+(v2 — u2) f2(£(2))) -
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By Lemma B.2 in Appendix B we have that X7, (woxf)*_l fig(t)) =
Fy(A(t)), i=1,2.
Therefore

A(t) = Fo(A(t)) +u1 () Fr (A1) + ua () Fa (A(1));

we notice, moreover, that, since A € 8, the control (u;(t),us(t)) satisfies the
equation of the feedback control (26), which implies that A(£) = K5 (A()), that
is

A(t) = fo O Zo.

Then it coincides with X(t) L]

5. Proof of the main theorem

Let us recall that H; : U — R is defined as
H; = Hy + uy(t)Fy + ua(t) Fy, (38)

and denote with ﬁt and H;, respectively, its associated Hamiltonian vector field
and Hamiltonian flow. In this section we will prove that if the extended second
variation is coercive, then it is possible to define a Lagrangian submanifold
A C ¥ such that 4o € A and

kerm. 3 NT, A=0,  te[0,T]. (39)
This completes the proof of Theorem 2, thanks to the following Lemma:

LEMMA 6 If ker(m.Hy. ) =0, then ker(m,. X2, ) =0.

£o £o

The proof can be found in Appendix B.

5.1. Coercivity of the second variation

Let Hy' : T3 M x Tz,M — R be the quadratic Hamiltonian function associated
to the second variation, defined in Subsection 5.2, and let H}' be its associated
linear flow. _

In this subsection we prove that the coercivity of JZ . on W allows us to add
a penalty, so that JZ, is coercive on a larger subspace W, which correspond to
a free-fixed problem. We also prove that the coercivity of the second variation

on W is equivalent to the condition

~

ker m. H;, N L =0 Vtelo,T],

for a suitably defined subspace L C T3 M x T5,M.
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Thanks to the linear independence of the controlled fields at the point Zg, we
can define suitable local coordinates, in order to get rid of the finite dimensional
term in equation (20).

Let us in fact define, locally in a neighbourhood of Zy in M, a vector field
¢ such that

[f1,¢2] =0 and span{fi,¢2} = D;

we can then choose coordinates (qi,...,¢,) on a neighbourhood of Zy in M in
such a way that

Zo=(0,...,0)

0 0
fi= o0 P2 = P
therefore, we can locally write

0

fa= 90

0
8 M2
for two locally defined functions pi, p2, with po(x) # 0 for any x in a neigh-
bourhood of Zy. R R

Then, we have that the covector ¢y can be written as £y = Z?:B@dqi.

Let us now recall that the choice of B is free, provided that d@ (Zy) = —ZO;
we then choose

n

Bla) =" —piai, (40)

=3

for z in a neighbourhood of Zy. This choice certamly satisfies the required
condition, and, moreover, we have that the term Z” 1 2wOwOL,cZLfJﬁ( 0) in
the second variation vanishes.

By means of the local coordinates chosen above, we define a local function
a:M —Ras

=> (Pigi +pg}), p>0; (41)
=3

with such definition, we have that

0) =Y Pidg' = o,
=3
Lfla(y) = sza(y) =0;
which implies that d(a + 3)(Zo) = 0 and therefore
"= D*a+ ) (@)
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is a well defined quadratic form on 7z, M such that
Y'1f1(Zo), Tao M] = v"[fo(Z0), Tz, M] = 0.
Moreover, by setting V' = span{a%i, 7> 3}, we have

v > 0.
.

Remark that kery” = Dy, and that T3 M =V @ Dj,.
LEMMA 7 If the extended second variation is coercive, then
kerm, H/ NL=0 Vtel0,7T),

where

L—span{(—da(’x\o) ((9(?]")7(%-)’ i—l,...,n}.

Proof. By standard results in the theory of quadratic forms (Theorems 13.2 and
13.3 in Hestenes, 1951), there is a p > 0 such that uy” + J/ is coercive on
the set W of the pairs

W = {66 = (51‘,’(11) S TEOM X L2([07j—\‘]7R2)}

such that
C(t) = wi(t)gf (To) + wa(t)§7 (To)
¢(0) =6z ¢(T)=0. (42)

In other words, ¢(0) is free and ¢ (f) is fized. With no loss to generality, we can
put u = 1, so that the modified second variation,

1 201 7
Tl = 3G wP+ 3 5 [ s (0 0+ 200G 06(0) b, (43)

ij=1

is coercive on 'W.
The coercivity of J! on W is equivalent to

ker .}, L= {0},

see, for example, Stefani and Zezza (1997). L]
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5.2. Hamiltonian linear flows

In this subsection we study the relation between the quadratic Hamiltonian
function Hy' : T3 M x T3, M — R associated to the second variation, defined in
Subsection 3.2, and the linear Hamiltonian flow defined below. For more details,
see Agrachev et al. (1998a).

Define the pull-back Hamiltonian Gy : T*M — R as
Gy = ( Ft)°§t2X0§t7
whose associated Hamiltonian flow is
G = o He

(the relevant proof can be found in Agrachev and Gamkrelidze, 1997).
Since DGy (£) = 0, then D2Gy({y) is well-defined and the flow

Spu: Ty (T*M) — Ty, (T* M)

is the Hamiltonian flow associated to $D?G, (ZO) (see for instance Agrachev et
al., 1998a, and references therein for details).

We notice (see Agrachev et al., 1998a) that the tangent space T3 (1™ M) is
isomorphic to the product 77 M x T3, M, via the anti-symplectic isomorphism
v TE M x T M — Ty (T M)
(w,6z) — —w + d(—B)0z.
To define H{', consider the Hamiltonian h} : T2 M x Tz M x R* — R,
defined as

2
B (w,02,0) = > vilw, 6i(@0)) + viLsa Ly szvj 11,60 (o),

=1 1]1

where v = (v1,v2). The minimising Hamiltonian is defined by

=0,

o\ _ o (G0} + LoaLyy B@o)
(1) =0 <<w,g?@o)>+Langzﬁ@o)>

(here we remark that the matrix R(t) = —L5 I8 symmetric).

i.e.



1054 F.C. CHITTARO, G. STEFANI

Then,
H{(w,dz) = h} (w, 6z, v(w,dx))

=—§ ({0, 98+ LoaLgy B(@o). (w, 43)+ LoaLgz (o) ) R(H) ™" x

o (w81 + Loa Ly B(@0)
<w,g?>+L§qu?ﬁ(fE\o) .

We denote with ﬁ;’ and H}, respectively, the Hamiltonian vector field and the
Hamiltonian flow associated to H,'.

LEMMA 8 The two linear Hamiltonian flows G and H are equivalent, i.e.
there hold:

1 N
H] = —§D2Gt(€0) oL (44)
H =17 0G0 (45)
Proof. We split the proof of (44) in two steps: in the first one, we prove that

2
D*Gy(Go)[602 =" (R ())i;[DFoi(A(£)) 0 Hyu 0L [D Fo; (A(t)) 0 H1.60]; (46)

5,J=1

in the second one, that actually

H” — = Z z] DFOZ()\( )) o j{t* o L)(DFOJ(X(t)) © :H:t* o L)' (47)

1]1

Once (44) proved, (45) follows straightforwardly.
Let us then prove (44). From G; = x o F, and the fact that DGt(Eo) =0,

we get that D2Gt(€0) is well defined and D2Gt(€0) (5",5 o fo) 0 Fr ® Fpa.
Applying Lemma A.2 from Appendix A, we obtaln for 60 € 13, (T*M) that

2
D*Gy(l)[00 = Y (R71(1))i;[DFoi(\(t)) 0 F1u60][DFo; (A(t)) 0 Fy.60].
i,j=1

-~

Now let 6 = (0w, 0z) = —dw + d(—[3).0z, where (dw, o) € T3 M x Tz, M.
Since

DFoi(fo) [10,02)] = Ly s ay.5088 for S}, =
= <_6w= [f07fl]> + Ld(—@)*51< ’ [fOu f1]> =
= (=0w, [fo, £i]) + Les(~dB(), [fo, fi])

r=xo
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then

o~

DFy;(\(t)) [ﬁct*b(max)} -

= Lty gusttni—pyoon (1o Fl 0 i@ ) | =

-~

= (0w, 8 [fo. £ 0 Su(a) + Loa(Fed(=B)(@), [fo. fil 0 Silx)))

= — (6w, §(Fo)) — Lsx Ly B(To)-

I:’I\o

Hence, equation (47) is satisfied; we get the thesis. ]

The proof of the main Theorem is completed after the following

LEMMA 9 Let « be the function defined in (41), and set
A={da(z) :xz e M}.
A is a Lagrangian submanifold of ¥ containing ZO and such that (39) is fulfilled.

Proof. Since Ly, =0, i =1,2, A C X. Moreover, it is not difficult to see that
the statement is proved after noting that

oL =T, A
Therefore,

ker . J}/ L= ker .t ! o Gy .

E3

= {0},
oA
which implies (39), since w*g‘;l =5 T, L]

6. The case with several controls

In this section we show how to adapt the construction of Sections 4 and 5 to
the case of generic m <n — 1.

The proofs are completely analogous to the ones in the case of m = 2; we just
write here the definition of the objects we construct, and claim their properties,
without repeating the proofs.

Let us notice that the number m of controlled fields shall be less or equal than
n—1; in fact, by hypothesis we assume that they are linearly independent, there-
fore m < n. Moreover, if m = n, then we can write fo(Zo) = Y v, a;fi(To),
and therefore Fyap(A(t)) = Fo(A()) = Py a; F;(A(t)) = 0, which contradicts
the fact that the reference extremal is normal.
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6.1. Definition of the super-Hamiltonian

To construct the super-Hamiltonian, we just repeat the same arguments as
above.

First of all, we recall that the coercivity of the second variation implies
that SGLC holds along the reference extremal, and therefore in a full-measure
neighbourhood U of the reference extremal; we define the subset of ¥

§={{eT"M:F({)=0, Fo;(¢) =0, i=1,...,m}NU
We claim that the statements of Lemma 2 hold also in this case, that means
that
1. F is tangent to ¥ for any i =1,...,m;
F, is transversal to $ for any 1 =1,...,m;
Fy; is transversal to & (and therefore to 8) for any i = 1,...,m;

the vectors {ﬁl, oo Fon For, .. ﬁOm} are linearly independent;

Ol LN

§$ is a symplectic submanifold of dimension 2(n — m) contained in X.
Lemmas 3 and 5 generalise in the following way:

LEMMA 10 There is a neighbourhood V of the range ofX i X such that for any
eV there is a unique (m+1)-tuple ({s,t1,...,tm) € 8 X R™ such that

L=1(lg,ty,...,tm) = exp (—tmﬁm) 0---0exp (—tlﬁl) (Ls);

moreover, there exists an € > 0 such that the map v : (SNV) X [—¢,¢]™ — X is
a global diffeomorphism (over its image).

LEMMA 11 In the neighbourhood V we can define the functions 9;, i =1,...,m,
in such a way that

exp(1(0)Fy) o - oexp(U () F)(0) €S VLEY,
N(l)=...=0,({)=0 (€S8

We then define the Hamiltonians Hy : U — R and x : U — T*M as
Hy(l) =Fyo exp(ﬁl(ﬁ)ﬁl) 0---0 exp(ﬁm(é)ﬁm)(é),
X(0) = Ho(£)—Fo(£) = Fy o exp(¥1(£)F1) o -+ 0 exp(Un (£) Fi ) (£) — Fo (£).

We can show that:
1. For ¢ € ¥, we have

—

Ho(f) = (exp(—ﬁm(é)ﬁm) 0rio exp(_ﬂl(e)ﬁl)) £

*

o (exp(1(O)F) o -+ 0 exp(dm(D)Fn)) (0).
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2. The vector field Hy is tangent to X.

3. For £ € 8, Dx(¢) = 0, hence D?x(¢) is well defined and a quadratic form
on TyY, whose kernel is T;8 and such that D?y(f), coincides with —IL; on

D=RE @ - ©RE,,.
4. FO < H() on E, and FO = HO on 3.
As for the sufficient condition (Theorem 4), its statement holds in this case,
too.

6.2. Proof of the result

As done in the previous case, we can define local coordinates in a neighbourhood
of Zp in such a way that

e Ty =(0,...,0);
o f1 = 0%1 and f; = 300, /Lijaiqjv i =2,...,m, where y;; are locally defined
smooth functions;
e the covector ZO can be written as EAQ = Z?:mﬂ Didg;.
In these coordinates, we can choose the function B as

n

B(x): Z —Digi,

1=m-+1

and this guarantees that the finite-dimensional term in the second variation
vanishes.
We define the local function av: M — R as

n
Q= Z pigi + pai,  p>0.
1=m-+1

We put v/ = D2(o + 3)(7o). Repeating the same argument as above, we
obtain that the modified second variation

1 UNSIE
J(/l/[ae]2 — 5,.)//[((‘517, w)]2 + Z 5 / wi(t)wj (t)Rij (t) + 2w1(t)Ql(t)<(t) dt
ij=1°+70
is coercive on the set W of the admissible pairs
W = {6e = (6z,w) € T5,M x L*([0,T],R™)}
such that



1058 F.C. CHITTARO, G. STEFANI

This last condition is equivalent to

1!
ker 7, JH,,

= o,

where

L-span{(—da(’x\o) (%,) ,%), i—l,...,n}.

Putting then
A ={da(z) :z € M},

we get the thesis, since T3, A = ¢L.

7. An example

In this section we provide an example, illustrating the abstract result. This
example is academic, but useful for making the theory more concrete.
Let us consider the following control problem on R3:

min T
subject to
T1 = ul +u2T
To = U2 ) (48)
i3 =1—a% — 23

with the initial condition
x(0) = (0,0,23),  «(T)=(0,0,z3), x}> 3.

The controls may assume values on the whole R2.
Explicitly, the drift and the controlled vector fields are:

0 0 0 0
fo(fﬂ)z(l—f%—ﬂﬁg)a—% fl(w):[)—xl =T15—

Since [f1, f2] = f1, the distribution D is involutive.

7.1. Preliminary analysis of the system

The lifted Hamiltonians are

Fy(p,z) = p3 (1 — 2F — 23) Fi(p,x) =p: Fy(p,x) = p1x1 + p2,
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and their Poisson brackets

Fo1(p, ) = 221p3 Foa(p, @) = 2(x7 + x2)ps.
Therefore, the submanifold X is

Y={(p,x):p1 =0, x1p1 +p2 =0}
={(p,x) : p1 = p2 =0}.

By computations, we can prove that the matrix Ly ) (equation (12)) is
negative definite in the half-space {p3 > 0}. Then

S={(p,x): F1 =F, =Fy = Fop =0} N {p3 >0}
= {(0,0,]93;0,0,,@3) 1 p3 > O}

REMARK 14 Since any singular optimal trajectory is the projection of an ex-
tremal with values in S, then the minimum-time problem for this dynamics may
have a singular solution only if the end-points lie on z3-axis, with x} > 3.

REMARK 15 If the control set is the whole R?, the minimum-time problem be-
tween fized points has a standard solution if and only if the points belong to the
w3-azis and 3 > x3. On the other hand, we can easily check that the infimum
of the time needed to join two points belonging to the same plane parallel to the
(z1, x2)-plane, with x§ > 23, is zero, since the controls may be unbounded (see
also Jurdjevic, 1997, Sec. 2.1, Theorem 6). One could solve the problem between
(29,29, 29) and (21,23, 2}) allowing jumps, i.e. by jumping from (9,29, 29) to
(0,0,29) in “zero time”, then following the system from (0,0,29) to (0,0,z3),

and finally jumping again from (0,0,z3) to (z1,x3,21) in “zero time”.

7.2. Studying the extremal
It is not difficult to see that the curve

t) == (P(t), Z(t)) = (0,0,1;0,0,23 + ), t € [0, — ] (49)

is a singular extremal for the minimum-time problem subject to (48), associ-
ated to the control u = (0,0). In fact, p satisfies the adjoint equation and

Fi(p(t),®(t)) =ps = 1.
Hence, the pair (p(t), z(t); u) satisfies PMP, with appropriate boundary con-
ditions.

LEMMA 12 The second variation is coercive on the space of admissible varia-
tions W.

Proof. Since the reference control is identically null, the reference flow acts as

S+ (a1, 23, 25) = (2}, 25, 25 + (1 = (21)® — (23)*)1).
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We compute the feedback fields g¢, i = 1,2; explicitly, we get

0 0 0 0 0
Y@) = 21— + 221t — 2(z) =21 — + — +2 t—
9t (w) “ 8$1 + e 8173 9t (:E) " 8171 + 8%2 + (:EI + :E2) 81737
and
. 0 . 0
g (@) = 2oy gi (@) = 2(a1 + xz)a—xa,
hence g; (z(0)) = ¢7(z(0)) = 0.
This implies that the admissible ((t) satisfies the system
¢(t) =0
C(0) =wl f1(0) +wifa(0), C(T)=0,  (w,wjy) e R
meaning that ((t) = 0. Therefore, the set of admissible variations is W =
{0} x L*([0, T}, R?).
The extended second variation is
T
Tealtwn,w) = [ w0+ wd(e) de = ol
0
which is coercive on W. [

8. Final remarks

This paper is a part of a research project, in which we intend to use the Hamilto-
nian approach to establish second-order optimality conditions for optimal con-
trol problems. There are immediate generalisation of this result, that we intend
to study in the future, and also many interesting issues in this research field.

One direct generalisation of this result will concern a further relaxation of
the hypotheses on the controlled fields, that is, the case in which we do not ask
anything on their Lie brackets. This case is quite natural: the minimum-length
problem in subriemannian geometry belongs to this class.

A natural step would be to study the optimality conditions for singular
extremals of the Mayer problem. In this case, sufficient conditions for weak
and Pontryagin optimality of singular extremals have already been obtained in
Dmitruk (1977, 1983, 2008).

Further investigation will concern the statement of second-order optimality
condition for concatenations of bang-singular arcs. For the single-input case,
see Poggiolini and Stefani (2008, 2009).

Another development will be to consider a stronger notion of optimality, that
is, strong state-local optimality of the minimum-time problem, where state-local
means “in a neighbourhood of the range of the reference trajectory”. For precise
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definition, see Poggiolini and Stefani (2004), where this type of local strong
optimality was first considered. In order to obtain this type of optimality we
shall follow the ideas from Poggiolini and Stefani (2009), where the single-input
case is considered and sufficient conditions of strong state-local optimality are
proved.

To obtain the suitable second variation in this case, we have to reduce the
time-optimal problem to a Mayer problem on [0, 7], but in this case we extend
both the state space and the control space: indeed, we add a new variable T,
which is also the cost and a new control ug : [0,7] — (0,00). With the same

techniques, used in Subse/gtion 3.2, we obtain an extended second variation
defined on R™*! x L2([0, T],R™) and given by

1 =~
Jext[({':o’ €1y Em, w)]2 = _L(Eo fo+>2i  eifi) L(Eofo-i-zznzl Eifi)6($0)+
+Z/ w;(t)LeyLgi B B(o) Z / w; (t)w; (t Ly, qtlﬁ(:vo)

z_] 1
where the variable ((t) € Tz, M satisfies the following problem:
t) = wit)gi (@), (50)
i=1
C(0) = eofo(@o) + 3 eifi(@o),  ¢(T)=0. (51)
i=1

The space of admissible variations is then a subspace W(m+1) of Rm+1
x L%([0,1],R™) defined as

WD = {(c0,1, - . ., Em,w) € R x L2([0,1], R™)
that satisfy equations (50) — (51)}.

It is immediate to see that the space W of admissible variations for the time-
optimal problem (given by equation (21)) coincides with the subspace W+ 0

{80 = O}
Appendix A
LEMMA A.1 Dx(¢) =0 for any £ € S.
Proof. Recall that
x(0) = Ho () — Fy(£) = Fy o exp(V1(€)Fy) o exp(92(0)F2) (£) — Fo(0).

Recall the definition of the map v : 8 x [—¢,€]?> — X (equation (24)), define
the map ¢ : ¥ NU — 8§ x R? (locally in a neighbourhood of the reference
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extremal) by

6(6) = (exp(91 (O Fy) o exp(V3(0)F2)(0), 91(0), 92(0) ) ; (52)
notice that ¢ is the local inverse of ¥. We, moreover, define the projection:
o1 8 X [—€,€]? = 8 X [—¢, €)%, mo(ls, t1,t2) = (£s,0,0).
We can write x as
X =[Foopom— Fyo]og,
therefore

Dx = DFyoDyoDnrygo Do — DFyo Do Do.

id 0 0
Notice that Dmg = 0 0 0] , and that
0 0 O

_ [O0(Fporp) O(Fporp) O(Fpor))
DF0°D¢_< ats ' ot ots )’
therefore
DX _ (9(F0 o ’(/J) ‘ _ 6(F0 [¢) w) ’
Ols  ly(es,0,0) ol lp(es,—t1,—ts)
_8(12;1/))’ 7_3(F001/1)’ )om)_
1 P(ls,—t1,—t2) Oty P(ls,—t1,—t2)
On § we then have
o 6(F0 Ow) (9(F0 O’(/J) .
Dx(ls) = < ols e T ols ES,—F01 s7_F02 ' oD¢ =

LeEMMA A.2 D?x(ls) = —L; ' [((DFo1(¢s), 6¢), (DFoz(ls), 66))]* for any €s € $
and 00 € Ty 3.

0 0 0
Proof. Let us first prove that D?x(¢s)=| 0 —Fi10(¢s) —Fi2o (fg)) [D¢ ® D]
0 —Fia0(ls) —Fa20(fs)
for any ¢g € 8, where ¢ is defined in (52).
Formally

Ls

D2\(¢) = D[DFy o D¢ o Do — DFy 0 Dif] ’ o [Dé @ D) ’ﬁ

5(0)
4 [DFy 0 D o Dy — DFy 0 Dif] ‘W) ° D%’Z,
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and then on & we have

o[Dp® D¢] +

DQXé = D[DFy o Dy o Dy — DFy o D] ,
8

8

+ [DFy o DY o Dy — DFy o Dip o Drr_]

D¢ =
Zgo (b

=0

:D[DFOODWDWO—DFOODWDL]’ _ o[Dé® D).

—L£8
In other words

9% (Foorp) 82(Fooyp) 92(Fooyh)

w 00 o Dlson  Ols i
2 | _ 5 9% (Fooy) 02(Foop) 92(Foorh)
Dx| =l 0 o0|-|TRe TaE Tmnon ‘w lDs DY
’ 0 00 0 (Fyoy) 9%(Foot) 02 (Foou) s s
OlsOta Oto Oty (’%%
Let us compute the derivatives:
B . .
%FO oexp(—toFy) o exp(—t1 F1)(fs) =
1
= (dFy, ex —toFy) . (—F . . ,
< 0 p( 2 2) ( 1) exp(—taFa)oexp(—t1F1)(Ls)
then, on §,
9 . . I
8_t1F0 o exp(—tgFg) o exp(—tlFl)(fg) ot = Oyyg (FQ, Fl) = F01 (fs)
1—=t2=

As for to, we have

o o o
a_FO [¢] eXp(—tQFQ) [¢] exp(—tlFl)(ﬁg) = F02(€S>-
to t1=t2=0
Moreover
62

8_t§FO o exp(—t2Fy) o exp(—t1F1)(ls) T Fri0(fs)

and
62

ﬁFo o exp(—tgF_"Q) o exp(—tlﬁl)(ﬁg)
2

= Fhop(Ls).

t1=1t2=0
The mixed derivative is
82

MFO oexp(—tgﬁg)oexp(—tlﬁl)(ﬁ)

¥y (ﬁo, [, 131]) (£) = Fiao(0);

t1=to=0

since Fpy; and Fj2 vanish identically on 8, we have that
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o2 3 ) )
Ols0ty Fo o exp(—ta2F2) o exp(—t1F1)(ls) T 8—65F10(€s) =0
o2 Fy o exp(—taFy) o exp(—t1F1)(fs) —iF () =0
atsor, 0 o exp(—ter)oexp(=ti)(ls)| =5 Fao(ls) = 0.

Let us now compute D¢:

Do(0)[60] = ( exp(91 () F) 0 exp(92(£)Fo) L [06] + D, [60F +
+ D, [86)Fy, D91 [5), DV [M]) -
- (565 +aF, + BFy — aF, — BFy, DV,[50], DYy W]) -

= (35, Di[50), D9 [50)

where 60 = 6lg + aFy + ﬂF_"g is the decomposition of §¢ in T8 & D.
The statement follows from equation (28) in Lemma 5. ]

Appendix B
LEMMA B.1 The flow of the Hamiltonian Hy preserves the distribution @ along

the reference extremal \, and the flow of K° preserves the distribution D along
all its trajectories that are contained in S.

Proof. Let us put X;(t) = H;.' Fs o Hy (L), i = 1,2; we have that

H() +U1(t) 1 +U2(t>ﬁ2,ﬁ‘i:| O}Ct(z\()) =
= (—1)'a()HLE (), Fi(t)] o He(lo) i

for some o (t), since D is involutive. Indeed,

[Ho, F1](6) = [exp(—ﬁgﬁz)* o exp(— 01 F1)u Fy 0 exp(91F1) 0 exp(92F), 131] ()=

= [exp(—tgﬁg)* o exp(—tlﬁl)*ﬁg o exp(tlﬁl) o exp(tgﬁg), ﬁl]

O+

ti=10;

B . L . .
—Lg (192)(6)8_152 (exp(—tng)* oexp(—t1F1)«Fo oexp(ti1F1) o exp(t2F2)>

¢
rime, OF

(0) =

ti=10;

L (91)(0)

o (exp(—tgﬁz)* o exp(—tlﬁl)*ﬁo o exp(tlﬁl) o exp(t2ﬁ2)>
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(O+

ti=10;

= exp(—tzﬁg)* o exp(—t1ﬁ1)*ﬁo o exp(tlﬁl) o exp(tzﬁg)7 Fl}

—+

ti=10;

().

i=Vi

— L, (92)(¢) exp(—t2Fh). [F}, exp(—t1 1) Fy o exp(tlﬁl)] o exp(t2 ) (¢)

=L (91)(£) exp(—taFh). o exp(—t1 F1). [ﬁl, ﬁo] o exp(t1F1) o exp(taFh)

If £ € 8, we have that 9;(£) =0 and from equation (28) we see that L (v1)(¢)=
—1land Ly (92)(¢) = 0, then

[Ho, F1](£) = [Fy, F1](€) + [F1, Fy)(¢) = 0.

Analogously, we prove that [Hy, F5](¢) = 0 on 8.
Let now n € T7 (T*M) be a 1-form such that (n,F;) = 0V 4, and call
0
zi(t) = (n, Xi(t)); we have that

(20) - (30 o50) 6.

i.e. the functions z;(t) satisfy a differential first-order linear system with initial

=

conditions z;(0) = 0. Since this happens for any 1-form that vanishes on @, we
shall conclude that X;(t) € DV t, i = 1,2. We get the thesis.
The same argument proves that

KSE oXS(0) €Dy VEES, i=1,2.

Proof (Proof of Lemma 6). Let us consider the Hamiltonian P; = (K —H;)o%;
restricted to 3, with the associated Hamiltonian flow P; = 3, * o K7 .

Since DPt(ZO) = 0, then D2Pt(zo) is well-defined and it turns out that
Pre = H;, 0o K5, T;, (T*M) — Ty (T*M) is the Hamiltonian flow associated
to 1 D2P,(f).

By computation, we get that P is the Hamiltonian flow associated to the
vector field

> dvi, o) HFi(Mt) € Dy, (53)

3

tx

Let now 04 € TZOA Nker K7, and write it as 64 = /s + 0l5.
By previous lemma and the fact that K7 preserves § we can conclude that

Xy :T;8—T;8 and Kj, :D; —D;.
This implies that

mKy6ls =0  mXK{.5lz = 0. (54)
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It is easy to show that P65 = /5, that is, 9{5‘*555 = H;. 0l . Therefore,
since by hypothesis ker H;, N T; A = 0, then 63 = 0.
Since the flow Py, is generated by the vector field (53), we get that the

component belonging to 8 of P;,.dlg is constant and therefore P;,0lg = 6fg +
0% (). Then

T K (605) = m.Hpu (805 + m{t*(ae@ (t))
= 1, HOls + Z a; () i (E(t) =

= T, Hy <5€g + Z@(ﬂﬂ(%)) )

for some coefficients «; (), 3;(t).

Therefore, if 7, K7, (6¢5) =0, then it shall be 7, Hs. (6?54—21- Bi(t)F; (?0)) =
By hypothesis, this can happen only if 605 + >, 8;(t)F; (?0) = 0. Hence it shall
be (%5 =0. |

LEMMA B.2 Under the hypotheses of Lemma 6, the following equality holds

(moXF) " fil&() = XL E(W),
where A(t) = X7 o £(t), £(t) € ANS, and £(t) = 7o A(t).
Proof. First of all we write

file(t)) = mE(\(t) =
=m0 Ky, o KT Fi(A(1)).

We know that flow fKt* maps Ty into T,\(t)S and, moreover, that it pre-
serves the distribution D. Since F;(A(t)) € D), we have that KETLF (A1) €
'Dg(t) C Tg(t)A.

Since (7 o X7). is an isomorphism, then also (m o K7). is an

isomorphism for ¢(t) € A close to ¢y, and then we can rewrite the equation

above as

(mo ) filE®) = KETEO®).
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