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Abstract: In this paper, the robust H,, control problem is con-
sidered for uncertain neutral systems with discrete and distributed
time delays. Some sufficient conditions on H, robust performance
analysis are obtained in terms of linear matrix inequalities (LMIs)
by using a descriptor model transformation of the system and by
applying Park’s inequality for bounding cross terms. Based on these
conditions the state-feedback H., controller is designed. Numerical
examples are included to illustrate the proposed method.
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1. Introduction

Recently, neutral systems with time delay have attached much attention (see
Karimi and Luo, 2008; Xu, Lam and Yang, 2001; Chen et al., 2006). This
is because delay phenomena are frequently encountered in mechanics, physics,
biology, economics and engineering systems, and are a source of instability and
poor performance. Neutral delay systems constitute a more general class than
those of only the delay type, and therefore, stability of these systems is a more
complex issue because of the derivative of the delayed state involved. Stability
conditions on neutral delay system based on LMIs or Riccati equations have
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been obtained for both the delay-independent (Verriest and Niculescu, 1998)
and the delay-dependent (Fridman, 2001; Lien, Yu and Hsieh, 2000; Ivanescu
et al., 2000; Yue, Won and Kwon, 2003) cases. Note that unlike retarded type
systems, neutral systems may be destabilized by small changes in delays (see
Logemann and Townley, 1995). Concerning the Ho, control problem for neutral
systems, delay-independent and delay-dependent state-feedback solutions have
been achieved in Mahmoud (2000), Fridman and Shaked (2002), Yue, Won and
Kwon (2003), Chen et al. (2001), respectively. Recently, a new descriptor model
transformation has been introduced in Fridman (2001) for stability analysis of
systems with delays. This transformation transforms the original system to
an equivalent descriptor form representation, and therefore, does not introduce
any additional dynamics in the sense defined in Gu and Niculescu (2001). In
addition, fewer bounds are applied in this method. These bounds can now be
made tighter using the bound on cross terms that was introduced in Park (1999).

In this paper, we consider the problem of robust H., control for a class of
neutral time-delay systems with parameter uncertainties allowed to be time-
varying but norm-bounded. Our goal is to design a state-feedback controller
such that the closed-loop system is asymptotically stable and guarantees a pre-
scribed H, performance level for all admissible uncertainties. All the conditions
are given in terms of LMIs. Some numerical examples illustrate the effectiveness

of our solutions as compared to results obtained by other methods.

For simplification, we use the symbol Sym{-} to denote Sym{X} def

the symbol * to denote the symmetric part.

X+XT,

2. Problem formulation and preliminaries

Consider the following system with discrete and distributed delays and param-
eter uncertainties:

&(t) =Ax(t) + Arx(t — 1) + Az /i x(s)ds + Asx(t — 73) + Biw(t)

z(t) =Cz(t) + Dyw(t) (1)
z(t) =¢(t),¥t € [-1,0]

where z(t) € R™ is the state, z(t) € R" is the controlled output, w(t) € R' is
the disturbance of finite energy in the space L3[0,00), and A, A;, i = 1,2,3,
B, C, Dy are known constant matrices of appropriate dimensions. The scalars
7; > 0,4 = 1,2,3 are time delays. 7 = maxz(71,72,73), ©(t) is a real-valued
continuous initial function on [—7,0]. Ty, is the transfer function from w to
z. Given a positive scalar v > 0, define, for system (1), the performance index
J(w) = [z zdt — [[7y*wTwdt, then |Towlo < v iff J(w) < 0, Vw €
LQ[O, OO)
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LEMMA 1 (Park, 1999) Assume that a(a) € R™ and b(a) € R™ are given for
a € Q. Then, for any positive definite matrix X € R"™*"= and any matrix
M € R™*™v the following holds:

T
a(a)
_2/QbT(a)a(o¢)doz S/Q [ b(a) ]

where (2,2) denotes (MTX + )XY (XM +1I).

X XM
x  (2,2)

LEMMA 2 Let D, S, F be real matrices of appropriate dimensions and F satis-
fying FTF < I. Then the following statements hold:
For any scalar € > 0 and vectors x,y € R,

20T DFSy < e 12T DDz + eyT ST Sy.

3. Main results
3.1. H., performance analysis

THEOREM 1 Assume 71 > 0, 72 > 0, v > 0 are given positive scalars. The
system (1) is asymptotically stable and satisfies |Towllco < 7, if there exist
symmetric and positive-definite matrices P, >0, S >0, H >0, U >0, Ry > 0,
R3 > 0 and matrices Py, P3, Ro, W;, i =1,---,4 such that the following LMI
holds

[(1,1) (1,2) =WF A, PfAs PTAs (W + P1) (1,7) PIB, CT |
x  (2,2) —W{ AL PfA, PFAs WS (2,7 PfB1 0
* * -S 0 0 0 0 0 0
* * * —-H 0 0 0 0 0
* * * * -U 0 0 0 0 <0 3)
* * * * * —11 R —11Rs 0 0
* * * * * * —11R3 0 0
* * * * * * * —’sz DT
* * * * * * * * -1

where
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Proof. Represent (1) in the equivalent descriptor form:

t
y(t) = Az(t) + Ajz(t — 1) + A / x(s)ds + Azz(t — 73) + Brw(t). (4)
t—Tg
From the Newton-Leibniz Formula, we can get
¢ ¢
y(t) = (A—i—Al)x(t)—Al/ y(s)dS—I—Blw(t)—i-Ag/ x(s)ds+ Asy(t—T13).
t—71 t—

T2

Then, we can obtain

i(t) | 0 I z(t) 0 |0 t s
[o ]_ A+A1—I][Mﬂ * quwﬂ Alulﬂy(m
+ j; lea(ﬂds+ o |=m) (5)

Consider the following Lyapunov-Krasovskii functional candidate of the form

6
V() =S Vi)
where
x(t)
m@:[ﬂ@ f@]mvym]
A
0 0 P, P
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The time derivative of V'(¢) along the trajectory of the system (1) is given by

V(t) = Z Vi(t) (6)
where

i =2[ a7 v | P

j:ét) ] -

Vao(t) = 27 (t)Sz(t) — 27 (t — 1) Sz(t — 71)
V() = r" (OAT Rady(®) ~ [ 5" (AT Radiy(s)ds

Va(t) =2 /ttm (0 —t+72)aT () Hz(0)do — [/ttm xT(Q)dO} H utw x(@)d@}

Vs(t) = %TSIT(t)HI(t) - /t (0 —t+m2)2T (0)Hx(0)do

t—T7o

Vs(t) =y (OUy(t) — y" (t — 73)Uy(t — 73).

Substitute (5) into (7). Define & = [ 2T(t) () } From Lemma 1, we can
get the following inequalities:

/tt y(s)dsg/ttleT(s)[o AT R

—T1

0
Ay

0

—2¢pPT
§ A

y(s)ds

+2/t yT(s) [ 0 AT }RMPgTds
t

.
t
+ / EPT(MTR+T)R™(RM + I)P¢" ds (8)
t—11
where

R Ry

* Rg

R= > 0.

Rearrange the terms of (8) and define the following equation

Ww=rmMp=|" W2].

Ws Wy
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Then we can get

0

—2¢pT
§ A

/t y(s)ds < /t yT (s)AT Rz A1y(s)ds
+2(a(t) —a(t—m)) [ 0 AT |weT
+rEWT + PT)R™Y (W + P)¢T. (9)
Now, by Lemma 2, it can be shown that
227 (1) Qa2(0) < & (1)Qax(t) + 2" (0)Qa(0).

Therefore

Vi(t) < /t (0 —t 4 12)2T (0)Hx(0)do + %Tng(t)Hx(t)

_ [ /t th xT(H)dG} H { /t tﬁ x(@)d@} .

Then we can get

. 0 I
V(t) < 26 PT T+ 2T () Sxz(t
(t) <2¢ At A, T & 4 a7 (1)Sx(1)

T k T
2P ds + 26P t—
+2¢ A /t_ﬁ:c(s)s+§ A y(t —73)

—xT(t —71)Sz(t—71) + T1yT(t)A1TR3A1y(t)
+2a(t) —a(t—m)) [ 0 AT |WeT+yT(OUY(H)
+1EW + P)YTRTYW + P)¢T — yT(t — m3)Uy(t — 73) + 2T (t)Ha(t)

- (/jm xT(S)ds) H (/ttw :Z:(S)ds) +2¢pPT 0 1 wlt).

When w(t) = 0, we can get V() < 3720, where

5:[5 2Tt —m) [ 2T (s)ds yT(t—Tg)}
(1,1) (L.2) (1.3) (L4) n(W+P)T
N 0

==| « + —H 0 0
* * * -U 0
* * * * -1 R
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0 I 0 0
1,1)=S pT S wT
(1,1) ym{ A+ Ay —I }+ ym{ A o”
S+13H 0
* U—FTlA?RgAl
(1,2) = -w7 0 ,(1,3) = PT 0 ,(1,4) = PT 01
Al A2 A3

Now, from the LMI in (3), it is easy to see, by the Schur complement formula,
that (3) implies & < 0. Then we can have V(t) < 0 for all a(t) # 0 when
w(t) = 0. Therefore, the system (1) is asymptotically stable.

Next, we shall establish the H,, performance of the system (1) under the
zero initial condition. Noting the zero initial condition, it can be shown that

J(w) = /0 m[zT(t)z(ﬂ — 2w (t)w(t) + V(t)]dt — V(o0)

< [T 00 - P @t + Vol
0

2T(1)z(t) — YT (Hw(t) + V(t) < o Tl (11)
where,
_ _|E (1,2)
a=[8 w ], m=| " _¢1+Dﬁn]’
i PT ;)1 +C"Dy -

o O O O

IT < 0 implies that J(w) < 0. By Schur complement Lemma, the inequality
IT < 0 can be equivalently changed to (3). This completes the proof. n
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3.2. H. performance analysis for uncertain systems

Consider the following system with discrete and distributed delays and param-
eter uncertainties:

z(t) =[A+ AA@)]x(t) + [A1 + AA (B)]z(t — 1)
+ [Ag + AAy(1))] / z(s)ds + Biw(t) + [Az + AAs ()] (t — 73)

z(t) =Cx(t) + Diw(t) .
z(t) = (t),Vt € [-7,0] (12)

where AA(t), AA;(t), AAs(t), AA3(t) are unknown matrices representing time-
varying parameter uncertainties, the other signals are the same as in system (1).
In this paper, the parameter uncertainties are assumed to be of the form

AA() AAL() Ads(t) AAg(t)]:DF(t)[E Ei Es EB} (13)

where D, E, F, E5, E5 are known real constant matrices of appropriate dimen-
sions. F(-) : R — R¥*! is an unknown time-varying matrix function satisfying

FT(t)F(t) < I,Vt. (14)

Assume that all the elements of F'(t) are Lebesgue measurable. The uncertain
matrices AA(t), AA;(t), AAs(t), AAs(t) are said to be admissible if both (13)
and (14) hold.

THEOREM 2 Assume 71 > 0, 7o > 0, v > 0 are given positive scalars. The
system (12) is robustly asymptotically stable and satisfies ||Tewllco < 7y for all
admissible uncertainties, if there exist positive scalar € > 0, symmetric and
positive-definite matrices P, >0, S >0, H >0, U >0, Ry >0, R3 >0 and
matrices Py, P35, Ro, W;, i =1,--- 4 such that the following LMI holds,

[(1,1) (1,2) —wfa, PFfa, PFa; (1,6) (1,7) PiB: CT PID ¢ET]
x (2,2) —W{TA PfAs PfAs mW{ (2,7) P{B: 0 P{D 0
* * -S 0 0 0 0 0 0 0 eET
* * * -H 0 0 0 0 0 0 eF;5
% % * x U 0 0 0 0 0 eE
* * * * * —7mRi —mRz O 0 0 0 <0
* * * * * * —mRs 0 0 0 0
* * * * * * * —’y2I Dip 0 0
* * * * * * * * -7 0 0
* * * * * * * * * —el O

| * * * * * * * * * *  —el
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where
(1,1) = Sym{Pf(A+ A)) + Wl A} + S+ 730
(1,2) = P, — PT + (A+ AT Py + ATW,
(1,6) = (W +Pp),(1,7) = (Wi + P])
(2,2) = =Pl — Ps + U+ 71 ATR3 Ay, (2,7) = (W] + PY)

Proof. Similarly to the proof of Theorem 1, system (12) is represented in the
equivalent descriptor form. Note that

‘T(t) _ 0 I QC(t) 0
[ 0 ] B A+A -1 l y(t) + B w(t)
F ) t
_ i A, /tT1 y(s)ds + Ay /tT2 x(s)ds
+ 0 (t—73)+ 0 0 x(t)
| As Y 3 AA+ AA(t) 0 y(t)
0 t
’ | AAx(t) /t7-2 z(s)ds + AAs(1) y(t —73)
0
- I AA;(t) (z(t) —x(t — 7)) (16)

Substitute (16) to (7). Define
e=[ "0 v |
t T
b= [ § al(t-m) ft—fg T (s)ds y*(t —73) }

o
0
r==¢"| BT |[E 0 B B B 8
B3
| Ef
Note that
T 0 0 $(t) 0
- { Ad+AML() 0] ly(f) Ay | @O —t-n)

0
Ads(t)

y(t - Tg)}

' 0
/t7'2 x(S)dS * AAs (t)
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:25PT{ DR a(t) + DF@®)E, z(t — 1)

n DF?t)EQ /t;x(s)der DF?t)EB y(t—T3)}
_ 9¢pT g F[E 0 B B B |8
<e lepT g [0 DT}P§+P

3.3. H. control for uncertain systems

Consider the controlled form of a system with discrete and distributed delays
and parameter uncertainties:

#(t) = [A+ AAD)]z(t) + [A1 + AA (D]t — 1) + Byw(t) + Bau(t)
Ay + Ady(t)] /t w(s)ds + [As + AAs(£)]3(t — 73)

t—TQ
z(t) = Cz(t) + Diw(t) + Dou(t) (17)
where u(t) € R™ is the control input. Take the state-feedback control law
u(t) = Kx(t). (18)

Then the corresponding closed-loop system can be written down as

() = [Ae + AAW®)]2(t) + [A1 + AA (B)]a(t — 71) + Brw(?)

HA + A1) | als)ds + [As + Ay (D)}t = )
A0) = Coalt) + Drult) (19)
where
A, = A+ ByK,C, = C + DyK. (20)

THEOREM 3 Assume 11 > 0, 72 > 0, v > 0 are given positive scalars and A
is a given scalar. There exists a state-feedback controller of the form (18) such
that the closed-loop system (19) is robustly asymptotically stable and satisfies
I Towlloo <y for all admissible uncertainties, if there exist positive scalar € > 0,
symmetric and positive-definite matrices Q1 > 0,8 >0, H >0, U >0, Ry > 0,
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R3 > 0 and matrices Qa, Q3, Ro, Y such that the following LMI holds,

[ T
(1,1) (1,2) mn(A+1)Rs (1,4) (1,5) (1,6) [ 70 QK
eD 0
0 EY
0 ET
* *  —T1 B 1:?'2 0 0 0 <0 (21)
* Rs
* * * (47 4) 0 0 0
* * * * —mRs 0 0
L * * * * * % &l |
where
(1,1) = Qa+ QT Q3 — QT +Q1(A+ AT + QAT +YTBY
7 * -Q3—QF
T
(1,2) = o0 0 ,(1,4) = Q1 Q;
_)\Als A2H A3U 0 0 QS
3 T | yvT T
(1,5) =7 @ AT (1,6) = 0 Q0" +Y" Dy
QgT By 0
_ _ 2[ DT
(2,2) = (4,4) = —diag{S,H,U},(6,6) = Z _11 ] '

Furthermore, if the above condition holds, the state-feedback gain is then given

by K=YQ".

Proof. Applying Theorem 2 to the closed-loop system (19). In order to obtain
an LMI, we have to restrict ourselves to the case of W = AP, where A € R is a
scalar parameter. It is obvious from the requirement of P; > 0 and the fact that
n (15) —P3; — P] must be negative definite, that P is nonsingular. Defining

Q1 O
Q2 Qs
A =diag{Q,S™ " H Y, U Ry', Ry", 1,1, 1,1}

o=r-|

we multiply (15) by AT and A on the left and on the right, respectively. Ap-
plying the Schur complement Lemma to the quadratic term in @, substitute

(20) into the obtained equation, defining S = S~!, H = H™', U = U™,

Ry = Ry'RiR;Y, Ry = Ry'RoR; ', R3 = Ry' and denoting KQ; by Y, we
can obtain (21). ]
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4. Illustrative examples

EXAMPLE 1 Consider the system (1), with

-0.9 0.2 -1.1 —0. —0.
Ay — 1.1 0.2 A= 0.2 0
0 -0.9 -0.1 -1.1 0.2 —-0.2

Ay=0,Bi=C=D, =0

A:

which was presented in Chen et al. (2001). By the criteria in Chen et al. (2001)
and Yue, Won and Kwon (2003), the nominal system is asymptotically stable
for any A satisfying h < 0.5658 and h < 1.5687, respectively. However, using
Theorem 1, we found the admissible bound of 7 to be 1.71.

EXAMPLE 2 Consider system (1) shown in Park and Won (2000) with

1 C2
—C2

0 —09 ~01 -1.1
02 0

Ay =
0.2 0.2

and d;, b;, ¢;, i = 1,2 are constant coefficients. For the case when d; = ds = 0.9,
by = —1, b = c1 = ¢ = —0.12 and 7 = 1, using the discrete delay dependent
result given in Theorem 2 of Chen et al. (2001), it was found that the upper
bound of 7; must be less than 0.9086 because of the constraint condition (8a)
of Chen et al. (2001). And using Theorem 1 of Yue, Won and Kwon (2003), it
was found that the upper bound of 7 must be less than 1.8302. However, using
Theorem 1, we found the admissible bound of 7 to be 2.2.

-0.9 0.2 -1.1 -0.2
‘|;A1_[ ‘|7A2_Oa
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ExaMPLE 3 Consider the uncertain delay system (17), where

0 0 -1 -1 0.1 -0.3
A= 7A1 - ;AQ -
0 1 0 -09 0 0.1
—-0.1 0 1 0 0.1
Az = ,B1 = By = , D=
0 —0.2 1 1 0.3

[0 1},D1:0,D2:0.1

E— { 0.1 0.1 },Elz { 0.1 05 }

By = [ 03 —0.1 },Eg - [ 0.1 —0.1 }
=05 A= —0.3

In this example, the H,, performance level -y is specified to be 0.5. We can solve
the LMIs in Theorem 3, and obtain the admissible bound of 7 to be 0.9 and
the solution as follows:

7.8910 0.0308
Q1= x 103
0.0308 0.0792

Y = [ —311.4860 —767.3463 } .

Then we can get the gain matrix of the stabilizing state-feedback controller for
the system (17):

K= [ —0.0017 —9.6865 } :

5. Conclusions

In this paper, we have considered the design problem of robust H., state-
feedback controller for a class of neutral systems with discrete and distributed
time delays and time-varying norm-bounded parameter uncertainties. Robust
H, performance analysis conditions and state-feedback solutions are given in
terms of LMIs. Examples have been provided to illustrate the effectiveness of
the proposed approach.
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