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Abstract: With respect to multiple attribute decision making
(MADM) problems in which attribute values take the form of fuzzy
number intuitionistic fuzzy values, a new decision making analysis
method is developed. First, some operational laws of fuzzy number
intuitionistic fuzzy values, score function and accuracy function of
fuzzy number intuitionistic fuzzy values are introduced. Then, we
have developed two fuzzy number intuitionistic fuzzy Choquet inte-
gral aggregation operators: fuzzy number intuitionistic fuzzy Cho-
quet ordered averaging (FNIFCOA) operator and fuzzy number in-
tuitionistic fuzzy Choquet ordered geometric mean (FNIFCOGM)
operator. The prominent characteristic of the operators is that they
can not only consider the importance of the elements or their or-
dered positions, but also reflect the correlation among the elements
or their ordered positions. We have studied some desirable properties
of the FNIFCOA and FNIFCOGM operators, such as commutativ-
ity, idempotency and monotonicity, and applied the FNIFCOA and
FNIFCOGM operators to multiple attribute decision making with
fuzzy number intuitionistic fuzzy information. Finally an illustrative
example has been given to show the developed method.

Keywords: fuzzy number intuitionistic fuzzy values; opera-
tional laws; fuzzy number intuitionistic fuzzy Choquet ordered aver-
aging (FNIFCOA) operator; fuzzy number intuitionistic fuzzy Cho-
quet ordered geometric mean (FNIFCOGM) operator

1. Introduction

Atanassov (1986) introduced the concept of intuitionistic fuzzy set (IF'S), which
is a generalization of the concept of fuzzy set (Zadeh, 1965). The intuitionistic
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fuzzy sets have been gaining increasing attention. Gau and Buehrer (1993) in-
troduced the concept of vague set. But Bustince and Burillo (1996) showed that
vague sets are intuitionistic fuzzy sets. Xu and Yager (2006) developed some
geometric aggregation operators. Xu (2007a) developed the intuitionistic fuzzy
weighted averaging (IFWA) operator, the intuitionistic fuzzy ordered weighted
averaging (IFOWA) operator, and the intuitionistic fuzzy hybrid aggregation
(IFHA) operator. Wei (2008) utilized the maximizing deviation method for in-
tuitionistic fuzzy multiple attribute decision making with incomplete weight in-
formation. Wei and Zhao (2011) established the minimum deviation models for
multiple attribute decision making in intuitionistic fuzzy setting. Wei (2011b)
developed the grey relational analysis method for intuitionistic fuzzy multiple
attribute decision making with preference information on alternatives. Wei and
Zhao (2012) proposed some induced correlated aggregating operators with in-
tuitionistic fuzzy information and applied these operators to multiple attribute
group decision making. Atanassov and Gargov (1989) introduced the concept
of interval-valued intuitionistic fuzzy sets (IVIFSs) as a further generalization
of IFSs, as well as of interval valued fuzzy sets. Atanassov (1994) defined some
operational laws of the IVIFSs. Xu (2007) developed the interval-valued intu-
itionistic fuzzy weighted geometric (IIFWGQG) operator and the interval-valued
intuitionistic fuzzy geometric (IIFG) operator and gave an application of the
ITFWG and IIFG operators to multiple attribute group decision making. Xu
and Chen (2007) developed some arithmetic aggregation operators. Ye (2009)
proposed multicriteria fuzzy decision-making method based on a novel accuracy
function under interval-valued intuitionistic fuzzy environment. Wei (2009) pro-
posed some geometric aggregation functions for dynamic multiple attribute de-
cision making in intuitionistic fuzzy setting. Wei (2010) developed some induced
geometric aggregation operators with intuitionistic fuzzy information. Li (2010)
proposed linear programming method for MADM with interval-valued intuition-
istic fuzzy sets. Liu and Yuan (2007) introduced the concept of fuzzy number
intuitionistic fuzzy set (FNIFS). The fundamental characteristic of the FNIFS is
that the values of its membership function and non-membership function are tri-
angular fuzzy numbers rather than exact numbers. Wang (2008a) developed the
fuzzy number intuitionistic fuzzy weighted averaging (FNIFWA) operator, fuzzy
number intuitionistic fuzzy ordered weighted averaging (FNIFOWA) operator
and fuzzy number intuitionistic fuzzy hybrid aggregation (FNIFHA) operator.
Wang (2008b) proposed some aggregation operators, including fuzzy number
intuitionistic fuzzy weighted geometric (FNIFWG) operator, fuzzy number in-
tuitionistic fuzzy ordered weighted geometric (FNIFOWG) operator and fuzzy
number intuitionistic fuzzy hybrid geometric (FNIFHG) operator. All of the
existing fuzzy number intuitionistic fuzzy aggregation operators only consider
situations where all the elements in the fuzzy number intuitionistic fuzzy set are
independent. However, in many practical situations, the elements in the fuzzy
number intuitionistic fuzzy set are correlated. Therefore, we need to find some
new ways to deal with these situations in which the decision data in question are
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correlated. The Choquet integral is a very useful way of measuring the expected
utility of an uncertain event, and can be utilized to depict the correlation of the
decision data under consideration.

Motivated by the correlation properties of the Choquet integral, in this pa-
per we propose some fuzzy number intuitionistic fuzzy aggregation operators,
whose prominent characteristic is that they can not only consider the impor-
tance of the elements or their ordered positions, but also reflect the correlation
of the elements or their ordered positions. To do so, the remainder of this paper
is set out as follows. In the next section, we introduce some basic concepts
related to fuzzy number intuitionistic fuzzy sets and some operational laws of
fuzzy number intuitionistic fuzzy numbers. In Section 3 we have developed
two fuzzy number intuitionistic fuzzy Choquet integral aggregation operators:
fuzzy number intuitionistic fuzzy Choquet ordered averaging (FNIFCOA) op-
erator and fuzzy number intuitionistic fuzzy Choquet ordered geometric mean
(FNIFCOGM) operator. In Section 4, we have developed an approach to mul-
tiple attribute decision making based on FNIFCOA operator and FNIFCOGM
operator with fuzzy number intuitionistic fuzzy information. In Section 5, an
illustrative example is presented. In Section 6, we conclude the paper and give
some remarks.

2. Preliminaries
Atanassov (1986) extended the fuzzy set to the IFS as follows:

DEFINITION 1 Given a fized set X = {x1,xa, - ,x,}, an intuitionistic fuzzy
set (IFS) is defined as

A= ((zista(z:), fa(2:)) |2 € X) (1)

which assigns to each element x; a membership degree ta (z;)
and a non-membership degree fa (x;) under the condition
0<ta(m;)+ fa(z;) <1, forall z; € X.

Atanassov and Gargov (1989) further introduced the interval-valued intuitionis-
tic fuzzy set (IVIFS), a generalization of the IFS. The fundamental characteristic
of the IVIFS is that the values of its membership function and non-membership
function are intervals rather than exact numbers.

DEFINITION 2 Given a fived set X = {x1,x9, -+ ,x,}, an IVIFSs A over X is
an object having the form:

A={(wifa @) Ja@)) e e X }, @)
where ta (x;) C [0,1] and fa (x;) C [0,1] are interval numbers, and

0 <supia (z;) +sup fa (;) <1,,Vuz; € X.
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Liu and Yuan (2007) introduced the concept of fuzzy number intuitionistic fuzzy
set (FNIFS), and the fundamental characteristic of the FNIFS is that the values
of its membership function and non-membership function are triangular fuzzy
numbers.

DEFINITION 3 Given a fived set X = {x1,z2,--+ ,x,}, a FNIFS A over X is
an object having the form:

A {<xz7tA x’L fA Z; > |£L’1 S X } ) (3)
where ta (x;) C [0,1] and fa (x;) C [0,1] are triangular fuzzy numbers, and
EA (371) = (a(ml)) (xl) ( l))7X_> [07 1]7
fA(x):(l(mi) ( ) ( )),X—>[O,l],OSC(:L‘i)—I-p(JJi)Sl,V.’L‘EX

For convenience, let ta(x;) = (a(x;),b(x;),c(x;))

p(x:)), so a(wi) = ((a(xi), b(xi), e(z4)), (i), m(z ),pi

fuzzy number intuitionistic fuzzy value (FNIFV).

) = ((a(@),b(xi) e (@), (L
ve(x)) s (L(ag)m (x;) , p(5)))

fA(gﬁ) = (U(zi), m(zs),

i))) and we call a(z;) a

DEFINITION 4 Let a(x;
a(z;) = ((a(z;),b(z;)
(1) a(zi) Gﬂa(%)

= ((a (i) +a(z;) —a(@)ale;),blw:) +b(x;) —b(w:)b(x;),c(w:)
+e(zg) —elwi)e(x))), (i) L(zg) ,m (z) m(z;), p (2:) p (25))) 5

()

(2) @ () @ (2;) = ((a (@) a(w;) b (@) blw;) e (@) e (@),
(@) + 1) = L) () m () +m (@) = m (@g) m () ,p ()
() = p (@) p ()

(3) /\d(xi):<(1 1—a(z)) 71—(1—b(xi))>‘,1—(1—c(xi)))‘)7

(€@ m @) e @)))), A= 0;

(4) @ (@) = (((@ @), b @) (e @))

).m(x),p (7)) and
be two FNIFVs, then

Lj

Ty

(17(171(%)))‘,17(lfm(sci)))‘,lf(1fp(:ci)))‘)>,)\20;

DEFINITION 5 Let a(x;) = {(a(x;),b(x;),c(x;)), {(x;),m (x;),p(x;))) be a
FNIFV, a score function S of an FNIFV a(x;)can be represented as follows
(Wang, 2008a-b):

S (d (xz)) _ a(mi)+2bizi)+c(:vi) o l(azi)+2mizi)+p(mi)

S(a(z:)) € [-1,1]. (4)
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DEFINITION 6 Let a(z;) = ((a(x;),b(x;),c(x;)), ((x;),m(z;),p(x;))) be a
FNIFV, an accuracy function Hof an FNIFV a(x;) can be represented as fol-
lows:

H (@ (2,)) = (a(wi)+2b($i)+C($i))z(l(wi)+2m($i)+p(wi)) &

H (a(z;)) €[0,1]. (5)

It is meant to evaluate the degree of accuracy of the FNIFV a (z;) = ((a(x;),
b(xi),c(z:)), ((x;),m(x;),p(x;))). The larger the value of H (a(x;)), the
higher the degree of accuracy of the FNIFV a(x;).

Based on the score function Sand the accuracy functionH, in the following,
we shall give an order relation between two fuzzy number intuitionistic fuzzy
values, defined as follows:

DEFINITION 7 Let a(x;) and a(x;) be two FNIFVs, s(a(x;)) and s(a(z;)) be
the scores of a(x;) and a(x;), respectively, and letH (a(z;)) and H (a(x;)) be
the accuracy degrees of a(x;) and a(x;), respectively. Then, if s(a(x;)) <
s(a(zj)), then a(x;) is smaller than a(x;), denoted by a(z;) < a(x;); if
s(a(x;)) = s(a(x;)), then

1. if H (a(x;)) = H (a(z;)), then a(x;) and a(x;) represent the same infor-

mation, denoted by a (z;) = a(x;);
2. if H (a(x;)) < H(a(xj)), a(x;) is smaller than a (x;), denoted by a (x;) <

However, the above aggregation operators with fuzzy number intuitionistic fuzzy
information are based on the assumption that the attributes of decision mak-
ers are independent, as characterized by the independence axiom (Keeney &
Raiffa, 1976; Wakker, 1999), that is, these operators are based on the implicit
assumption that attributes of decision makers are independent one of another;
their effects are viewed as additive. For real decision making problems, there
is always some degree of inter-dependence between attributes. Usually, there
is interaction among attributes of decision makers. The independence axiom
generally can not be satisfied. Thus, it is necessary to consider this issue.

Let w(x;) (i=1,2,---,n) be the weight of the elements x; € X (i = 1,2,

n), where p is a fuzzy measure, defined as follows:

DEFINITION 8 (Wang et al., 2000). A fuzzy measure u on the set Xis a set
function p : 0 (x) — [0, 1]satisfying the following azioms:

(Dp(p) =0 p(X)=1;

(2) A C B implies pu(A) < p(B), for all A,B C X;

(8) w(AUB) = pu(A)+u(B)+pu(A) pu(B), forall A, B C Xand ANB = ¢,
where p € (—1,00).

Especially, if p = 0, then the condition (3) reduces to the axiom of additive
measure:
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w(AUB) =p(A)+p(B), for all A,B C XandAN B = .
If all the elements in X are independent, we have

w(A) = ZE:AM ({x;}), for allA C X.

DEFINITION 9 (Grabisch et al., 2000). Let fbe a positive real-valued function
onX, and u be a fuzzy measure onX. The discrete Choquet integral of f with
respective to u is defined by

f) = Z Fotiy [0 (Ao(iy) = 1 (Agizn))]

where(o (1),0(2),-+-,0(n)) is a permutation of (1,2,---,n), such that
fotizt)y = foqpy for all j = 2,0, Apiy = {200y |7 <k}, for k > 1, and
Ao(o) = -

So, the discrete Choquet integral is a linear expression up to a reordering of
the elements.

3. Some aggregating operators based on the Choquet inte-
gral with fuzzy number intuitionistic fuzzy information

Wang (2008a) proposed the fuzzy number intuitionistic fuzzy weighted averaging
(FNIFWA) operator and fuzzy number intuitionistic fuzzy ordered weighted
averaging (FNIFOWA) operator.

DEFINITION 10 Let a(xz;) = {((a(xi),b(x;),c(z:)), (1 (x:),m(z;),p(x;)))
4(i=1,2,--- ,n)be a collection of FNIFVs, and let FNIFWA:Q"™ — Q, if

FNIFWA, (a(x1

(
:<( Zﬁ(l—a(xl))“‘l— (1-b(a ))“‘1—H(1—c(xi))“”i>, (6)

= =1

where w = (wy,ws, -+ ,wn) " is the weight vector of @ (z;) (i =1,2,--- ,n), and

w; >0, 2:1% =1, then FNIFWA is called the fuzzy number intuitionistic fuzzy

weighted averaging (FNIFWA) operator.

DEFINITION 11 Let a(xz;) = ((a(x;),b(x;),e(x;)), ((a;),m(z;),p(x;)))
(t=1,2,---,n) be a collection of FNIFVs. A fuzzy number intuitionistic fuzzy
ordered weighted averaging (FNIFOWA) operator of dimension n is a mapping
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FNIFOWA:Q™ — Q, that has an associated weight vector w = (w1, wa,- -

n
wn)? such that w; >0 and Y w; = 1. Furthermore,
j=1

FNIFOWA,, (@ (1) ,a (x2) - ,d ()

(1 - ﬁ (1—a(zo0))" 1 - ﬁ (1 b (20m))™,

=1 =1 (7)
1= 10 o)™ ).
(£ tGona)™ B B ao™ )
where(o (1),0(2),---,0(n)) is a permutation of (1,2,---,n), such that

a(zy(i—1)) = @ (To@) foralli=2,---,n

Based on Definition 8, in what follows, we shall develop the fuzzy number intu-
itionistic fuzzy Choquet ordered averaging (FNIFCOA) operator based on the
well-known Choquet integral (Choquet, 1953).

DEFINITION 12 Let a(xz;)) = {((a(zi),b(x;),c(xy)), ((z:),m(z;),p(x:)))
(1=1,2,---,n) be a collection of FNIFVs onX, and ube a fuzzy measure on
X, then we call

FNIFCOA, (a(z1),a(x2), - ,a(zn))

=a(zom) (1 (Aor) = 1 (Ao)) @ a (Fo2)) (1 (Ao(z) (8)

1 (Ao)) -0 (o) (1 (o) — ¢ (A1)
a fuzzy number intuitionistic fuzzy Choquet ordered averaging (FNIFCOA ) oper-
ator, where (o (1),0(2),--+ ,0(n)) is a permutation of (1,2,---,n), such that
& (gca(j_l)) > o (mg(]—)) forall j =2,---,n, Ay = {mg(j) l7 < k}, fork>1,
G,’ndAg(O) = Q.

With the operation of fuzzy number intuitionistic fuzzy values, the FNIFCOA

operator can be transformed into the following form by induction over n:

FNIFCOA,, (a (1) @ (22) -, ()
(1 — T (1= (wg0)) ) 7o),
L T (1)) ) )
1 —a (xa(Z)))#(Aa(i))_#(A“(i1))> 7 (9)

(I(z (Aam)— (Are-n) ﬁ (m (o0 ))H(Aa<i>)—M(Ao<i—1>)

)
—

::]:

Il
-

ﬁ

1

lj (0 (20))" w(Agiiy)—n (Av<fi1>)>>

)



470 G. WEI, R. LIN, X. ZHAO, H. WANG

whose aggregated value is also a fuzzy number intuitionistic fuzzy values.

Especially, if u ({xa(i)}) =pu (A,,(i)) — i (Aa(i_l)), i1 =1,2,---,n, then
FNIFCOA operator reduces to the FNIFWA operator. If p(A) = > p({z:}),

for all A C X, where |A| is the number of elements in the set A, then w; =
12 (AO'(’L)) — M (Aa(i71)>} i =1,2,---,n, where w = (wlvaa"' awn)T; w; >

0, i=1,2,---,n, and >, w; = 1, then FNIFCOA operator reduces to the

i=1
FNIFOWA operator.
It is easy to prove that the FNIFCOA operator has the following properties.

THEOREM 1 (Commutativity).

FNIFCOA, (a(z1),a(x2), - ,a(zy))
_ ENIFCOA, (i (1), (xQ) o d (zn)
where (@' (x1),a (x2), -+ ,a (x,)) is any permutation of (a(x1),a (x2), -,

a(wn))

THEOREM 2 (Idempotency) If a(x;) = a(x) for allj, then
FNIFCOA,, (a (1) ,a(z2), - ,a(z,)) = a(x).

THEOREM 3 (Monotonicity) If a (x;) < & (x;) for allj, then

FNIFCOA,, (@ (1) ,a (x2),- - ,a(z )z

< ENIFCOA, (& (1) (o) 1 8 (0.

EXAMPLE 1 Let @ = ((0.3,0.4,0.5),(0.1,0.2,0.3)),d2 = ((0.4,0.5,0.5), (0.1,
0.1,0.2)), as = ((0.2,0.3,0.3),(0.3,0.4,0.5)), and a; = {(0.2,0.3,0.4),
(0.4,0.5,0.6)) be four FNIFVs, by (4), we calculate the scores of a; (j = 1,2,
3,4):

S (a1) =0.200,S (az) = 0.350,5 (as) = —0.125,5 (as) = -0.200
Since

S(dz) > S(dl) > S(&g) > S(&4),

then
as1) = ((0.4,0.5,0.5),(0.1,0.1,0.2)) ,
s (2) = ((0.3,0.4,0.5),(0.1,0.2,0.3))
ao(3) = ((0.2,0.3,0.3),(0.3,0.4,0.5)),
a4y = ((0.2,0.3,0.4),(0.4,0.5,0.6))
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Assume the fuzzy measure of attribute of a; (i = 1,2,3,4)and attribute sets of
a; (i=1,2,3,4)as follows:

0, 11 (a1) = 0.40, p (d2) = 0.25, ju (@s) = 0.38, u (ag) = 0.25,

) = 056, 1% (&1, &3) = 0657 12 (&1, &4) = 050, 1% (&2, &3) = 0.45,

) = 039, 1% (dg, &4) = 04(), 12 (&1, ELQ, &3) = 080, 1% (le, &2, &4) = 0757
a1, ds, ds) = 0.72, ju (@g, as, ag) = 0.60, p (@y, dg, as, as) = 1.00.

Q||
=N

ay,
a

Then, by (9), it follows that

FNIFCOA,, (a1, 2, as, d1) =

(1= (1= 0.4)0-25 (1 — 03056025 (1 _ .9)0-80-0:36 (1 _ 0.1)1-0:80,
1o (1—05)0-25 (1 0.4)0-56-0.25 (1 _ .3)0-80-0.56 . (1 _ .2)1-0-80,
1= (1-0.5)025 x (1 - 0.5)0-06-0.25 (1 — 0.3)0-80-0.56 (1 _ 0.3)1-0:80)
(01025  0.10-56-0.25 . ,30-80-0.56 . 31-0.80

0.10-25 5 0.90-56-0.25 10.80-0.56 . ¢ 41-0.80

0.20-25 5 0.30-56-0.25 1 0 50.80-0.56 .  51-0-80))

((0.269,0.570,0.420) , (0.162,0.228,0.339)) .

Wang (2008b) proposed the fuzzy number intuitionistic fuzzy weighted geomet-
ric (FNIFWGQG) operator and fuzzy number intuitionistic fuzzy ordered weighted
geometric (FNIFOWG) operator.

DEFINITION 13 Let a(xz;) = ((a(x;),b(x;),c(z;)), (1 (a;),m(z;),p(x;)))
(t=1,2,---,n) be a collection of FNIFVs, and let FNIFWG:Q™ — Q; if

B <<1j1a (%)wi"lib(%)% ’ 1:1110(%)‘01) ’ (10)
1- liu — (i), 1 - 12[1(1 —m () 1 13[1(1 _p(wi))%»
wherew = (wy,ws, - ,wn)T is the weight vector of a(x;) (i=1,2,---,n),

and w; > 0, Y w; = 1, then FIFWG is called the fuzzy number intuitionistic
i=1
fuzzy weighted geometric (FIFWG) operator.

DEFINITION 14 Let a(xz;)) = {((a(zi),b(z;),c(xy)), ((z:),m(z;),p(z:)))
(1=1,2,--- ,n) be a collection of FNIFVs. A fuzzy number intuitionistic fuzzy
ordered weighted geometric (FNIFOWG) operator of dimension n is a mapping
FNIFOWG:Q™ — @Q, that has an associated weight vector w = (wy,ws,- - ,
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n
wn)T such that w; > 0 and > w; = 1. Furthermore,
i=1

FNIFOWG,, (a (1) ,a(x2),- -+ ,a(w,)) = Tn[ i (zo0))""

a (Ig(i))Wi7 l_n[ b (xa(i))wi ) l_n[ ¢ (xa(i))wi> ’

. (1 —1 (zo(i)) wiv 1- ﬁ (1 -m (xa(i)))wi’ 1 - 'E[1 (1 -p (xU(i)))wi>>
11

Il
S
(\

—=
—_
T
—_
i
—_

s

/N
—_
-
Il
—_
-
Il
—_
-

where (o (1),0(2), -+ ,0(n)) is a permutation of (1,2,---,n), such that a
(fﬂo(i—n) >a (acg(i)) foralli=2,--- n.

In the following, we shall develop the fuzzy number intuitionistic fuzzy Choquet
ordered geometric mean (FNIFCOGM) operator based on the Choquet integral
(Choquet, 1953).

DEFINITION 15 Let a(x;) ((a(zi),b(zi),c(xi)), ((zi),m(x;),p(z:)))
(1=1,2,--- ,n) be a collection of FNIFVs on X, and pu be a fuzzy measure
on X, then we call

FNIFCOGM,, (a(z1),a(z2),- - ,a(zy))

= i (wy)) (o) T A0) g g (g, @) A0 6 g 1)

a (:Z,U(n))H(Aa("))_M(AU("*l))

(2)

a fuzzy mnumber intuitionistic fuzzy Choquet ordered geometric mean
(FNIFCOGM) operator, where (o (1),0(2),---,0(n)) is a permutation of
(1,2,---,n), such that & (xa(j_l)) > a (mo(j)) forall j = 2,---,n, Aguy =
{xa(j) l7 < k:}, for k> 1, and Ay ) = ¢.

With the operation of fuzzy number intuitionistic fuzzy wvalues, the
FNIFCOGM operator (12) can be transformed into the following form by in-
duction over n:

FNIFCOGM,, (a (1) ,a(w2),- -+ ,a(zn))
= < ( ﬁl (a (xa(i)))#(Aau))*u(Ag(Fl))’

(c (xa(i)))M(Ao(i))_M(Aa(i1))> ’
(1 - H =1" (]_ -1 (xg(l,)))M(Ad(i))fu(Aa(i_l)) ’
1

)

{1 (6 (o)1) 8mc)

.
=t

(13)

<.
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whose aggregated value is also a fuzzy number intuitionistic fuzzy values.

Especially, if u ({xa(i)}) =pu (Ao(i)) — i (Ag(i_l)), 1 =1,2,---,n, then
FNIFCOGM operator reduces to the FNIFWG operator. If u(A) = > pu

;€A
({x;}), for all A C X, where |A| is the number of elements in the set A, then
w; = /'L(Ao'(l)) - M(Ad(i—l))f 1= 1727"' y 1, where w = (U}h’LUQ,"' awn)T;

w; >20,i=1,2,---,n, and Y w; =1, then the FNIFCOGM operator reduces
i=1

to the FNIFOWG operator.

It is easy to prove that the FNIFCOGM operator has the following properties.

THEOREM 4 (Commutativity).

FNIFCOGM,, (a (x1),a(x2),- - ,a(zn))
= FNIFCOGM,, (&' (1) ,d (xz) i ()
where (d/ (xl) ’ a (xZ) ) 7d/ (‘T’ﬂ)) is any permutation Of (d (xl) @ (x2) o

a(xn)).

THEOREM 5 (Idempotency) If a(x;) = a(z) for all j, then
FNIFCOGM,, (a(z1),a(x2), -+ ,a(zp)) =a(x).

THEOREM 6 (Monotonicity) If a(x;) < & (z;) for all j, then

FNIFCOGM,, (a(z1),a (1’2) a(zy)

n))
< FNIFCOGM,, (&’ (x1),a (xg) cal (x)).

EXAMPLE 2 Let @ = ((0.5,0.4,0.5),(0.1,0.2,0.3)),d> = ((0.4,0.5,0.5), (0.1,
0.1,0.2)), a3 = ((0.2,0.3,0.3),(0.3,0.4,0.5)), and as = ((0.2,0.3,0.4), (0.4,
0.5,0.6)) be four FNIFVs, by (4), we calculate the scores of a; (j = 1,2,3,4):

S (a1) =0.200, S (a2) = 0.350, S (asz) = —0.125, S (a4) = —0.200.
Since

S(az) > S(ay) > S(ag) > S (&4)

then
as1) = ((0.4,0.5,0.5),(0.1,0.1,0.2))
ds(2) = ((0.3,0.4,0.5),(0.1,0.2,0.3))
ao(3) = ((0.2,0.3,0.3),(0.3,0.4,0.5)),
a4y = ((0.2,0.3,0.4),(0.4,0.5,0.6))
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Assume the fuzzy measure of attribute of a; (i = 1,2,3,4)and attribute sets of
a; (i=1,2,3,4)as follows:

(a1) = 0.40, u (a2) = 0.25, ju (@s) = 0.38, 1 (ag) = 0.25,

a 0.56, st (@1, ds) = 0.65, 1 (a1, as) = 0.50, (a2, d3) = 0.45,

C~L2, Cl4) = 39, 1% (ZL3, C~L4) = 0407 12 (&1, ELQ, &3) = 080, 1% (&1, C~l2, 64) = 075,
&1, Elg, EL4) = 072, 1% (d27 (~137 &4) = 06(), 12 (CNLl, ELQ, &3, &4) = 1.00.

0,
)

[l =

Then, by (183), it follows that

FNIFCOGM,, (i, iy, dis, da)

— <(0.40.25 X 0.30.56—0.25 X 0.20.80—0.56 X 0.11—0.80,
0.50.25 % 0'40.567()‘25 X 0'30.8070.56 % 0.2170.807
0.50.25 X 0.50.56—0.25 X 0.30.80—0.56 X 031—0.80) ,
(1 _ (1 _ 0.1)0.25 % (1 _ 0.1)0.56—0.25 X (1 _ 0_3)0480—0.56 % (1 _ 0.3)1—04807
1— (1 _ 0.1)0.25 % (1 _ 0.2)0.56—0.25 X (1 _ 0_4)0.80—0.56 % (1 _ 0.4)1—0.807
1— (1 _ 0.2)0.25 X (1 _ 0.3)0.56—0.25 % (1 _ 0_5)0.80—0.56 X (1 _ 0.5)1—0480>>

= ((0.292,0.344,0.399) , (0.194, 0.274,0.661)) .

4. An approach to multiple attribute decision making
with fuzzy number intuitionistic fuzzy information

In this section, we shall develop an approach to multiple attribute decision
making with fuzzy number intuitionistic fuzzy information as follows.
Let A = {A1, Ay, -+, A} be a discrete set of alternatives, G = {Gy,
Ga, -+ ,Gy} be the set of attributes, and w = (wy,ws, - ,wy,) the weighting
n

vector of the attributes G; (j = 1,2, -+ ,n), wherew; € [0,1],>" w; = 1.Suppose
j=1

that R = (fij)an = <(a¢j7 bija Cij) , (lija mij,pij»an is the fUZZy number intu-
itionistic fuzzy decision matrix, where (a;j, b;;, ¢;;) indicates the degree to which
the alternative A; satisfies the attribute G, (1;;, m;j;, p;j) indicates the degree to
which the alternative A; does not satisfy the attribute G;  (aij, bij, ¢i;) C [0,1],
(lij,mij,pij) C [0, 1] sCij+pip <1,1=12--- m,j7=12,--- n

In the following, we apply the FNIFCOA and FNIFCOGM operator to mul-
tiple attribute decision making with fuzzy number intuitionistic fuzzy informa-
tion.

Step 1. If we emphasize the group’s influence, we utilize the decision infor-
mation given in matrixR, and the FNIFCOA operator

fi = <(aja bja Cj) ) (lj»mjvpj» =FNIFCOA ('Filafﬂa e 77Zin) 5

i:1721"'7m7j:1727"'7n7 (14)

to derive the overall preference values 7; (i = 1,2,--- ,m)of the alternative A;.
Otherwise we utilize the decision information given in matrixR, and the
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FNIFCOGM operator

7:1‘ = ((aj, bj, Cj) 5 (lj,mj,pj)> =FNIFCOGM (Fila ’Fig, st ,’I:in) 5

i:172u"'7m7j:1727"'7n7 (15)

to derive the overall preference values 7; (i = 1,2,--- ,m)of the alternative A;.
Step 2. Calculate the scores S (7;) (i=1,2,---,m)of the overall fuzzy
number intuitionistic fuzzy preference values 7; (i = 1,2,-- ,m)to rank all the
alternatives A4; (i =1,2,--- ,m) and then to select the best one(s). If there is

no difference between two scores S (7;) and S (7;), then we need to calculate the
accuracy degrees H (7;) and H (7;) of the overall fuzzy number intuitionistic
fuzzy preference values 7; and 7;, respectively, and then rank the alternatives
A; and A; in accordance with the accuracy degrees H (7;) and H (7).

Step 3. Rank all the alternatives A; (i = 1,2,--- ,m) and select the best
one(s) in accordance with S (7;) and H (7;) (i = 1,2,--- ,m).

Step 4. End.

5. Illustrative example

In this section we shall present a numerical example to show potential evalua-
tion of emerging technology commercialization with hesitant fuzzy information
in order to illustrate the method proposed in this paper. The experts select four
attributes to evaluate the possible emerging technology enterprises: (DG is the
technical advancement; (2)Gs is the potential market and market risk; 3)Gs is
the industrialization infrastructure, human resources and financial conditions;
@Gy is the employment creation and the development of science and technol-
ogy. The five possible emerging technology enterprises A; (¢ = 1,2,--- ,5) are
to be evaluated using the fuzzy number intuitionistic fuzzy values by the de-
cision maker under the above four attributes, and the decision matrices Ry =

(fgf)>5x4 (k=1,2,3) as follows:
2,0.3,0.4), (0.3,0.4,0.4))
3,0.4,0.5),(0.1,0.2,0.3))
1,0.2,0.3),(0.3,0.4,0.5))
) (0. )
) )

0 5,0.6,0.7),(0.1,0.1,0.1
0

0

0.4,0.5,0.6),(0.1,0.1,0.1

0

5

3

0 ), (0. )
0.4,0.5,0.5),(0.1,0.1,0.2))
0.3,0.4,0.5),(0.2,0.2,0.3))
0.7,0.7,0.7),(0.1,0.1,0.1))
0 ) ( )
4
1
1

=5
Il

( (
( (
| |
((0.6,0.6,0.7),(0.1,0.1,0.1))  ((0.4,0.4,0.4),(0.1,0.2,0.3

{(0.5,0.5,0.6), (0.1,0.1,0.2))  ((0.4,0.5,0.6),(0.1,0.1,0.1))
((0.3,0.4,0.5),(0.1,0.2,0.3))  {(0.1,0.2,0.3),(0.3,0.4,0.5))
((0.6,0.7,0.8),(0.1,0.1,0.1))  {(0.1,0.1,0.2),(0.4,0.5,0.6))
((0.4,0.5,0.5),(0.1,0.2,0.3))  {(0.3,0.4,0.5),(0.2,0.3,0.3))
((0.6,0.6,0.6),(0.1,0.1,0.1))  {(0.2,0.3,0.3),(0.3,0.4,0.5))

Then, we utilize the approach developed to get the most desirable emerging
technology enterprise(s).
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Step 1. Suppose the fuzzy measure of attribute of G; (j =1,2,--- ,n)and
attribute sets of Gas follows:

1% (Gl) = 0.307 1% (Gg) = 0.357 12 (Gg) = 0.30, 12 (G4> = 0.22, 12 (Gh GQ) = 0.707
1% (Gl, G3) = 0.60, 1% (Gl, G4) = 0.55, 12 (GQ, Gg) = 0.50, 12 (GQ, G4) = 0.45,

12 (G3, G4) = 040, 1% (G1, GQ, G3) = 082, 12 (Gl, Gg, G4) = 087,
p(G1,Gs, Ga) = 0.75, 1 (G2, G3, Gy) = 0.60, 11 (G1, G2, G5, G4) = 1.00.

Step 2. If we emphasize the group’s influence, we utilize the decision infor-
mation given in matrix R, and the FNIFCOA operator to obtain the overall
preference values 7; of the emerging technology enterprises 4; (1 = 1,2,--- ,5).

= ((0.385,0.471,0.575) , (0.155,0.174,0.193))

= ((0.306, 0.407, 0.469) , (0.122,0.178, 0.285))
7‘3 = ((0.329,0.425,0.540) , (0.210, 0.239, 0.288))
74 = ((0.516,0.568,0.613) , (0.113,0.132,0.139))

= ((0.505,0.516,0.556) , (0.122,0.149, 0.170)) .

Step 3. Calculate the scores S (7;) (i =1,2,---,5)of the overall fuzzy number
intuitionistic fuzzy preference values 7; (i =1,2,--- ,5)

S (71) = 0.603, S (72) = 0.413, S (73) = 0.372
S (7)) = 0.874, S (75) = 0.751.

Step 4. Rank all the emerging technology enterprisesA; (i =1,2,3,4,5) in
accordance with the scoresS (7;) (i =1,2,---,5) of the overall fuzzy number
intuitionistic fuzzy preference valuesr; (i =1,2,---,5): Ag = A5 = Ay > Ag =~
As, and thus the most desirable emerging technology enterprise is Ay.

If we emphasize the individual influence, we utilize the decision information
given in matrixR and the FNIFCOGM operator to obtain the overall preference
values 7; of the emerging technology enterprises A; (i =1,2,---,5):

71 = ((0.339,0.434,0.538) , (0.186,0.235, 0.248))
79 = ((0.272,0.382,0.456) , (0.140,0.208, 0.310))
73 = ((0.213,0.295,0.415) , (0.246, 0.305, 0.387))

74 = ((0.462,0.540,0.600) , (0.119,0.152,0.165))

75 = ((0.450,0.484,0.507) , (0.140,0.185,0.234))
Then, by applying (4) to calculate the scores S (7;) (i =1,2,---,5)of the col-
lective overall fuzzy number intuitionistic fuzzy preference values 7; (i =1,
2,---,5) we obtain

S (71) = 0.421, S (75) = 0.313, S (75) = —0.013
S (74) = 0.777, 8 (75) = 0.592.

Therefore, the ranking order isA4 = As = A; = As = As. Thus, we can
see that the most desirable emerging technology enterprise is stillA4. Espe-
cially, if the triangular fuzzy numbers (a;, b;, c;)and (I;,m;,p;) are reduced to
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the interval numbers [a;,b;] and[l;,m;], then, the FNIFCOA or FNIFCOGM
operator is reduced to the interval-valued intuitionistic fuzzy Choquet ordered
averaging (IVIFCOA) operator or interval-valued intuitionistic fuzzy Choquet
ordered geometric mean (IVIFCOGM) operator (Xu,2010); if a; = b; = ¢; = p;,
lj = m; = p; = v;, then the FNIFCOA or FNIFCOGM operator is re-
duced to the intuitionistic fuzzy Choquet ordered averaging (IFCOA) operator
or intuitionistic fuzzy Choquet ordered geometric mean (IFCOGM) operator
(Xu,2010).

6. Conclusion

The traditional Choquet integral aggregation operators are generally suitable
for aggregating the information taking the form of numerical values, and yet
they will fail in dealing with fuzzy number intuitionistic fuzzy information. In
this paper, we have developed two fuzzy number intuitionistic fuzzy Choquet in-
tegral aggregation operators: fuzzy number intuitionistic fuzzy Choquet ordered
averaging (FNIFCOA) operator and fuzzy number intuitionistic fuzzy Choquet
ordered geometric mean (FNIFCOGM) operator. The prominent characteristic
of the operators is that they can not only account for the importance of the ele-
ments or their their ordered positions, but also reflect the correlation among the
elements or their ordered positions. We have studied some desirable properties
of the FNIFCOA and FNIFCOGM operators, such as commutativity, idempo-
tency and monotonicity, and applied the FNIFCOA and FNIFCOGM operators
to multiple attribute decision making with fuzzy number intuitionistic fuzzy
information. Finally an illustrative example has been given to show the work-
ing of the developed method. In the future, we shall continue working in the
application of the fuzzy number intuitionistic fuzzy multiple attribute decision
making to other domains.

Acknowledgements

The work was supported by the National Natural Science Foundation of China
under Grant No. 61174149, Natural Science Foundation Project of CQ CSTC of
the People’s Republic of China (No. CSTC,2011BA0035), the Humanities and
Social Sciences Foundation of Ministry of Education of the People’s Republic of
China under Grant No.09XJA630010, No.11XJC630011 and was also supported
by the Science and Technology Research Foundation of Chongqing Education
Commission under Grant KJ111214.

References

ATANASSOV, K. (1986) Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20,
87-96.



478 G. WEI, R. LIN, X. ZHAO, H. WANG

AtaNassov, K., and GArRGov, G. (1989) Interval valued intuitionistic fuzzy
sets. Fuzzy Sets and Systems, 31, 343-349.

AtaNAssov, K. (1994) Operators over interval-valued intuitionistic fuzzy sets.
Fuzzy Sets and Systems, 64, 159-174.

BoraN, F.E., GENg, S., KurT, M. and AKAY, D. (2009) A multi-criteria in-
tuitionistic fuzzy group decision making for supplier selection with TOP-
SIS method. Expert Systems with Applications, 36(8), 11363-11368.

BUSTINCE, H. and BURILLO, P. (1996) Vague sets are intuitionistic fuzzy sets.
Fuzzy Sets and Systems, 79, 403-405.

CHOQUET, G. (1953) Theory of capacities. Ann. Inst. Fourier, 5, 131-295.

Gavu, W.L. and BUEHRER, D.J. (1993) Vague sets. IEEE Transactions on
Systems, Man and Cybernetics, 23, 610-614.

GENG, X.L., CHu, X.N. and ZHANG, Z.F. (2010) A new integrated design
concept evaluation approach based on vague sets. FExpert Systems with
Applications, 37(9), 6629-6638.

GORZALECZANY, M.B. (1987) A method of inference in approximate reasoning
based on interval-valued fuzzy sets. Fuzzy Sets and Systems, 21, 1-17.

GRABISCH, M., MUROFUSHI, T. and SUGENO, M. (2000) Fuzzy Measure and
Integrals. Physica-Verlag. New York.

KEENEY, R.L. and RAIFFA, H. (1976) Decisions with Multiple Objectives. Wi-
ley. New York.

L1, D.F., WANG, Y.C., Liu, S. and SHAN, F. (2009) Fractional programming
methodology for multi-attribute group decision making using IFS. Applied
Soft Computing, 9(1), 219-225.

L1, D.F. (2010) Linear programming method for MADM with interval-valued
intuitionistic fuzzy sets. Expert Systems with Applications, 37(8), 5939-
5945.

L1, D.F., CHEN, G.H. and HUANG, Z.G. (2010) Linear programming method
for multiattribute group decision making using IF sets. Information Sci-
ences, 180(9), 1591-1609.

L P.D. (2009) Multi-attribute decision-making method research based on
interval vague set and TOPSIS method. Technological and Economic De-
velopment of Economy, 15(3), 453-463.

Liu P.D. (2010) A Multiple Attribute Group Decision Making Method based
on Generalized Interval-valued Trapezoidal Fuzzy Numbers. Control and
Cybernetics, 40(1), 137-158.

Liu, F. and Yuan, X.H. (2007) Fuzzy number intuitionistic fuzzy set. Fuzzy
Systems and Mathematics. 21(1), 83-91.

MERIGO, J.M. and GIL-LAFUENTE, A.M. (2009) The induced generalized
OWA operator. Information Sciences, 179(6),729-741.

MERIGO, J.M. and GIL-LAFUENTE, A.M. (2011) Fuzzy induced generalized
aggregation operators and their application in multi-person decision mak-
ing. Expert Systems with Applications, 38(8), 9761-9772.

MERIGO, J.M. and CasaNovas, M. (2010) The fuzzy generalized OWA op-



Aggregating operator based on Choquet integral 479

erator and its application in strategic decision making. Cybernetics &
Systems, 41(5), 359-370.

TaN, C.Q. and CHEN, X.H. (2010) Intuitionistic fuzzy Choquet integral op-
erator for multi-criteria decision making. FEzpert Systems with Applica-
tions, 37(1), 149-157.

TURKSEN, B. (1986) Interval valued fuzzy sets based on normal forms. Fuzzy
Sets and Systems, 20, 191-210.

WAKKER, P. (1999) Additive Representations of Preferences. Kluwer Aca-
demic Publishers.

WanNG, P. (2009) QoS-aware web services selection with intuitionistic fuzzy
set under consumer’s vague perception. Ezpert Systems with Applications,
36(3), 4460-4466.

Wang, X.F. (2008a) Fuzzy number intuitionistic fuzzy arithmetic aggregation
operators. International Journal of Fuzzy Systems, 10(2), 104-111.
WaNG, X.F. (2008b) Fuzzy number intuitionistic fuzzy geometric aggregation
operators and their application to decision making. Control and Decision,

23(6), 607-612.

WANG, Z. and KLIR, G. (1992) Fuzzy Measure Theory. Plenum Press, New
York.

WEIL, G.W. (2008) Maximizing deviation method for multiple attribute de-
cision making in intuitionistic fuzzy setting. Knowledge-Based Systems,
21(8), 833-836.

WEIL, G.W. (2009) Some geometric aggregation functions and their applica-
tion to dynamic multiple attribute decision making in intuitionistic fuzzy
setting. International Journal of Uncertainty, Fuzziness and Knowledge-
Based Systems, 17(2), 179-196.

WEIL, G.W. (2010) Some induced geometric aggregation operators with intu-
itionistic fuzzy information and their application to group decision making.
Applied Soft Computing, 10(2), 423-431.

WEIL, G. W. (2010) GRA method for multiple attribute decision making with
incomplete weight information in intuitionistic fuzzy setting. Knowledge-
Based Systems, 23(3), 243-247.

WEL, G.W., ZHAOo, X.F. (2011) Minimum deviation models for multiple at-
tribute decision making in intuitionistic fuzzy setting. International Jour-
nal of Computational Intelligence Systems, 4(2), 174-183.

WEL, G.W., WaNG, H.J. and LiN, R. (2011a) Application of correlation co-
efficient to interval-valued intuitionistic fuzzy multiple attribute decision
making with incomplete weight information. Knowledge and Information
Systems, 26(2), 337-349.

WEIL, G.W., WaNG, H.J. and LIN, R., ZHAO, X.F. (2011b) Grey relational
analysis method for intuitionistic fuzzy multiple attribute decision mak-
ing with preference information on alternatives. International Journal of
Computational Intelligence Systems, 4(2), 164-173.

WEIL, G.W., ZHAo, X.F. (2012) Some induced correlated aggregating opera-



480 G. WEI, R. LIN, X. ZHAO, H. WANG

tors with intuitionistic fuzzy information and their application to multiple
attribute group decision making. Expert Systems with Applications, 39(2),
2026-2034.

Xu, Z.S. (2007a) Intuitionistic fuzzy aggregation operators. IEEE Transac-
tions on Fuzzy Systems, 15, 1179-1187.

Xu, Z.S. (2007b) Methods for aggregating interval-valued intuitionistic fuzzy
information and their application to decision making. Control and Deci-
sion, 22(2), 215-219.

Xu, Z.S. and CHEN, J. (2007) An approach to group decision making based on
interval-valued intuitionistic fuzzy judgment matrices. System Engineer-
Theory and Practice, 27(4), 126-133.

Xu, Z.S. and YAGER, R.R. (2006) Some geometric aggregation operators ba-
sed on intuitionistic fuzzy sets. International Journal of General System,
35, 417-433.

Xu, Z.S. (2010) Choquet integrals of weighted intuitionistic fuzzy information.

Information Sciences, 180, 726-736.

F. (2010) An extended TOPSIS method with interval-valued intuitionistic
fuzzy numbers for virtual enterprise partner selection. Ezpert Systems with
Applications (in press).

YE, J. (2009) Multicriteria fuzzy decision-making method based on a novel
accuracy function under interval-valued intuitionistic fuzzy environment.
Ezpert Systems with Applications, 36(3), 6899-6902.

YE, J. (2009) Using an improved measure function of vague sets for multi-
criteria fuzzy decision-making. Expert Systems with Applications, 37(6),
4706-47009.

ZADEH, L.A. (1965) Fuzzy sets. Information and Control, 8, 338-353.

ZADEH, L.A. (2005) Toward a generalized theory of uncertainty (GTU) - an
outline. Information Sciences, 172, 1-40.

ZADEH, L.A. (2008) Is there a need for fuzzy logic? Information Sciences,
178, 2751-2779.

ZHANG, X. and Liu, P.D. (2010) Method for aggregating triangular fuzzy in-
tuitionistic fuzzy information and its application to decision making. Tech-
nological and Economic Development of Economy, 16(2), 280-290.

YE

9



