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Abstract: Kumar, Kaur and Singh (2011), proposed a new me-
thod to find the exact fuzzy optimal solution of fully fuzzy linear
programming (FFLP) problems with equality constraints. In this
paper, an FFLP problem is chosen to show that the fuzzy opti-
mal value, obtained by using the existing method, is not necessarily
a unique fuzzy number i.e., the fuzzy optimal value of the FFLP
problem, obtained by the existing method, does not conform to the
uniqueness property of fuzzy optimal value. To overcome this short-
coming of the existing method, a new method is proposed for solving
FFLP problems with equality constraints. To show the advantage
of the proposed method the results of the chosen FFLP problem,
obtained by using the existing and the proposed methods, are com-
pared.
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1. Introduction

Any linear programming model representing real world situations involves a lot
of parameters whose values are assigned by experts. However, both experts and
decision makers frequently do not precisely know the value of those parameters.
Therefore it is useful to consider the knowledge of experts about the parameters
as fuzzy data (Zadeh, 1965). Bellman and Zadeh (1970) proposed the concept
of decision making in fuzzy environment. Many authors (Tanaka, Okuda and
Asai, 1973; Zimmermann, 1978; Campos and Verdegay, 1989; Maleki, Tata and
Mashinchi, 2000; Buckley and Feuring, 2000; Maleki, 2002; Hashemi, Modar-
res, Nasrabadi and Nasrabadi, 2006; Ganesan and Veeramani, 2006; Allahvi-
ranloo, Lotfi, Kiasary, Kiani and Alizadeh, 2008; Ebrahimnejad, Nasseri, Lotfi
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and Soltanifar, 2010) adopted this concept for solving fuzzy linear program-
ming problems. Lotfi, Allahviranloo, Jondabeha and Alizadeh (2009) proposed
a method to find the approximate solution of FFLP problems with equality con-
straints. Kumar, Kaur and Singh (2011) pointed out that there is no method
to find the exact fuzzy optimal solution of FFLP problems with equality con-
straints and proposed a method to find the exact fuzzy optimal solution of such
FFLP problems. In this paper, the shortcoming of the existing method (Kumar,
Kaur and Singh, 2011) is pointed out and to overcome this shortcoming a new
method is proposed to find the fuzzy optimal solution of FFLP problems with
equality constraints. This paper is organized as follows: In Section 2, some
basic definitions and arithmetic operations between two trapezoidal fuzzy num-
bers are presented. In Section 3, a brief review of the existing method (Kumar,
Kaur and Singh, 2011) is presented. In Section 4, shortcoming of this method is
pointed out. In Section 5, a new method is proposed for solving FFLP problems
and the advantages of the proposed method over the existing method are dis-
cussed. In Section 6, the results of some FFLP problems, obtained by using the
existing and the proposed methods, are compared. Conclusions are discussed in
Section 7.

2. Preliminaries

In this section, the necessary background and some notions of fuzzy set theory
are presented (Kumar, Kaur and Singh, 2011).

2.1. Basic definitions

definition 2.1 A fuzzy number Ã defined on the universal set of real numbers

R, denoted as Ã = (a, b, c, d), is said to be a trapezoidal fuzzy number if its

membership function, µÃ(x), is given by

µÃ(x) =



















(x−a)
(b−a) , a ≤ x < b

1 , b ≤ x ≤ c
(x−d)
(c−d) , c < x ≤ d

0 , otherwise.

definition 2.2 A trapezoidal fuzzy number (a, b, c, d) is said to be non-negative

fuzzy number if and only if a ≥ 0.

definition 2.3 Two trapezoidal fuzzy numbers Ã = (a, b, c, d) and B̃ = (e, f,
g, h) are said to be equal if and only if a = e, b = f, c = g and d = h.

2.2. Arithmetic operations

In this section, arithmetic operations between two trapezoidal fuzzy numbers,
defined on the universal set of real numbers R, are presented. Let Ã = (a, b, c, d)
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and B̃ = (e, f, g, h) be two trapezoidal fuzzy numbers, then

(i) Ã⊕ B̃ =(a, b, c, d)⊕ (e, f, g, h) = (a+ e, b+ f, c+ g, d+ h)
(ii) ⊖Ã = ⊖(a, b, c, d) = (−d,−c,−b,−a)
(iii) Ã⊖ B̃ = (a, b, c, d)⊖ (e, f, g, h) = (a− h, b− g, c− f, d− e)
(iv) Let Ã = (a, b, c, d) be any trapezoidal fuzzy number and B̃ = (x, y, z, w)

be a non-negative trapezoidal fuzzy number, then

Ã⊗ B̃ ⋍























(ax, by, cz, dw), a ≥ 0
(aw, by, cz, dw), a < 0, b ≥ 0
(aw, bz, cz, dw), b < 0, c ≥ 0
(aw, bz, cy, dw), c < 0, d ≥ 0
(aw, bz, cy, dx), d < 0.

3. The existing method

Kumar, Kaur and Singh (2011) proposed a method to find the exact fuzzy op-
timal solution of FFLP problems with equality constraints (P1):

Maximize (or Minimize)
n
∑

j=1

c̃j ⊗ x̃j

subject to (P1):
n
∑

j=1

ãij ⊗ x̃j = b̃i ∀ i = 1, 2, ...,m

where, ãij , c̃j , b̃i are any fuzzy numbers and x̃j is a non-negative fuzzy number.

The steps of the proposed method are as follows:

Step 1 Assuming c̃j = (pj , qj , rj , sj), x̃j = (xj , yj , zj , wj), ãij = (aij , bij , cij , dij)

and b̃i = (bi, gi, hi, ki), the FFLP problem (P1) can be written as:

Maximize (or Minimize)
n
∑

j=1

(pj , qj , rj , sj)⊗ (xj , yj , zj , wj)

subject to (P2)
n
∑

j=1

(aij , bij , cij , dij)⊗ (xj , yj , zj , wj) = (bi, gi, hi, ki) ∀ i = 1, 2, ...,m

where (xj , yj , zj , wj) is a non-negative trapezoidal fuzzy number.

Step 2 Assuming (aij , bij , cij , dij)⊗(xj , yj , zj , wj) = (mij , nij , oij , tij) the FFLP
problem (P2) can be written as:

Maximize (or Minimize)
n
∑

j=1

(pj , qj , rj , sj)⊗ (xj , yj , zj , wj)

subject to (P3)
n
∑

j=1

(mij , nij , oij , tij) = (bi, gi, hi, ki) ∀ i = 1, 2, ...,m

where (xj , yj , zj , wj) is a non-negative trapezoidal fuzzy number.

Step 3 Using Definitions 2.2 and 2.3, the FFLP problem (P3) can be written
as:
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Maximize (or Minimize) (
n
∑

j=1

(pj , qj , rj , sj)⊗ (xj , yj , zj , wj))

subject to
n
∑

j=1

mij = bi ∀ i = 1, 2, ...,m

n
∑

j=1

nij = gi ∀ i = 1, 2, ...,m (P4)

n
∑

j=1

oij = hi ∀ i = 1, 2, ...,m

n
∑

j=1

tij = ki ∀ i = 1, 2, ...,m

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0.

Step 4 Suppose the fuzzy linear programming problem (P4) has l feasible so-
lutions and (xt

j , y
t
j , z

t
j , w

t
j) is the tth feasible solution; then the aim is to find

that feasible solution out of all l feasible solutions corresponding to which the
value of objective function is maximum (or minimum), i.e., the aim is to find

maximum (or minimum)
1≤t≤l

{
n
∑

j=1

(pj , qj , rj , sj)⊗ (xt
j , y

t
j , z

t
j , w

t
j)}. Kumar, Kaur and

Singh (2011) have used the concept that if maximum (or minimum)
1≤t≤l

{Rank(
n
∑

j=1

(pj , qj , rj , sj)⊗ (xt
j , y

t
j , z

t
j , w

t
j))} is Rank(

n
∑

j=1

(pj , qj , rj , sj)⊗ (xθ
j , y

θ
j , z

θ
j , w

θ
j )) then

maximum (or minimum)
1≤t≤l

{
n
∑

j=1

(pj , qj , rj , sj)⊗ (xt
j , y

t
j , z

t
j , w

t
j)} will also be

n
∑

j=1

(pj ,

qj , rj , sj)⊗(xθ
j , y

θ
j , z

θ
j , w

θ
j ), where Rank(a, b, c, d) = 1

4 (a+b+c+d), i.e. according
to the existing method (Kumar, Kaur and Singh, 2011) the fuzzy optimal solu-
tion of (P4) can be obtained by solving the following crisp linear programming
problem:

Maximize (or Minimize) (Rank(
n
∑

j=1

(pj , qj , rj , sj)⊗ (xj , yj , zj , wj)))

subject to
n
∑

j=1

mij = bi ∀ i = 1, 2, ...,m

n
∑

j=1

nij = gi ∀ i = 1, 2, ...,m (P5)

n
∑

j=1

oij = hi ∀ i = 1, 2, ...,m

n
∑

j=1

tij = ki ∀ i = 1, 2, ...,m

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0.

Step 5 Use an appropriate existing method (Taha, 2003) for solving the crisp



Unique fuzzy optimal value of fully fuzzy linear programming problems 501

linear programming problem (P5) and find the optimal solution xj , yj , zj and
wj .

Step 6 Find the fuzzy optimal solution {x̃j} by putting the values of xj , yj , zj
and wj , obtained from Step 5, in x̃j = (xj , yj , zj , wj) and find the fuzzy optimal

value
n
∑

j=1

(c̃j ⊗ x̃j) by putting the values of x̃j .

4. Shortcoming of the existing method

Let {xj} and A be the optimal solution and optimal value of a linear program-
ming problem, respectively. If there exists any feasible solution {yj} of the same
linear programming problem such that the value of the objective function of the
linear programming problem corresponding to {yj} is also A, then {yj} is said
to be an alternative optimal solution of the same linear programming problem,
i.e. corresponding to all alternative optimal solutions the values of objective
function should be same.

In this section, an FFLP problem, chosen in Example 4.1, is solved to show
that the results of the FFLP problem from Example 4.1, obtained by using
the existing method (Kumar, Kaur and Singh, 2011), do not conform to the
property of alternative optimal solutions.

example 4.1 Maximize ((0, 2, 2, 4)⊗x̃1⊕(5, 7, 12, 14)⊗x̃2⊕(5, 7, 8, 10)⊗x̃3)
subject to

x̃1 ⊕ x̃2 = (1, 1, 1, 1)
x̃1 = x̃3

x̃2 ⊕ x̃3 = (1, 1, 1, 1)
where, x̃1, x̃2 and x̃3 are non-negative trapezoidal fuzzy numbers.

Solution: On solving the chosen FFLP problem by using the existing method
(Kumar, Kaur and Singh, 2011) it is found that all the fuzzy feasible solutions
x̃1 = x̃3 = (a, a, a, a) and x̃2 = (1 − a, 1 − a, 1 − a, 1 − a), 0 ≤ a ≤ 1 are fuzzy
optimal solutions of the chosen FFLP problem. Putting x̃1 = x̃3 = (a, a, a, a)
and x̃2 = (1−a, 1−a, 1−a, 1−a) in the objective function we obtain the fuzzy
optimal value equal (5, 7+2a, 12−2a, 14). Since the fuzzy optimal value depends
upon a, so for the chosen FFLP problem infinite fuzzy numbers, representing
the fuzzy optimal values, can be obtained. Since the fuzzy optimal values of
the FFLP problem, chosen in Example 4.1, corresponding to alternative fuzzy
optimal solutions, are not equal, this contradicts the uniqueness property of
fuzzy optimal value of an FFLP problem. So, it is not appropriate to apply the
existing method (Kumar, Kaur and Singh, 2011) for solving FFLP problems.

5. The proposed method based on RMDS approach

Kumar, Singh, Kaur and Kaur (2010) used four parameters Rank, Mode, Di-
vergence and Left spread for comparing trapezoidal fuzzy numbers. It can be
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easily seen that if Ã and B̃ are two trapezoidal fuzzy numbers such that Rank(Ã)
= Rank(B̃), Mode(Ã) = Mode(B̃), Divergence(Ã) = Divergence(B̃) and Left
spread(Ã) = Left spead(B̃) then Ã = B̃. In this section, to overcome the short-
comings of the existing method, a new method, based on RMDS approach, is
proposed for solving FFLP problems.

5.1. The RMDS approach

In this section, the existing ranking approach of Kumar, Singh, Kaur and Kaur
(2010) is presented. Let Ã = (a1, b1, c1, d1) and B̃ = (a2, b2, c2, d2) be two
trapezoidal fuzzy numbers, then use the following steps to compare Ã and B̃:

Step 1 Find Rank(Ã) = 1
4 (a1+b1+c1+d1) and Rank(B̃) = 1

4 (a2+b2+c2+d2)

Case (i) If Rank(Ã) > Rank(B̃) then Ã ≻ B̃

Case (ii) If Rank(Ã) < Rank(B̃) then Ã ≺ B̃

Case (iii) If Rank(Ã) = Rank(B̃) then go to Step 2.

Step 2 Find Mode(Ã) = 1
2 (b1 + c1) and Mode(B̃) = 1

2 (b2 + c2)

Case (i) If Mode(Ã) > Mode(B̃) then Ã ≻ B̃

Case (ii) If Mode(Ã) < Mode(B̃) then Ã ≺ B̃

Case (iii) If Mode(Ã) = Mode(B̃) then go to Step 3.

Step 3 Find Divergence(Ã) = (d1 − a1) and Divergence(B̃) = (d2 − a2)

Case (i) If Divergence(Ã) > Divergence(B̃) then Ã ≻ B̃

Case (ii) If Divergence(Ã) < Divergence(B̃) then Ã ≺ B̃

Case (iii) If Divergence(Ã) = Divergence(B̃) then go to Step 4.

Step 4 Find Left spread(Ã) = (b1 − a1) and Left spread(B̃) = (b2 − a2)

Case (i) If Left spread(Ã) > Left spread(B̃) then Ã ≻ B̃

Case (ii) If Left spread(Ã) < Left spread(B̃) then Ã ≺ B̃

Case (iii) If Left spread(Ã) = Left spread(B̃) then Ã = B̃.

5.2. The proposed method

In this section, to overcome the shortcomings of the method by Kumar, Kaur
and Singh (2011), a new method is proposed for solving FFLP problems (P1).

Step 1 Use Steps 1 to 4 of the existing method and check whether an alterna-
tive optimal solution of crisp linear programming problem (P5) exists or not.

Case (i) If an alternative optimal solution does not exist then the fuzzy optimal
solution, obtained by using the existing method, is exact fuzzy optimal solution
of the FFLP problem.
Case (ii) If alternative optimal solution existts, then Go to Step 2.

Step 2 Let the optimal value of crisp linear programming problem
(P5) be a and let it occur for p feasible solutions {xk

j , y
k
j , z

k
j , w

k
j } where
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k = 1, ..., p. Now, the aim is to find maximum (or minimum)
1≤k≤p

{
n
∑

j=1

(pj , qj , rj , sj)⊗

(xk
j , y

k
j , z

k
j , w

k
j )}. Since Rank(

n
∑

j=1

(pj , qj , rj , sj) ⊗ (xk
j , y

k
j , z

k
j , w

k
j )) = a∀ k =

1, ..., p, so using Step 2 of the existing method, discussed in Section 5.1 if

maximum (or minimum)
1≤t≤l

{Mode(
n
∑

j=1

(pj , qj , rj , sj) ⊗ (xk
j , y

k
j , z

k
j , w

k
j ))} is Mode

(
n
∑

j=1

(pj , qj , rj , sj) ⊗ (xφ
j , y

φ
j , z

φ
j , w

φ
j )) then maximum (or minimum)

1≤t≤l

{
n
∑

j=1

(pj , qj ,

rj , sj) ⊗ (xk
j , y

k
j , z

k
j , w

k
j )} will also be

n
∑

j=1

(pj , qj , rj , sj) ⊗ (xφ
j , y

φ
j , z

φ
j , w

φ
j ), i.e.,

the fuzzy optimal solution of (P4) can be obtained by solving the crisp linear
programming problem (P6):

Maximize (or Minimize) (Mode(
n
∑

j=1

(pj , qj , rj , sj)⊗ (xj , yj , zj , wj)))

subject to
n
∑

j=1

mij = bi ∀ i = 1, 2, ...,m

n
∑

j=1

nij = gi ∀ i = 1, 2, ...,m

n
∑

j=1

oij = hi ∀ i = 1, 2, ...,m (P6)

n
∑

j=1

tij = ki ∀ i = 1, 2, ...,m

Rank(
n
∑

j=1

c̃j ⊗ x̃j) = a

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0.

Case (i) If there does not exist any alternative optimal solution, then put the
values of xj , yj , zj and wj in x̃j = (xj , yj , zj , wj) to find the fuzzy optimal solu-

tion {x̃j} and find the fuzzy optimal value
n
∑

j=1

(c̃j ⊗ x̃j) by putting the values of

x̃j .
Case (ii) If alternative solution exists then go to Step 3.

Step 3 In the same direction, as discussed in Step 2, solve the crisp linear
programming problem (P7) and check whether an alternative optimal solution
exists or not:

Maximize (or Minimize) (Divergence(
n
∑

j=1

(pj , qj , rj , sj)⊗(xj , yj , zj , wj)))

subject to
n
∑

j=1

mij = bi ∀ i = 1, 2, ...,m
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n
∑

j=1

nij = gi ∀ i = 1, 2, ...,m

n
∑

j=1

oij = hi ∀ i = 1, 2, ...,m (P7)

n
∑

j=1

tij = ki ∀ i = 1, 2, ...,m

Rank(
n
∑

j=1

c̃j ⊗ x̃j) = a

Mode(
n
∑

j=1

c̃j ⊗ x̃j) = b

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0
where, b is the optimal value of the crisp linear programming problem (P6).
Case (i) If there does not exist any alternative optimal solution then put the
values of xj , yj , zj and wj in x̃j = (xj , yj , zj , wj) to find the fuzzy optimal solu-

tion {x̃j} and find the fuzzy optimal value
n
∑

j=1

(c̃j ⊗ x̃j) by putting the values of

x̃j .
Case (ii) If alternative solution exists then go to Step 4.

Step 4 In the same direction, as discussed in Step 2, solve the crisp linear pro-
gramming problem (P8):

Maximize (or Minimize) (Left spread(
n
∑

j=1

(pj , qj , rj , sj)⊗(xj , yj , zj , wj)))

subject to
n
∑

j=1

mij = bi ∀ i = 1, 2, ...,m

n
∑

j=1

nij = gi ∀ i = 1, 2, ...,m

n
∑

j=1

oij = hi ∀ i = 1, 2, ...,m (P8)

n
∑

j=1

tij = ki ∀ i = 1, 2, ...,m

Rank(
n
∑

j=1

c̃j ⊗ x̃j) = a

Mode(
n
∑

j=1

c̃j ⊗ x̃j) = b

Divergence(
n
∑

j=1

c̃j ⊗ x̃j) = c

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0
where c is the optimal value of the crisp linear programming problem (P7).
Find the fuzzy optimal solution {x̃j} by putting the values of xj , yj , zj and wj

in x̃j = (xj , yj , zj , wj) and the fuzzy optimal value
n
∑

j=1

(c̃j ⊗ x̃j) by putting the
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values of x̃j .

5.3. Advantages of the proposed method

As discussed in Section 4, by using the method of Kumar, Kaur and Singh (2011)
a unique fuzzy number, representing the fuzzy optimal value, is not obtained
while by using the proposed method always a unique fuzzy number, represent-
ing the fuzzy optimal value, will be obtained. To show the advantage of the
proposed method, the FFLP problem from Example 4.1, on solving which by
using the existing method infinite fuzzy numbers representing the fuzzy optimal
value are obtained, is solved by using the proposed method and it is found that
a unique fuzzy number, representing the fuzzy optimal value, is obtained.

Step 1 Assuming x̃1 = (x1, y1, z1, w1), x̃2 = (x2, y2, z2, w2) and x̃3 =
(x3, y3, z3, w3) and using Steps 1 to 4 of the existing method, the FFLP prob-
lem, chosen in Example 4.1, can be written as:
Maximize 1

4 (5x2+5x3+2y1+7y2+7y3+2z1+12z2+8z3+4w1+14w2+10w3)
subject to

x1 + x2 = 1, y1 + y2 = 1, z1 + z2 = 1, w1 + w2 = 1
x1 = x3, y1 = y3, z1 = z3, w1 = w3

x2 + x3 = 1, y2 + y3 = 1, z2 + z3 = 1, w2 + w3 = 1
x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0
x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0
x3 ≥ 0, y3 − x3 ≥ 0, z3 − y3 ≥ 0, w3 − z3 ≥ 0.

Step 2 Since, on solving the crisp linear programming problem, obtained in Step
1, alternative optimal solution is obtained and the optimal value of the crisp
linear programming problem is 19

2 so, using Step 2 of the proposed method the
solution of the chosen problem can be obtained by solving the following crisp
linear programming problem:

Maximize (y1 +
7

2
y2 +

7

2
y3 + z1 + 6z2 + 4z3)

subject to

x1 + x2 = 1, y1 + y2 = 1, z1 + z2 = 1, w1 + w2 = 1

x1 = x3, y1 = y3, z1 = z3, w1 = w3

x2 + x3 = 1, y2 + y3 = 1, z2 + z3 = 1, w2 + w3 = 1

5x2 + 5x3 + 2y1 + 7y2 + 7y3 + 2z1 + 12z2+

8z3 + 4w1 + 14w2 + 10w3 = 38

x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

x3 ≥ 0, y3 − x3 ≥ 0, z3 − y3 ≥ 0, w3 − z3 ≥ 0.

Step 3 Since, on solving the crisp linear programming problem, obtained in Step
2, alternative optimal solution is obtained and the optimal value of the crisp
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linear programming problem is 19
2 so, using Step 3 of the proposed method the

solution of the chosen problem can be obtained by solving the following crisp
linear programming problem:

Maximize (4w1 + 14w2 + 10w3 − 5x2 − 5x3)

subject to

x1 + x2 = 1, y1 + y2 = 1, z1 + z2 = 1, w1 + w2 = 1

x1 = x3, y1 = y3, z1 = z3, w1 = w3

x2 + x3 = 1, y2 + y3 = 1, z2 + z3 = 1, w2 + w3 = 1

5x2 + 5x3 + 2y1 + 7y2 + 7y3 + 2z1 + 12z2+

8z3 + 4w1 + 14w2 + 10w3 = 38

y1 +
7

2
y2 +

7

2
y3 + z1 + 6z2 + 4z3 =

19

2
x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

x3 ≥ 0, y3 − x3 ≥ 0, z3 − y3 ≥ 0, w3 − z3 ≥ 0.

Step 4 Since, on solving the crisp linear programming problem, obtained in
Step 3, alternative optimal solution is obtained and the optimal value of the
crisp linear programming problem is 9 so, using Step 4 of the proposed method
the solution of the chosen problem can be obtained by solving the following
crisp linear programming problem:

Maximize (2y1 + 7y2 + 7y3 − 5x2 − 5x3)

subject to

x1 + x2 = 1, y1 + y2 = 1, z1 + z2 = 1, w1 + w2 = 1

x1 = x3, y1 = y3, z1 = z3, w1 = w3

x2 + x3 = 1, y2 + y3 = 1, z2 + z3 = 1, w2 + w3 = 1

5x2 + 5x3 + 2y1 + 7y2 + 7y3 + 2z1 + 12z2+

8z3 + 4w1 + 14w2 + 10w3 = 38

y1 +
7

2
y2 +

7

2
y3 + z1 + 6z2 + 4z3 =

19

2
4w1 + 14w2 + 10w3 − 5x2 − 5x3 = 9

x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

x3 ≥ 0, y3 − x3 ≥ 0, z3 − y3 ≥ 0, w3 − z3 ≥ 0.

The obtained optimal solution is x1 = 1, y1 = 1, z1 = 1, w1 = 1, x2 = 0, y2 =
0, z2 = 0, w2 = 0, x3 = 1, y3 = 1, z3 = 1 and w3 = 1. Using Step 4 of the
proposed method the fuzzy optimal solution is x̃1 = (1, 1, 1, 1), x̃2 = (0, 0, 0, 0),
x̃3 = (1, 1, 1, 1) and the fuzzy optimal value is (5, 9, 10, 14).
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6. Comparative study

To show the advantages of the proposed method over the one of Kumar, Kaur
and Singh (2011) the results of the FFLP problem from Example 4.1, obtained
by using the existing and the proposed method are shown in Table 1.

Table 1: Results of the FFLP problems

Fuzzy optimal value

Example Existing method Proposed method

(Kumar, Kaur and Singh, 2011)

6.1 (Kumar, Kaur and Singh, 2011) (9, 27, 75) (9, 27, 75)

6.2 (Kumar, Kaur and Singh, 2011) (5, 16, 33) (5, 16, 33)

4.1 (5, 7 + 2a, 12 − 2a, 14), 0 ≤ a ≤ 1 (5, 9, 10, 14)

It is obvious from the results, shown in Table 1, that on solving the existing
FFLP problems (Kumar, Kaur and Singh, 2011, Example 6.1 and 6.2) by using
the method of Kumar, Kaur and Singh (2011) a unique fuzzy number, repre-
senting the fuzzy optimal value, is obtained, but on solving the FFLP problem,
chosen in Example 4.1, by using the existing method infinite fuzzy numbers, rep-
resenting the fuzzy optimal value of the same problem, are obtained, contrary
to the uniqueness property of fuzzy optimal value of FFLP problems. However,
on solving all the existing and chosen FFLP problems by using the proposed
method a unique fuzzy number, representing the fuzzy optimum, is obtained.
Hence, it can be concluded that it is better to use the proposed method as
compared to the existing method of Kumar, Kaur and Singh (2011).

7. Conclusions

In this paper it is shown that by using the proposed method all the shortcomings
of the existing method (Kumar, Kaur and Singh, 2011) are removed. Hence, it
can be concluded that it is better to use the proposed method as compared to
the existing method (Kumar, Kaur and Singh, 2011).

Acknowledgment

The authors would like to thank to the Editor-in-Chief and all the anonymous
reviewers for various suggestions which have led to an improvement in both the
quality and clarity of the paper. I, Dr. Amit Kumar, want to acknowledge the
adolescent inner blessings of Mehar. I believe that Mehar is an angel for me and
without Mehar’s blessing it was not possible to come to the idea proposed in this
paper. Mehar is a lovely daughter of Parmpreet Kaur (Research Scholar under
my supervision). The first author acknowledges the financial support given
by the University Grant Commission under Maulana Azad National Fellowship
Scheme.



508 J. KAUR and A. KUMAR

References

Allahviranloo, T., Lotfi, F.H., Kiasary, M.K., Kiani, N.A. and
Alizadeh, L. (2008) Solving fully fuzzy linear programming problem
by the ranking function. Applied Matematical Sciences 2, 19–32.

Bellman, R.E. and Zadeh, L.A. (1970) Decision making in a fuzzy envi-
ronment. Management Science 17, 141–164.

Buckley, J. and Feuring, T. (2000) Evolutionary algorithm solution to
fuzzy problems: fuzzy linear programming. Fuzzy Sets and Systems 109,
35–53.

Campos, L. and Verdegay, J.L. (1989) Linear programming problems and
ranking of fuzzy numbers. Fuzzy Sets and Systems 32, 1–11.

Ebrahimnejad, A., Nasseri, S.H., Lotfi, F.H. and Soltanifar, M.
(2010) A primal-dual method for linear programming problems with fuzzy
variables. European Journal of Industrial Engineering 4, 189–209.

Ganesan, K. and Veeramani, P. (2006) Fuzzy linear programs with trape-
zoidal fuzzy numbers. Annals of Operations Research 143, 305–315.

Hashemi, S.M., Modarres, M., Nasrabadi, E. and Nasrabadi, M.M.
(2006) Fully fuzzified linear programming, solution and duality. Journal

of Intelligent and Fuzzy Systems 17, 253–261.
Kumar, A., Kaur, J. and Singh, P. (2011) A new method for solving fully

fuzzy linear programming problems. Applied Mathematical Modelling 35,
817–823.

Kumar, A., Singh, P., Kaur, A. and Kaur, P. (2010) Ranking of gener-
alized trapezoidal fuzzy numbers based on rank, mode, divergence and
spread. Turkish Journal of Fuzzy Systems 2, 141–152.

Lotfi, F.H., Allahviranloo, T., Jondabeha, M.A. and Alizadeh, L.
(2009) Solving a fully fuzzy linear programming using lexicography me-
thod and fuzzy approximate solution. Applied Mathematical Modelling

33, 3151–3156.
Maleki, H.R. (2002) Ranking functions and their applications to fuzzy linear

programming. Far East Journal of Mathematical Sciences 4, 283–301.
Maleki, H.R., Tata, M. and Mashinchi, M. (2000) Linear programming

with fuzzy variables. Fuzzy Sets and Systems 109, 21–33.
Taha, H.A. (2003) Operations Research: An introduction. Prentice-Hall,

New Jersey.
Tanaka, H., Okuda, T. and Asai, K. (1973) On fuzzy mathematical pro-

gramming. Journal of Cybernetics and Systems 3, 37–46.
Zadeh, L.A. (1965) Fuzzy sets. Information and Control 8, 338–353.
Zimmermann, H.J. (1978) Fuzzy programming and linear programming with

several objective functions. Fuzzy Sets and Systems 1, 45–55.


