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1. Introduction

Invariant control systems are smooth, nonlinear control systems evolving on
(real, finite dimensional) Lie groups with dynamics invariant under translations
(see Jurdjevic and Sussmann, 1979; Jurdjevie, 1997; Agrachev and Sachkov,
2004; Biggs and Remsing, 2012). In order to understand the local geometry
of (nonlinear) control systems, one needs to introduce natural equivalence re-
lations. The most natural equivalence relation for (smooth, nonlinear) control
systems is equivalence up to coordinate changes in the state space. This is
called state space equivalence (see Biggs and Remsing, no date; Jakubezyk,
1990). Two control systems are state space equivalent if they are related by
a diffeomorphism (in which case their trajectories, corresponding to the same
controls, are also related by that diffeomorphism).

In this paper we consider only left-invariant control affine systems, evolving
on the Euclidean group SE(2). We classify, under state space equivalence, all
such full-rank control systems. This classification is obtained by making use
of an algebraic characterization of state space equivalence. A representative is
identified for each equivalence class, in a systematic manner.

*Submitted: November 2011; Accepted: August 2012
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2. Invariant control systems and equivalence
Left-invariant control affine systems

A left-invariant control affine system X is a control system of the form
g=921,u)=g(A+wuB1+ - +uBy), g€ G, ueR":

Here G is a (real, finite-dimensional) matriz Lie group and the parametriza-
tion map =(1,-) : R® — g is an affine injection (i.e., Bi,...,B; are li-
nearly independent). The admissible controls are piecewise continuous maps
u(+) 1 [0,T] — R® and the trace of the system I'= A+T° = A+ (By,...By) is
an affine subspace of (the Lie algebra) g. A system X is called homogeneous if
A €T° and inhomogeneous otherwise. Furthermore, ¥ has full rank provided
the Lie algebra generated by its trace equals the whole Lie algebra g. Note that
> is completely determined by the specification of its state space G and its
parametrization map E(1,-). Hence, we shall specify a system ¥ (on G) by
simply writing

Y A+w B+ +uwBy.

State—space equivalence

State space equivalence is well understood (see Agrachev and Sachkov, 2004;
Jakubczyk, 1990); it establishes a one-to-one correspondence between the tra-
jectories of equivalent systems. This equivalence relation is very strong. Con-
sequently, there are so many equivalence classes that any general classification
appears to be very difficult, if not impossible. However, there is a chance for
some reasonable classification in low dimensions.

Now, let G be a fixed matrix Lie group and let ¥ and X’ be two (left-
invariant control affine) systems on G. We say that ¥ and ¥’ are locally state
space equivalent at g € G and ¢ € G if there exist open neighbourhoods N
and N’ of g and ¢, respectively, and a (local) diffecomorphism ¢ : N — N’
(mapping g to g’) such that T,¢ - =(g,u) = Z' (¢(g),u) for all g € N and
u € R (i.e., the diagram

¢pxid
N xR 2205 N RE

TN — TN’
T¢

commutes). ¥ and ¥’ are called globally state space equivalent if this happens
globally (i.e., N =G and N’ = G’). In this paper we consider only local state
space equivalence, which will be referred to, simply, as equivalence. Any equiv-
alence between two control systems can be reduced to an equivalence between
neighbourhoods of the identity. More precisely,
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PROPOSITION 1 (Biggs and Remsing, no date) ¥ and X' are equivalent at
g € G and ¢ € G if and only if they are equivalent at ¢ = 1 € G and
g =1€G.

Henceforth, we will assume that any equivalence is between neighbourhoods
of identity. We recall an algebraic characterization of this equivalence. Let X
and Y’ be two full-rank systems.

PROPOSITION 2 (Biggs and Remsing, no date) ¥ and X' are equivalent if and
only if there exists a Lie algebra automorphism ¢ € Aut(g) such that i -
E(1,u) =Z'(1,u) for all u € R

3. Classification
Let (the fixed state space) G be the Euclidean group SE(2). The group

SE(2) {{i g} . v e R, ReSO(2)}

is a (real, three-dimensional) connected matrix Lie group. The associated Lie
algebra

0 O 0
se(2) = 7y 0 —z3| : 21,290,723 €ER
To T3 0

has standard basis

0 0 0 0 0 0 0 0 O
0 0f, Ey=10 0 0}, Es=|0 0 -1
0 0 1 00 01 0

Ei=|1
0
(The bracket operation is given by [Es, E5] = E, [E3, E1] = Es and [Ey, Es] =

0.) With respect to this basis, the group Aut (se(2)) of Lie algebra automor-
phisms of se (2) is given by

r oy v
-y s w ?$>y7vaweR$2+y2#0,<=i1
0 0 ¢

Note that (Fy, Es) is an invariant subspace of every such automorphism.

We now proceed to classify (under local state space equivalence) all full-rank
left-invariant control affine systems on SE (2). This reduces (by Proposition 2)
to the algebraic classification of the corresponding affine parametrization maps.
We outline the approach to be used in classifying these systems. First, we
distinguish between the number of controls involved and the homogeneity of
the systems; this yields four types of systems.
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REMARK Let A = a1FE1 + asEs + asE3. The condition as = 0 is invariant.
More precisely, for any automorphism 1), the coefficient of FEs5 in A is zero if
and only if the coefficient of E3 in - A is zero.

The trace of any full-rank system must admit a vector with a nonzero E3 term.
This property, together with the invariance of the coefficient of Fj3, allows us
to further distinguish between various families of equivalence classes. For each
of these families, we simplify an arbitrary system by successively applying au-
tomorphisms. Finally, we verify that all the candidates for class representatives
are distinct and not equivalent. Families of these representatives are typically
parametrized by some constants a > 0, 8 # 0 and a vector v = (y1,...,7Vk)-
When convenient, a system specified by

3 3 3 3
Z a;F; +uq Z biE; + us Z ciE; +us Z d; B;
=1 =1 =1 =1

will be represented as

ar | by o di
az | ba ca d
az | b3 c3 ds

As any automorphism 1) : se(2) — se(2) is identified with its matrix (with
respect to the standard basis), the evaluation ¢ - Z(1,u) becomes a matrix
multiplication.

We start with single-input systems. (Only the inhomogeneous case need be
considered as the homogeneous systems do not have full rank.)

PROPOSITION 3 FEvery single-input (inhomogeneous) system is equivalent to ex-
actly one of the following systems

Zf&l) : aF3+uFs
Eg}&l,z . E2 + ’YIEB —|— ’U,(O[Eg).

Here o > 0 and v € R, with different values of these parameters yielding
distinct (non-equivalent) class representatives.

Let ¥ be an arbitrary system represented as

ay | by
az | ba
az | b3

First, we consider the case of b3 = 0. Then, as ¥ has full rank, az # 0.
Let v be the automorphism specified by ¢ = 1,2 =1,y =0, v = —Z—; and
w = 72—? Then

1 O *%; aiq bl 0 b1
0 1 —%2 a9 b2 = 0 b2
0 O 1 as 0 as 0
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Now, by applying the automorphism specified by

¢ =sgn(as),x =bg,y = —by and v =w = 0, we get
ba —by 0 0 |b 0 0
sgn(az)by  sgn(as)by 0 0 | by | = | 0|sgn(ag)(b? + b3)
0 0 sgn(as) as | 0 e 0

where « = sgn(az)as > 0. Lastly, we apply the automorphism specified by

¢=1,z= S??iié) and y =v=w =0 to obtain
1 2

Sf%’i‘?,%) 0 0[To 0 010
0 s of | 0| sgn(ag)(bi+b3) | =| 0|1
1 2

Thus, ¥ is equivalent to Zgi’;).
Next, we assume by # 0. Let 1 be the automorphism specified by ¢ =

l,le,y:(),v:fg—; and w:—g—i. Then
b1 azby

1 0 s ai | by a1 — 0 c1 |0

0 1 —Z—i as | by = | ay — % 0 = co | 0

0 0 1 as | bz as b3 as | bs

for some corresponding constants ¢; and co. (Note that if ¢; = co = 0, then
Y is not inhomogeneous). Now, by applying the automorphism specified by

¢ =sgn(bs), x =co, y=—c; and v=w =0, we get
C2 —C1 0 cp | 0 0 0
sgn(bs)er  sgn(bs)ca 0 2| 0 | = | sgn(bs)(F+c3) |0
0 0 sgn(bs) as | bs sgn(bs)as o

where a = sgn(bs)bs > 0. Lastly, we apply the automorphism specified by

¢=1,z= Sff_f;%) and y =v =w =0 to obtain
1 2

sgn(bs) 0 0

Eae 0 0 010
0 ch%’f%) 0| | sen(bs) (c3+c3) |0 | =| 1]0
0 0 1 sgn(bz)as «@ e

where v = sgn(bs)as. Thus, ¥ is equivalent to Eéi’ll,z. (Here v =)

Finally, we verify that all these systems are not equivalent. Assume two

systems Z(ﬁ&l) and 2(1%&1,) are equivalent. Then there exists an automorphism
such that
x Yy v 00 va |y 010
—Sy ST w 011 | =] wa|sx | = 011
0 0 ¢ al0 sa | 0 o |0
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which implies that o = /. Similarly, two systems Egt;l,z and Eg(’)},),y, are equiv-
alent only if o = o and v = +’. Lastly, any automorphism leaves (FE7, Es)

invariant. Thus, as uFEy € (E1, E2) and u(aFEs) ¢ (E1, E), it follows that
Eg}&l) and 28&1/1,/ cannot be equivalent.
We now proceed to two-input systems. First, we consider the homogeneous

case and then the inhomogeneous case.

PROPOSITION 4 FEvery two-input homogeneous system is equivalent to exractly
one of the following systems

Z%O-z : 1FE2 + 72 E3 + ui(aFE3) + us By
Eéﬁfﬁ : By + 72 E3 + ui(Ey + v3E3) + ua(aks).

Here o > 0 and v1,7v2,73 € R, with different values of these parameters yielding
distinct (non-equivalent) class representatives.

Let ¥ be an arbitrary system represented as

a1 | b1
az | by ¢
az | b3 c3

For the case of c¢3 = 0, an argument similar to that of Proposition 3 shows
that X is equivalent to Ef}ﬁz for some v = (y1,72) € R? and a > 0. Now
assume that ¢z # 0. Let ¢ be the automorphism specified by ¢ =1, =1, y =

0,v=—% and w=—%. Then
c3 c3

ascy bscy I /
ar | b1 ap — S22 | by — s 0 ab | by 0

. / /
Yolag by o | = | ap— 2 by 22 0 | = ay|by 0
az | bs c3 as bs s az | bs c3

for some corresponding constants a}, ab, ] and b,. By applying an automor-

. . sgn(cs)b, sgn(c3 )b}
phism ¢’ specified by ¢ = sgn(cs), z = %, Y= —% and v =w = 0,
1 2 1 2
we get
Y ay by —asb)
ap bl 0 b2 b2 0 0
/. / / 0 _ 1 2
(% Ao | Oy = "1 1 0
az | by e V2 73«

for some v = (71,72,73). Here o = sgn(cz)es > 0 and afby — abd] = 0 as the

system is homogeneous. Thus, ¥ is equivalent to 2(2?&[2.

We verify that all these systems are not equivalent. Assume two systems

Ef&o,z and Zf(;o,),y, are equivalent. Then there exists an automorphism such

that
T Yy v 0|0 O Yy +oy2 | vay 010 O
-y ST w |0 1 |=|sxntwyp|lwae sz |=] |0 1
0 0 < Y2 la 0 SYo ca 0 Yo 0
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which implies that @« = o’ and 4 = +’. Similarly, Eé?;f), and Eg&o,),y, are

equivalent only if « = o' and v =~'. Lastly, usFs € (Eq, F3) and us(aFE3) ¢

(2,0)

(E1, E2), and so Efﬁi cannot be equivalent to X5/,

PROPOSITION 5 FEvery two-input inhomogeneous system is equivalent to exactly
one of the following systems

Eg?;llﬁ)'y : aFs +ui(Fy +1E2) + us(BE-)
Eé?&lg)'y : BB+ Y1 Es + v Es 4+ uq (OlEg) + ug B
SC BEL + B + 25 + ui (By + 3 B3) + ua(as).

Here a >0, #0 and vy1,72,73 € R, with different values of these parameters
yielding distinct (non-equivalent) class representatives.

Consider an arbitrary system Y represented as

a1 | b1 o
az | by ¢
ag | bg c3

First, we assume that b3 = c3 = 0 (in this case as # 0). Let ¢ be the

automorphism specified by ¢ =1, 2 =1,y=0,v = —Z—; and w = —Z—z. Then
aq bl C1 0 b1 C1
P - as | by co = 0 |b2 c
as 0 0 as 0 0
Now, by applying an automorphism ¢’ specified by ¢ = sgn(as), z = el Y =
—blcjflbm and v =w =0, we get
0 bl C1 0 1 0
Pl 0 | by e Olm B
a3 | 0 O al 0 0

for some v = ;. Here a = sgn(asz)ag >0 and 8 = sgn(as) (¢ +c3) # 0. Thus,

blcg—bzcl
Y is equivalent to 232(’11[37. When b3 # 0 and c3 = 0, a very similar argument

shows that X is equivalent to Zg?&lgv for some v = (y1,72) € R?, a > 0 and

B #0.
Next, we assume that c3 # 0. Let 1 be the automorphism specified by

— — — — & _ C:
g—l,x—l,y—O,v——é and w——i. Then
as3Cci b301 / /
ai [ a ap — 91— =22 0 al |y 0
Yol ag | by e | = | ag— B2 -2 o | =|a) b, O

C3 Cc3
az | bs c3 as bs s az | bs c3
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for some corresponding constants af, a, b} and b,. Now, by applying the
sgn(cs)bh ___ sgn(e3)b)

automorphism v’ specified by ¢ = sgn(c3), x = vrE Y = —ppe and
1 2 1 2
v=w =0, we get
a, | b, 0 Blo o
rd]’ . al2 b/2 0 = 71 1 0
as | bz c3 T2 |3 @

for some v = (y1,72,73). Here a = sgn(cz)es > 0 and 8 # 0. Thus, ¥ is
; (2,1)

equivalent to 230
Finally, we verify that all these systems are not equivalent. Assume two sys-

tems Ef&lﬁ)'r and é)gj)j,)ﬁ/,y, are e(czllii)valent. Then there exists an automorphism
¢ such that ¢ -Z7 5 (1,7) = E1 /5, (1,0), Le,

av | z4+mny By 0|1 0

oaw | snx—sy fr | =] 0|y

s 0 0 o |0 0

C / / I Qs (2,1) (2,1)

This implies that a = o/, = 8’ and v = +'. Similarly, ; apy and Xy la
are equivalent to Eg?&l/)ﬁ,,y, and Zg&l,)ﬁ,v, , respectively, only if a =a', f =/
and v = /. Lastly, usFa, us(8E2) € (E1, Es) and us(aFE3) ¢ (E1, E2), and
So neither Ef;vllgw nor Eg&lﬁ)w can be equivalent to 23?&1, Byt Likewise, Ef&lﬁ)w
cannot be equivalent to »(ZD)

2,0&’5/‘)’/'

REMARK Note that E;Q’alg,y and Eg(’llg,y differ only from Ef&% and ngﬂz,
respectively, by the BE, term. Specifically, we have

—(2,1 —(2,0
=00, (L) = BB+ 201, W)
—(2,1 —(2,0
:g,aﬁ)w(l,u) =BE; + :g,a,z,(l,u).

We are left to deal with three-input homogeneous systems (as there are
clearly no inhomogeneous systems of this type).

PROPOSITION 6 Ewvery three-input (homogeneous) system is equivalent to ex-
actly one of the following systems

ngog)w t B+ 72 Er +3Es

+ Ul(OzEg) =+ U (E1 + ’Y4E2) + U3(5E2)
ES&O;;»Y s By +yaBy + 3B
+ui(E1 +71Es + 5 E3) + uz(aE3) + us(BE-)
Eé‘f’fg)v B+ 72l +3E3
+u1(Er + 74 Es + 75 E3) + ua(BE2 + 6 E3) + us(aEs).

Here a >0, B8 #0 and ~v1,7%2,73, V4,75, V6 € R, with different values of these
parameters yielding distinct (non-equivalent) class representatives.
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We again consider an arbitrary system > represented as

a1 | by o di
az | by ca d
a3 | b3 c3 ds

First, we assume c3 = d3 = 0 (in this case b3 # 0). Let ¢ be the automor-
phism specified by ¢ =1, 2 =1,y =0, v = 72—; and w = fg—i. Then

a1 | b1 e dy al — % cr dy G,ll 0 ¢ di
w~ a9 b2 Co dz = ag — b%% 0 C2 d2 = 0/2 0 Co d2
a3 [b3 0 O as bs 0 0 az b3 0 O
for some corresponding constants af and a),. Now, by applying an auto-
morphism ¢’ specified by ¢ = sgn(bs), v = Cldrjﬁ, y = fﬁ and
v=w =0, we get
a'l 0 C1 d1 Y1 0 1 0
Y-l ay [0 e do | =| 2|0 v B
az |bs 0 O vala 0 0
sgn(bs) (di +d3
for some v = (v1,72,73,74). Here a =sgn(bs)bs >0 and S = % #
0. Thus, ¥ is equivalent to Ef&og,y. For ¢3 # 0 and d3 = 0, a very similar
argument shows that ¥ is equivalent to Zs&ogv for some v = (y1,...,75) €

R5, o >0 and 8 # 0.
Now we assume dz # 0. Let 1 be the automorphism specified by ¢ =

1,x=1,y=0,v:—g—; and w:—g—g. Then
r d bad d
ar | b1 ca dy ay — azgl by — 331 c1 — Cfig,ll 0
_ d b
Yo az|by cp dy | = | ap— B2 b2 -2 0
az | bz c3 ds L as b3 Cc3 ds

/ / /
a; | b ¢ O
_ / / /
=|a5|by ¢4 O
az | by c3 d3

for some corresponding constants a, b, ¢;, i = 1/,2. By applying/an auto-

morphism )’ specified by ¢ = sgn(ds), * = b,lc/;%béc,l, Yy = —b,lc,;flbéc,l and
v=w =0, we get
ay | by ¢ 0 v 1 0 0
Yl ay |ty b 0 | =] 7| B O
asz | b3 c3 ds Y3 | Ve «

for some v = (v1,...,7). Here o = sgn(dz)ds > 0 and 8 # 0. Thus, ¥ is

equivalent to X 53&0[; -
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Finally, we verify that all these systems are not equivalent. Assume two sys-

tems Ef&og,y and ES&O,?B/,Y, are equivalent. Then there exists an automorphism
’:‘(370) — ’:‘(370) :
such that ¢ - =775 (1,-) = Ey /5. (1,0), Le,
e tyretvn | av Tty By 7|0 10
sy tsrytwys |aw cxy—sy fr | =] |0 v B
3 Sa 0 0 Y3l 0 0
This implies that a = o/, 8 = 8’ and v = +'. Similarl 230 and 20
p e Y=7- Y5 22 a8~ 3,a8~
are equivalent to ES&O,) ., and ZS&O,) .., Tespectively, only if a =a/, 8 =7
and v = v/. Lastly, us(8E2) € (E1, E2) and uz(aFE3) ¢ (Ei, Es), and so
neither Ef{’fﬂ)v nor ES&OB)'Y can be equivalent to ng’;?,)ﬂw,. Likewise, Zf&oﬁ)w
cannot be equivalent to 2(23&0/)[3, o

We collect the results in a theorem. In addition, invariant classifying condi-
tions are now included.

THEOREM Let

3 3 3 3
> ZazEz =+ uq Zb,EZ =+ U9 chEl + us ZdzEz
i=1 i=1 i=1 i=1

be a full-rank left-invariant control affine system on SE (2). (For a single-input
system, ug = ug = 0, whereas for a two-input system, us = 0.)
(i) Every single-input system X is equivalent to exactly one of the following

systems
= aBs 4 uBs by =0
S5 0 By + B3 + u(aEs) bs £ 0.

(i) Every two-input homogeneous system X is equivalent to exactly one of the
following systems

Zfao'z : ’ylEg + ’}/QEg + ul(aEg) + us Ey c3=0

2&?&0,3 : ’71E2 + '72E3 + u1(E2 -+ "}/3E3) -+ UQ(OéEg) C3 7é 0.

(iti) Every two-input inhomogeneous system Y. is equivalent to exactly one of
the following systems

Efjﬂ)‘y . OéEg + Ul(El + ")/1E2) + Ug(ﬂEg) bg = 0, C3 = 0
Zg&lﬁ)'y : ﬁEl + ’ylEg + ’ygEg + ul(aEg) + us Ey b3 7’5 0,c3=0

Zg;lg)ﬂ, : BEL+7E> +72E3
+ui (B2 + v3E3) + uz(aFs) cg # 0.
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(iv) Every three-input system X is equivalent to exactly one of the following
systems

Eféxo,e)y : MEL 4+ 72 Ey + 33 + ui (aEs)

+ua(Er +74E2) + uz(BE2) c3=0,d3=0
E;?&Oﬁ)q DB+ 2B + 3B 4 ui (Br + ya B

+ V5 E3) + us(aFEs) + us(BE->) c3 #0,d3 =0
Eg,&oﬁ)ﬂ/ : By + 2By + v3E3 + ui (B + 4B + 5 E3)

+u2(BEs + 6 E3) +usz(aks)  dz #0.

Here, a« > 0, 8 # 0 and v; € R, with different values of these parameters
yielding distinct (non-equivalent) class representatives.

4. Final remarks

The results obtained in this paper suggest that the number of parameters, in-
volved in the classification of left-invariant control affine systems, is quite large.
Accordingly, such a classification for systems on higher-dimensional Lie groups
may become cumbersome. However, it seems that a classification for systems
on lower-dimensional Lie groups (at least in three dimensions) is feasible.

Alternative equivalence relations may be considered, e.g., global state space
equivalence and detached feedback equivalence (see Biggs and Remsing, no
date). Remarkably, for SE(2), the classifications under local and global state
space equivalence are identical. In general, this is far from being the case. Then
again, detached feedback equivalence (a weaker equivalence relation) yields far
fewer equivalence classes.

We append a tabulation of the classification in matrix form.
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’ Type ‘ Equivalence representatives (« > 0, 8 #£0, v; € R) ‘
00 0|0
(1,1) 01 11]0
a|0 | | M|«
00 0] f0l0 0
(2,0) |0 1 1|1 0
72 |a 0] | 72 |73 @
0l1 o 810 0 Bl0 0
(2,1) 0|7 B |0 1 |1 0
al 0 0 Yo |a 0O Yo | V3 «
ml0o 1 0
Y2 |0 v B
a 0 O
(3,0) )
w1 0 0 ml1 0 0
Y2 |7 0 B Y2l B 0
Y3 | a 0| V5| Ve«
| [A|B; -+ By ] ¢ A+wBi+-+ub |

Classification of systems on SE(2) (matrix form)



