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1. Introduction

Given a nonempty set X, a function p : X — [0,1] is said to be a simple
probability distribution (or a lottery) on X provided the set supp (p) := {z €
X | p(z) > 0} is finite and }° ., () P(x) = 1. Elements of X are called
outcomes. A family of all lotteries on X we will denote by A(X). Assume
that > is a preference relation on A(X). The relation > represents the relative
merits of any two lotteries for a decision maker. According to the classical
result of von Neumann and Morgenstern, every preference relation = on A(X)
satisfying some additional assumptions (completeness, transitivity, continuity,
independence) can be represented by a utility function, that is, there exists a
function U : A(X) — R such that, for every p,q € A(X), we have

p=q<=U(p) > U(q).

Moreover, every such function posseses the Bernoulli utility function, that is, a
function u : X — R such that

Up)= >, p@u) for pe AX).
zEsupp (p)

It is known that two utility functions U; and Us having the Bernoulli utility
functions w1 and wuso, respectively, represent the same preference relation over
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lotteries if and only if there exist K € (0,00) and L € R such that us(z) =
Kuy(x) + L for x € X. In the sequel we will deal with the case of X =R.

One of the fundamental problems in decision analysis under uncertainty is
to determine the form of a utility function representing a decision maker’s pref-
erence relation over the lotteries. There are several approaches to this problem.
One of them is based on the notion of invariance. Given a non-degenerate in-
terval I, a utility function U : A(R) — R having the Bernoulli utility function
u: R — R is said to be invariant with respect to a family of transformations

F={w:R—>Rjtel} (1)

provided, for every ¢ € I, a utility function U; : A(R) — R given by

Uip) = > pla)u(n(x)) for pe AR)

xz€supp (p)

represents the same preference relation over A(R) as U. Since, for every t € I,
107y is the Bernoulli utility function of Uy, a utility function U is invariant with
respect to the family of transformations I' of the form (1) if and only if there
exist functions K : I — (0,00) and L : I — R such that

u(ye(x)) = K(t)u(x) + L(t) for x € R, t € 1. (2)

It is known (see Pfanzagl, 1959) that a utility function having a continuous
Bernoulli utility function w is invariant with respect to the shift transformation
by an arbitrary real number if and only if u is either a linear or an exponential
function. Recently Abbas (2007), Abbas, Aczél and Chudziak (2009), Abbas
(2010) and Chudziak (2010) have determined the forms of the utility functions
invariant with respect to more general classes of transformations. In particular,
in Abbas (2010), the utility functions invariant with respect to a family of
transformations I' = {y; : R — Rt € T}, where

ye(z) = v (k(t)v(x) +1(t)) for z€R, tel (3)

with some continuous and strictly monotone function v : R — R and functions
k:I— (0,00)and ! :I — R such that

E(t)v(z) +1(t) € v(R) for z €R, t €1, (4)

have been considered. This family contains, as particular cases, several classes
playing an important role in the utility theory. For more details we refer to
Abbas (2010).

2. The main result

The aim of this paper is to give a complete description of the forms of utility
functions invariant with respect to the family of transformations of the form (3).
In order to avoid a trivial case, we will assume that the family is non-degenerate,
that is - it does not consist just of the identity transformation. The following
theorem is the main result of the paper.
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THEOREM 1. Assume that I is a non-degenerate interval and T' is a non-
degenerate family of transformations of the form (3) with some continuous and
strictly monotone function v : R — R and functions k : I — (0,00) and
l: 1 — R satisfying (4). A utility function U : A(R) — R having a contin-
wous Bernoulli utility function u : R — R is invariant with respect to the family
I if and only if one of the following cases holds:

(i) T is arbitrary and

u(z) =av(z)+b for x€R (5)
with some a,b € R;
(1) T' consists of a single transformation of the form

() =v  (v(z) +1) for x€R (6)

with some | € R\ {0} and either

u(z) = bu(z) + P (@) for xeR (7)
u(z) = a’ @ P (#)) +b for x€R, (8)

where P : R — R is a continuous 1-periodic function, a € (0,00) \ {1} and
beR;

(1i1) T consists of a single transformation of the form

() = v (kv(z) +1) for x€R

—~
=)
=

with some k € (0,00) \ {1}, I € R and either

(1£—k B v(x))spl (logk (ﬁ _ v(g;))) +c¢  whenever v(x) <

=

u(x) =4 ¢ whenever v(z) = 11,
(v(:z:) - ﬁ) P (log,C (v(x) - ﬁ)) +c  whenever v(z) > i,

(10)

where P1, Py : R — R are continuous 1-periodic functions, s € R\ {0} whenever
L ¢ v(R) and s € (0,00), otherwise; or - € v(R) and

o(z) — ‘ +P <logk

l
u(z) = alog v(z) — ED for x € R, (11)

1-k

where P : R — R is a continuous 1-periodic function and a € R;
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(iv)
Yi(x) = v Hw(x) +1(t)) for s€R, teT (12)
with some nonconstant continuous function | : R — R and
u(z) = ba*® + ¢ for x € R, (13)
where a € (0,00) \ {1}, b € R\ {0} and c € R;
(v)
Yi(x) = v k() (v(z) —d) +d) for x€R, t€T (14)

with some d € R and nonconstant continuous function k : R — (0,00) and
either
a(d —v(z))* +c¢ whenever v(z) <d,
u(x) =4 ¢ whenever v(x) = d, (15)
b(v(xz) —d)* +c whenever v(z) >d,

where a,b,c € R, a # 0 whenever v(R) C (—o0,d), b # 0 whenever v(R) C
(d,00) and |a|+]b| > 0, otherwise, s € R\{0} whenever d € v(R) and s € (0,00),
otherwise; or d € v(R) and

u(z) =aln|v(x) —d|+b for z €R, (16)
where a € R\ {0} and b € R.

3. Proof of Theorem 1

Assume that U : A(R) — R is a utility function having a continuous Bernoulli
utility function v : R — R. As we have already noted U is invariant with
respect to a family of transformations I' if and only if there exist functions
K :I— (0,00) and L : I — R such that (2) holds. Since the family T' consists
of the transformations of the form (3), condition (2) becomes

u(v™ (k(t)v(x) +1(t)) = K(t)u(x) + L(t) for x € R, t € 1. (17)

Straightforward calculations show that if one of the possibilities (i)-(v) holds,

then (17) is satisfied with some functions K : I — (0,00) and L : I — R, whence

U is invariant with respect to a family of transformations of the form (3).
Now, assume that (17) holds. Then, taking f := u o v ™!, we obtain

fk@®)z+1(t)) = K@) f(x) + L(t) for z € v(R), t € I. (18)

If f is constant then (5) holds with a = 0. So, assume that f is nonconstant.
In the sequel, we will use several times the following fact: if J is an interval
unbounded above and a continuous function p : J — R satisfies the condition

plx+1)=p(x) for zeJ (19)
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then there exists a unique continuous 1-periodic extension of p, that is a con-
tinuous function P : R — R such that P(z 4+ 1) = P(x) for x € R and

p(z) = P(x) for z € J. (20)

In fact, it is enough to define P : R — R as follows: P(z) = p(z + n(x)) for
z € R, where n(z) := min{n € NU {0}|z + n(z) € J}.

Consider the following two cases:
1. k and [ are constant;
2. k or [ is nonconstant.

Case 1. In this case the family I' consists of a single transformation of the
form (9). Furthermore, as I' is non-degenerate, we have k # 1 or [ # 0. Note
also that in this case (18) takes the form

flkx+1)=K(t)f(z)+ L(t) for z € v(R), t € I. (21)

Since f is non-constant, taking x1,zs € v(R) with f(z1) # f(x2), in view of

(21), we get

f(kxl + l) - f(kxz + l)
f(x1) = f(22)

Thus K is constant and, by (21), so is L. Therefore, (21) becomes

K(t) = for t e I.

flkx+1)=Kf(z)+ L for z € v(R). (22)

Consider the following four subcases:
11 k=K=1,

1.2. k=1and K #1,

1.3. k#1and K =1,

14. k#1and K # 1.

Subcase 1.1. First note that (6) is valid. Moreover, making use of (4), we
obtain that # + 1 € v(R) for # € v(R), whence z + 1 € 7v(R) for z € Jv(R).
Therefore, $v(R) is an interval unbounded above. Furthermore, in view of (22),
a function p : v(R) — R given by

1
p(x) = =L for 2 ¢ Y’U(R)

is continuous and satisfies p(z + 1) = p(x) for z € Tv(R). Thus, there exists a
continuous 1-periodic function P : R — R such that j(z) = P(z) for z € 1v(R).
Moreover

(wov N (x) = f(z) = %:v +1In P (%) for z € v(R).

Thus, (7) holds with b := £ and P :=In P.
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Subcase 1.2. Again we have (6). Furthermore, as previously, 1v(R) is an
unbounded above interval and, in view of (22), a function p : Jv(R) — R of the
form

plx)=K* (f(lx) — %) for =z € %U(R)

is continuous and satisfies (19) with J := fv(R). Therefore, there exists a
continuous 1-periodic function P : R — R such that (20) holds with J = v (R).
Hence

(wov ') (z) = f(x) = KTP (%) + % for z € v(R),

which means that (8) holds with a := KT and b := 1.

Subcase 1.3. Suppose that - € v(R). Let 7 : v(R) — R be given by
7(x) = kx + 1 for € v(R). Then, by (4), 7(z) € v(R) for z € v(R) and so, by
induction, 7" (z) € v(R) for z € v(R) and n € N. Furthermore, if k¥ < 1, then

n—1
nl;rrgoT (x) —nlirrgo <k I—l—l%k) =1-% for x € v(R). (23)

If £ > 1 then

! l
T—l(x) =z S <x, T k) whenever x € v(R)N (—oo, m)

and

-1 l l
T Hz) = xk € <m,x) whenever z € v(R) N (m,oo> .

Thus, 77"(z) € v(R) for z € v(R) and n € N. Moreover

lim 77" (z) = lim <k_":v - le_Z) = 1l—k for « € v(R). (24)
i=1

n—oo n—oo

Note also that, taking in (22) z = 14, we get L = 0 and so
f(r(z)) = f(z) for = € v(R). (25)

Therefore, as f is continuous, applying (23) if £ < 1, and (24) if & > 1, we
conclude that f(z) = f (

a contradiction.
In this way we have proved that ﬁ ¢ v(R). Furthermore, since v is con-

ﬁ) for © € v(R). Hence, f is constant, which yields

tinuous, we have either v(R) — 4= C (—00,0) or v(R) — &= C (0,00). Let
f (U(R) — ﬁ) — R be given by

5 l

flx) = /TR for z € v(R) — —— (26)

1-k
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Note that, according to (22), for every z € v(R) — we have

L
=k’

f(kw—f—ﬁ) =f<k<w+ﬁ>+l> :f<x+1i—k)+L.

Thus, f satisfies the following functional equation

- ~ l

f(kz) = eX f(z) for = € v(R) — 1% (27)
If v(R) — t4 C (—00,0) then the set A; := {log;(—z)|z € v(R) — tL:} is an
interval. Moreover, A; is unbounded above. In fact, in view of (4), for every

x € v(R) — we have

L
&
kx=k|xz+ l +1 ! € v(R) !
TER\TT T TR 1—r =" 1—k

which means that
1+ log,(—x) =log,(—kz) € Ay.

Note also that, according to (27), a function p : Ay — R given by p(z) =
f(=E*)e=L* for x € Ay, is continuous and satisfies p(z + 1) = p(x) for
x € Ay. Thus, there exists a continuous 1-periodic function P : R — R such
that p(z) = P(x) for z € A,. Furthermore, we have

f(x) = eFlosx (=2 P(log, (—z)) for x € v(R) — ﬁ,

which, in view of (26), gives

(wov )(z)=f(z) =In f (w - ﬁ)

= Llog, <ﬁ — a:> +In P (logk <1i—k - x)) for = € v(R).

If o(R) — L C (0, 00) then, taking As := {log, z|z € v(R) — 1L} and p: Ay —
R of the form p(z) = f(k*)e 5 for x € A, in a similar way we obtain that

there exists a continuous 1-periodic function P : R — R such that p(z) = P(:v)
for x € As. Hence

(wov=)(z) = f(z) = Llog, (:v _ 11—]{)+1n P (10gk (w _ ﬁ)) for x € o(R).

Therefore, (11) holds with a :== L and P :=1In P.
Subcase 1.4. Let f : (U(R) - ﬁ) — R be given by

flx)=f (:zr—l— ?lk) - & for = € v(R) — ﬁ (28)
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Then, making use of (22), we get

f(kzx) = K f(z) for x € v(R) — ﬁ (29)

So, arguing as in the case of (27), we conclude that
i) K'e: (=) Py (logy (—x)) for z € (v(R) — =) N
x pu—
K108k$P2(10gk x) for z € ’U(R) - li_k N

(_007 0)7
(0700)7

where P, P, : R — R are continuous 1l-periodic functions. Therefore, since
K'o#r® = glosi K for 1 € (0,00), in view of (28), we obtain

fx) =

, OO

(e =) " i (toge (25 — o)) + g fora € v(®) 1 (o0, 247)
®)N (4.0

L \losr K ! L
(x—ﬂ) Pg(logk(x—ﬂ))—l—ﬁfoerv

Furthermore, if 2 € v(R), then 0 € v(R) — L and so, in view of (29), we
get f(0) = K f(0). Since K # 1, this implies that f(0) = 0, whence, by (28), we
obtain f (ﬁ) = ﬁ Note also that from the continuity of f it follows that
log, K > 0 whenever = € v(R). Consequently, as f = uov™!, we get (10)
with s :=log;, K and c:= ﬁ

Case 2. Similarly as in the previous case, we distinguish four subcases:
2.1. k and K are identically 1,
2.2. k is identically 1 and K is not identically 1,
2.3. k is not identically 1 and K (t) = 1 for every t € I with k(¢t) # 1,
2.4. there is a tg € I such that k(tp) # 1 and K(to) # 1.

Subcase 2.1. In this case | is nonconstant and (18) becomes
fle+1() = f(x) + L(t) for x € v(R), t € I. (30)

Thus, taking a to € I such that I(tp) # 0, in view of (4), we obtain that
r+1e€ ﬁv(ﬂ%) for x € ﬁv(R). Hence, ﬁv(R) is an unbounded above
interval. Furthermore, by applying (30) with ¢ = ty, we get that a function

p: l(tlo)v(R) — R given by

1
p(z) = f(l(to)x) — L(to)z for = € @U(R), (31)
is continuous and satisfies (19) with J := ﬁv(ﬂ%). Thus, there exists a contin-

uous 1-periodic function P : R — R such that (20) holds with J := ﬁU(R).
Moreover

flz) = 1;((;;)))17 + P <%> for = € v(R). (32)
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Inserting into (30) f of the form (32), we get
c4IU(t)\ T _ L(to) S rew
P< >_P<l( )>+L(t) I(t) f cvR),tel. (33)

I(to) to I(to)
Let h:I(I) — R be given by
h(z)=P (wlo(t—g)2> + Il/((tt(? -P ( ) for z e l( (34)

(t0)
where zy € v(R) is fixed. Then, taking in (33) z = zg, we get L( ) = h(l(t)) for
t € I. Hence, in view of (33), for every z € - ~v(R) and y € ie )Z(I), we have

Pz +y) = P(z) + 9(y), (35)

where g(y) = h(l(to)y) — L(to)y for y € l(tl )l(I). In particular, (35) holds
for every (x,y) € W%)’U(R) X int l(t%)l(l) and this set is a nonempty, open

lt()

and connected subset of R? because v is continuous and strictly monotone and
[ is continuous and nonconstant. Therefore, as P is continuous, from Kuczma
(1985) (p. 311) and Sobek (2010) (Corollary 1) we derive that there are A,b € R
such that P(z) = Az + b for z € l(t sv(R). Hence, as P is 1-periodic, we get
A =0 and so, taking into account (32), we obtain

L(to)
I(to)

(wov ) (z) = f(z) = x+b for x € v(R).

Thus (5) holds with a := 20}

U(to)
Subcase 2.2. In this case (12) holds and (18) takes the form

fle+1)=K@)f(z)+ L(t) for x € v(R), t I (36)
Fix a to € I with K(to) # 1. Since f is nonconstant, taking in (36) t = to, we
get I(tg) # 0. Moreover, a straightforward calculation shows that (t 5V v(R) is
an interval unbounded above and a function p : m v(R) — R given by

p(.I) _ K(to)—;ﬂ (f(l(to)z) _ 1_L(7[i?()t0)) for x € l(;lo) (R)

is continuous and satisfies (19) with J := T to)v(R). Thus there exists a contin-

uous 1l-periodic function P : R — R such that (20) holds with J := W%)U(R).
Consequently
flz) = Ao P <i> +c¢ for x € v(R), (37)
I(to)
where A := K(tg) and ¢ := 1f1(§?20). Putting into (36) f of the form (37), we

obtain

A (IZJ(rt(lJ() ))+c = K(t)ATo P (ZL)JFCK@HL(U for = € v(R), t € 1.



356 J. CHUDZIAK

Since, by (4), z+1(t9) € v(R) for z € v(R), we have by iteration x+nl(ty) € v(R)
for z € v(R), n € N. Thus, setting in the last equality = 4+ ni(tg) in a place of
x, for every z € v(R), t € I and n € N, we get

z+nl(tg)+1(t) x+nl(tg)
AT P (W)—i—c = K(H)A T P (%Z)(to))wlf(tﬁut),
0 0

whence, as P is 1-periodic, we obtain

z+1(t) T + l(t)) x < X
A A1Go) P fe=K(t)A"ATo P | 2
< l(to) ( ) l(to)

Therefore, taking into account (37), for every € v(R), t € I and n € N, we get
A (f(z +1(1) — e = K@) (f(2) = ¢)) = e(K(t) = 1) + L(?).

Since A # 1, this means that

) +eK(t) + L(t).

fle+1t) —c=K{)(f(z) —c) for z € v(R), t € 1. (38)

Fix an o € v(R) with f(x0) # ¢ and define a function h : I(I) — R in the
following way h(z) = (CEL)Z)C for z € I(I). Then, taking in (38) z = zg, we
get K (t) = h(l(t)) for t € I. Hence, from (38) we derive that

flx+y) —c=(f(x) —c)h(y) for x € v(R), y € ().

The last equality holds, in particular, for every (z,y) € v(R) x int [(I) and this
set is a nonempty, open and connected subset of R?. Thus, as f is continuous,
from Kuczma (1985) (p. 311) and Sobek (2010) (Corollary 2) it follows that
either f(x +y) — ¢ =0 for (x,y) € v(R) x int [(I), or there exist a,b € R\ {0}
such that

flz+y) —c=0be* for z € v(R). (39)

Note, however, that since f is nonconstant and K(t) > 0 for ¢t € I, the first
possibility is excluded by (38). Therefore (39) holds and so, as f = uov~!, we
get (13) with a := e™.

Subcase 2.3. Fix a tg € I with k(ty) # 1. Suppose that k(tg) < 1. Since k
is continuous, there is a maximal open interval Iy C I containing ¢y such that
k(t) < 1 for t € Iy. Note that

K(t)=1 for t € . (40)
Let D : Iy — R be given by

_ @
b0 =1=%m

for t € . (41)
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For every t € Iy, let 7 : v(R) — R be of the form 7 (x) = k(t)x + I(t) for
x € v(R). According to (4), for every z € v(R) and ¢ € Iy, we have 7(x) € v(R),
so 77'(xz) € v(R) for n € N. Moreover, lim,_, 77*(z) = D(t) for z € v(R).
Therefore, for every ¢t € Iy, D(t) is an accumulation point of the interval v(R).
Furthermore, arguing as in the subcase 1.3, we obtain that D(t) € v(R) for
t € Ip. Since D is a continuous function defined on the interval Iy, this means
that D is constant, say D = d with some d € R. Hence d ¢ v(R) and, in view
of (41), we get

1(t) =d(1 —k(t)) for ¢ e I. (42)

Note also that & is nonconstant. Otherwise we would have Iy = I and so, in view
of (42), we would obtain that [ is also constant, which is excluded in this case.
Since Iy is maximal and k is nonconstant, the set k(Iy) has a nonempty interior.
Moreover, as d ¢ v(R), we have either v(R) C (—oo,d) or v(R) C (d,o0).
Since the proof in both cases is similar, assume, for instance, that the second
possibility holds. Then, from (18) and (42) we derive that

f(k(t)(x —d) +d) = f(x) + L(t) for z € v(R), te . (43)
Thus, taking f : (v(R) — d) — R of the form
f(x) = f(x+d) for z€v(R)—d, (44)

we obtain ~ ~
f(k(t)x) = f(x) + L(t) for x € v(R) —d, t € .

Hence

fk(t)z) = f(z) + H(k(t)) for z € v(R) —d, t € Iy,
where H : k(Iy) — R is given by H(z) = f(zx0) — f(x0) for z € k(Ip), with a
fixed zp € v(R) — d. Consequently, for every z € v(R) — d and y € k(Iy), we
have

fxy) = f(x) + H(y).
In particular, the last equality holds for every (z,y) € (v(R) — d) x int k(lo)
and this set is a nonempty, open and connected subset of (0, 00)2. Moreover, as
f is continuous and nonconstant, so is f. Thus from Kuczma (1985) (p. 311)
and Sobek (2010) (Corollary 1) we derive that there exist a € R\ {0} and b € R
such that
f(@)=alnz +b for z €v(R)—d.

Therefore, in view of (44), we get
f(z) =aln(x —d) +b for z € v(R), (45)

which implies (16). Furthermore, by inserting into (18) f of the form (45), we
obtain

aln(k(t)r +1(t) —d) +b=aK(t)In(x —d) + bK(t) + L(t) for z € v(R), t € I.
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Differentiating the last equality with respect to x, after the standard computa-
tions, we obtain

I(t)—d(1—k()) = %(1 —K(@))(x—d) for z €v(R), tel.
Hence
I(t) =d(1 —k(t)) for t e, (46)

which implies (14).
Next suppose that k(tg) > 1. Then

(@) = 2= 10) <3: ﬂ) whenever z € v(R) N <_oo ﬂ)

k(to) "1 —k(to) "1 — k(o)

and
T (x) = L ;(igo) € (1 i(l;)()to),x) whenever z € v(R) N (%, oo) .
Hence, arguing as in the subcase 1.3, we obtain that d := 11(,:‘()20) Z v(R) and a
function f : (v(R) — d) — R given by

f(z) = e/ for z € v(R) —d, (47)
satisfies equation

f(k(to)z) = L) f(z) for x € v(R) —d. (48)

Since d & v(R) we have either v(R)—d C (—00,0) or v(R)—d C (0,00). Assume,
for instance, that the second possibility holds. Then the set A := {logy,) 7|z €
v(R) — d} is an interval unbounded above and, in view of (48), a function
p: A — R of the form p(z) = f(k(to)*)e F(0)* for z € A, is continuous and
satisfies p(x + 1) = p(z) for x € A. Thus there exists a continuous 1-periodic

function P : R — R such that p(z) = P(z) for € A. Moreover
3 __ _L(to) log T 1
flx)y=e k(o) * P(logy s,y ) for x € v(R) —d.
Hence, in view of (47), we get
f(x) = L(to) logy () (T — d) + P(logk(to)(:v —d)) for z €v(R), (49)
where P :=In P. Putting into (18) f of the form (49), we obtain
L(to)1ogy o) (k(t)z + U(t) — d) + P(logy,) (k(t)z + (1) — d))

= K(t)[L(to) 101,y (x — d) + P(logy,) (x — d))] + L(t) for x € v(R),t € I.
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Note also that, according to (4), k(to)(x — d) + d = k(to)z + I(to) € v(R) for
x € v(R), so by iteration, we get k(to)"(z — d) +d € v(R) for x € v(R), n € N.
Therefore, setting in the last equality k(to)™(z — d) +d in a place of z, for every
z € v(R), t € I and n € N, we obtain

L(to) 10gy, s, (k(8)k(to)" (z — d) + 1(t) — d(1 = k(1))
+P(logy ) (E(t)k(to)" (z — d) + 1(t) — d(1 = k(2))))
= K(@)[L(to) logy sy (k(to)" (z = d)) + P(10g ) (k(t0)" (x — d)))] + L(?)

whence, as P is 1-periodic, we get

L(to)n + L(to) logy ) <k(t)(x —d)+ I(t) —d(1 - k(t))>

k(to)™

+ (tom (ke — @ + LA ALZRONY)

= K(t)[L(to)n + L(to) 10gy s, (x — d) + P(logy s, (x — d))] + L(1).

Thus, letting n — oo and using the continuity of P, for every z € v(R) and
t € I, we obtain

L(to)10g 1y (k(t)(z — d)) + P(logy, (k(t)(x — d)))
— K ()[L(to) 10gy (1) (z = d) + P(logyy,) (¢ = d))] = L(t) = lim_L(to)(K(t) = 1)n.

Hence either K is identically 1 and

L(to)1ogy o) (k(8)(z — d)) + P(logy () (k(t)(x — d)))
= L(to) logy, ) (x — d) + P(logy,)(z — d)) + L(t) for z € v(R), t €]
or K is not identically 1, L(tg) = 0 and

P(logy,) (k(t)(z—d))) = K(t)P(log, (x—d))+L(t) for x € v(R),t € 1. (50)
In the first case, making use of (49), we get
f(k(t)(x —d) +d) = f(x) + L(t) for x € v(R), t € I.

Therefore, arguing as in the case of (43), we obtain (45) and (46). Thus (14)
and (16) hold.

Next, assume that K is not identically 1, L(to) = 0 and (50) holds. Then,
in view of (49), we get

fz) = P(logk(to)(:v —d)) for z € v(R), (51)
so according to (50), we have

Fk(t) (@ —d) +d) = K(t)f(z) + L(t) for = € v(R), t € 1. (52)
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Hence

f(k(t)z) = K(t)f(z) + L(t) for z € v(R) —d, t €I, (53)

where f : (v(R)—d) — R is given by (44). Since f is nonconstant, so if f. Thus,
taking x1,z2 € v(R) — d with f(x1) # f(x2), from (53) we deduce that

K(t) = G(k(t)) for tel, (54)

where G : k(I) — R is of the form

G(z) = M for z € k(I). (55)

f(@1) = f(x2)
Consequently, making use of (53) and (54), we obtain that L(t) = H(k(t)) for
t € I, where H : k(I) — R is given by

H(z) = f(zz1) — G(2)f(x1) for z € k(I). (56)
Hence, in view of (53) and (54), for every z € v(R) — d and y € k(I), we get

flay) = f(2)G(y) + H(y). (57)

Thus, (57) holds for every (z,y) € (v(R) — d) x int k(I) and this set is a
nonempty, open and connected subset of (0,00)?. Furthermore, as K is not
identically 1, taking into account (40), we obtain that K is nonconstant. Hence,
in view of (54), G is nonconstant as well. Therefore, since f is continuous and
nonconstant, from Kuczma (1985) (p. 311) and Sobek (2010) (Corollary 3) we

derive that there exist a,s € R\ {0} and ¢ € R such that
f(x) = az® 4 ¢ for z € v(R) — d.
Thus, making use of (44), we get
f(x) =a(z —d)° + ¢ for z € v(R). (58)
So, in view of (51), we obtain
ak(to)*(x — d)* + ¢ = f(k(to)(x — d) + d) = P(logy,) (k(to)(z — d)))

= P(logy,)(z — d)) = f(z) = a(x — d)* + ¢ for x € v(R).

Hence k(tgp) = 1, which yields a contradiction.

Subcase 2.4. Suppose that k(t9) < 1. Then, arguing as in the previous
subcase, we obtain that k is nonconstant and (42) holds with some d € R\ v(R),
where Iy C I is a maximal open interval containing ¢¢ such that k(t) < 1 for
t € Iy. Therefore, assuming that v(R) C (d,c0) and making use of (18) and
(42), we get

flay) = f(2)G(y) + H(y) for @ € v(R) —d, y € k(Ly),
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where f, G and H are given by (44), (55) and (56), respectively (with Iy instead
of I). So, similarly as in the case of (57), we get (58) with some a,s € R\ {0}
and ¢ € R. If s =1 then from (58) follows (5) with b := ¢ — ad. If s # 1, then
by inserting into (18) f of the form (58), we get

alk(t)z +1(t) —d)° +c= K(t)[a(x —d)* + ] + L(t) for x € v(R), t € I.

Hence, differentiating the last equality with respect to x, after straightforward
computation, we obtain

I(t) —d(1 - k() = <<%) T k(t)) (x —d) for x € v(R),t € I.

Thus, (46) holds, which implies (14). Furthermore, from (58) we derive (15)
(with b := a).

Now, suppose that k(tg) > 1. Setting in (18) ¢ = tg and arguing as in the
subcase 1.4, we obtain

(d —x)°Pr(loggy,)(d —2)) + ¢ for 2 €v(R)N(-00,d),
flz)=1 ¢ for x € v(g) N{d}, (59)

(z — d)° Py(loggyy)(x —d)) + ¢ for z € v(R)N(d,00),
— o) — _L{o) . : neriod;
where d : =Gy’ € T ToR@g) P, P, : R — R are continuous 1-periodic

functions, s € R\ {0} whenever d ¢ v(R) and s € (0, 00), otherwise.

Suppose that v(R) N (d,00) # 0. Let x € v(R) N (d,00) and ¢ € I. Then,
similarly as in the previous subcase, we get that k(to)"(x—d)+d € v(R)N(d, 00)
for n € N. Furthermore, as k(tg) > 1, for sufficiently large n € N, we have

k(t)(k(to)" (x — d) + d) + 1(t) € v(R) N (d, o0).
Thus, taking into account (18) and (59), for sufficiently large n € N, we obtain
[k (#)k(t0)" (x=d)+1(t) =d(1=k(t))]* P2 (1ogy o) (k(£)k(t0)" (x—d)+1(t) —d(1-K(t))))

= K(t)(k(to)" (z — d))* Pa(logy 1) (k(t0)" (z — d))) + c(K () — 1) + L(?).

Hence, as P» is 1-periodic, we get

I(t) — d(1 — k(2))

[k () (t0)" (v—d)+1(t)—d(1—k(t))]* P, (1ogk<to> (’f@(x BT

= K(#)(k(to)"(z — d))* Pa(log 1) (x — d)) + c(K(t) = 1) + L(t).

Dividing both sides of the last equality by k(to)™*, letting n — oo and using the
continuity of P,, we obtain

(k(t) (x — d))* Pa(logypy) (k(1) (@ — d))) = K (8)(x — d)* Pa(logggyy) (@ — d)).
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Hence, in view of (59), we get f(k(t)(x —d)) +d) —c = K(t)(f(z) — ¢). In this
way we have proved that

fk@)(xz—=d)+d)—c=K(t)(f(z) —c¢) for z € v(R)N(d,0),t € I. (60)

Thus

f(k(t)z) = K(t)f(z) for z € (v(R) —d)N(0,00),t €1, (61)
where f : (v(R) —d) N (0,00) — R is given by
f(x) = f(z+d)—c for z € (v(R)—d)N(0,00). (62)

If f(xzo) # 0 for some xy € (v(R) — d) N (0,00) then, taking a function G :
k(I) — R of the form G(z) = % for z € k(I), from (61) we deduce that
K(t) = G(k(t)) for t € I. Thus, G(y) > 0 for y € k(I) and, in view of (61), for
every « € (v(R) —d) and y € k(I), we get

flay) = f(2)G(y).

The last equality holds, in particular, for every (z,y) € (v(R) — d) x int k(1)
and, as k is nonconstant and continuous, this set is a nonempty, open and
connected subset of (0,00)2. Moreover f(zoy) = f(z0)G(y) # 0 for y € k(I)
and f is continuous. Thus, taking into account Kuczma (1985) (p. 311) and
Sobek (2010) (Corollary 2), we conclude that there exist § € R and s € R\ {0}
such that

f(z) = Ba® for z € ((R)—d)N (0,c0).

Hence, in view of (62), we have
f(z) =B(x —d)° + ¢ for x € v(R)N(d,0). (63)

Note also that if f(z) = 0 for z € (v(R)—d)N (0, 0) then (63) holds with 8 = 0.
In a similar way we obtain that if v(R) N (—o0,d) # () then

f(z) =a(d—x)"* +¢ for x € v(R)N(—o0,d), (64)

with some s; € R\ {0} and o € R.

Assume that d € v(R). If v(R) C (—o0,d) then a # 0, so arguing as in the
case k(tp) < 1, in view of (64), we obtain (5) (with a := —a and b := ¢ + ad)
if s1 = 1; and (14)-(15) (with @ := « and s := s1) if s # 1. Similarly, if
v(R) C (d,00), then, taking into account (63), we get 8 # 0 and so we obtain
(5) (with @ := B and b := ¢ — fd) if s = 1; and (14)-(15) (with b:= B) if s # 1.

Assume that d € v(R). Since f is nonconstant and continuous this implies
that |a| 4+ |B] > 0; s1 > 0 whenever « # 0, s > 0 whenever 8 # 0 and

fd) = c. (65)
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If s=s; =1and 8 = —a« then (5) holds with a := 8 and b := ¢ — 3d. Assume
that {s,s1} # {1} or B # —a. Then, in view of (63) and (64), we have

f'(z) #0 for z € v(R) \ {d}.

Moreover, f’(d) either does not exist or it is equal to 0. On the other hand,
from (18) it follows that, for every z € v(R) and ¢ € I, f is differentiable at
x if and only if f is differentiable at k(t)z + I(¢); and f'(x) = 0 if and only if
f'(k(@)x +1(t)) = 0. Therefore k(t)d + I(t) = d for t € I. Hence (46) holds,
which implies (14).

Now, if @« = 0 or 8 =0, then we have (15) (with b := (3 in the first case and
a = a, s := s1 in the second case). If & # 0 and § # 0, then, making use of
(18), (46), (63) and (64), we obtain

Bk)® — K@) (x —d)* = L(t) — c(1 — K(t)) for x € v(R)N(d,00),t €1
and
alk(®)® = K@) (x —d)®* = L(t) — c¢(1 — K(t)) for x € v(R) N (—o00,d),t € I.

Hence, K (t) = k(t)® = k(t)** for t € I. Since k is nonconstant, this implies that
s = s1. Therefore, (63)-(65) imply (15) with a := a and b := .
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