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Abstract: This paper concerns an energy efficient global path
planning algorithm for a four-wheeled mobile robot (4WMR). First,
the appropriate graph search methods for robot path planning are
described. The A* heuristic algorithm is chosen to find an optimal
path on a 2D tile-decomposed map. Various criteria of optimization
in path planning, like mobility, distance, or energy are reviewed. The
adequate terrain representation is introduced. Each cell in the map
includes information about ground height and type. Tire-ground in-
terface for every terrain type is characterized by coefficients of fric-
tion and rolling resistance. The goal of the elaborated algorithm is
to find an energy minimizing route for the given environment, based
on the robot dynamics, its motor characteristics, and power supply
constraints. The cost is introduced as a function of electrical energy
consumption of each motor and other robot devices. A simulation
study was performed in order to investigate the power consumption
level for diverse terrain. Two 1600 m2 test maps, representing field
and urban environments, were decomposed into 20x20 equal-sized
square-shaped elements. Several simulation experiments have been
carried out to highlight the differences between energy consumption
of the classic shortest path approach, where cost function is repre-
sented as the path length, and the energy efficient planning method,
where cost is related to electrical energy consumed during robot mo-
tion.
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1. Introduction

Autonomous mobile robots need to operate in the world, where the real physical
laws and limitations are present. In addition, their workspace is often populated
by obstacles, which make path planning a very complex task. One of the known
solutions to this problem is to use the approach based on an intelligent agent.
The intelligent agent is described in Russell and Norvig (1995) as an artificial
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intelligence system, whose purpose is to operate on any available data and to
arrive at desirable actions for a stated problem.

One may distinguish between the local and global path planning (Bigaj,
2012). The global path planning is a process of “thinking” over a larger scale,
based on the global data provided infrequently, aimed at moving between de-
sired locations on the absolute map to reach the destination. The local path
planning focuses on executing a route given by global planning methods in every
time step of robot operation. It is often referred to as obstacle avoidance (Szul-
czyński, Pazderski and Koz lowski, 2011; McNinch, Muske, Ashrafiuon, Peyton
and Soltan, 2011) where the obstacle might be unknown at the previous stage of
global planning and/or might be in motion. Because of this connection between
both methods, global and local path planning are often paired together for com-
plex navigation purposes. However, in this paper the random local obstacles and
their avoidance is not taken into account.

The key issue in the field of autonomous mobile robotics is to find the optimal
path according to certain chosen criteria. Optimization criteria depend on the
problem faced and the way it is formulated. In most of studies, “the best” path
implies the shortest length of the path. The problem may, however, require
minimization of the corresponding travel time (Lau, Sprunk and Burgard, 2009),
risk (Greytak and Hover, 2009), energy, or any other relevant factor.

Apart from the optimization of the cost function, the physical constraints,
which reduce the number of possible paths, are also very important. Mobile
robots usually carry with themselves a power source of limited capacity, voltage,
and current. Also electric motors are constrained in terms of maximum electric
power, speed, and torque. A mobile robot operating in an environment can
encounter an obstacle or the changes in the type of terrain. This may result in
conditions, where demand for power, torque or some other variables, associated
with the motor, will rise above the level that can be provided. This, in turn,
can render the path unsuitable for movement.

Terrain representation in the energy efficient planning is usually restricted
to a 2D flat map decomposed into tiles with certain properties, which usually
do not include terrain height. In case of exploration robots, the existing solu-
tions are focused mainly on avoidance of repeated coverage of the same places
(Mei, Lu, Hu and Lee, 2004), and as a rule they do not include terrain prop-
erties. Zheng Sun and John Reif included terrain height in addition to friction
in their considerations of energy-minimizing paths (Zheng and Reif, 2003), but
their work did not discuss the model of robot dynamics. More details about
optimization criteria can be found in Section 4.

The motivation for the study, reported in this article was that usually the
authors present the global path planning problem as the problem of finding the
shortest path only. Indeed, this problem should be treated more widely, i.e.,
as the optimization problem in which more comprehensive criteria can be used:
path length, travel time, energy consumption, etc.
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2. The concept of the method

The objective of this paper is to solve the global path planning problem for a
four-wheeled mobile robot, in which the main assumption is determination of
the optimal path in terms of electric energy, based on the model of the robot
and its environment.

The novelty of the presented approach consists in inclusion of several fac-
tors, which have significant impact on energy consumption and which are often
omitted by other authors, i.e.:

• frictional properties of tire-ground interface for various types of terrain,
• various height of terrain in combination with the direction of motion (e.g.,

uphill, downhill),
• model of robot dynamics,
• consumption of electric power by robot equipment, which may be the most

important factor besides the motor itself, in terms of energy usage,
• battery limitations (capacity and maximum voltage),
• cost of the robot motion on specific terrain is calculated on-line based

on robot dynamics model and terrain type / slope so it is not bound, as
usually, to a particular piece of terrain.

According to the knowledge of the present authors, this type of approach to
the global path planning problem has not been proposed so far. None of the
publications related to this problem, known to the present authors, includes all
of these features.

The simulation study, performed using the proposed method of search with
the A* algorithm, shows the influence of these factors on energy consumption
and on the choice of a suitable cost function for the algorithm. It also highlights
cases when the described approach should be used and when it is reduced to
the problem of optimization of the path length.

The assumed approach to energy efficient global path planning is described
in details in subsequent sections of this work. It includes the following stages
(Fig. 1):

• selection of possible new positions of a robot for further analysis, that is,
the directions of search in a graph using the A* algorithm (Section 3);

• calculation of the robot roll and pitch angles during its motion on the
analyzed parts of the path on the basis of environment maps and assumed
terrain representation (Section 6);

• determination of driving torques and ground reaction forces from the
model of robot’s dynamics (Section 5);

• checking the possibility of the robot passing through the analyzed parts
of the path, for calculated roll / pitch angles, based on calculated ground
reaction forces (calculated normal reaction forces should be non-negative
whilst tangent reaction forces should be higher or equal to maximum fric-
tion) (Section 5);

• for the robot movement with assumed velocity (Section 5), calculation
of the required current, control (input) voltage and electrical power con-
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Figure 1. Flowchart of the presented global path planning algorithm
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sumption from the drive model, and required battery capacity (Section
6);

• checking the constraints on maximum control voltage, current, electrical
power of the drives (Section 5) as well as on maximum battery capacity
(Section 6);

• determination of the partial energy cost of the robot for travelling the
analyzed parts of path (Section 6)

• locally optimal choice of the direction of movement between successive
nodes using the A * algorithm based on assumed quality or optimization
criterion (Section 3).

The operation of the global path planning algorithm ends when the robot
reaches the specified destination, on condition that it is possible to achieve this
outcome.

3. Pathfinding algorithms

An optimal and efficient search algorithm is essential for handling the problem
of path planning. Various simplifications are considered for planning a path
for mobile robots using the chosen algorithm, e.g., discontinuity of the world,
deterministic behavior of actions, or constant velocity.

The global path planning task often uses search algorithms operating on the
graph structure representation of the environment. Graph search algorithms can
be divided into the informed, like the A* algorithm proposed by Nilsson in 1968
(Heart, Nilsson and Bertram, 1968), which is widely used in robotics (Liu and
Sun, 2011) and electronics, and the uninformed (e.g. the Dijkstra algorithm)
which is also used in robotic path search (Yu, Wang and Yuan, 2011). In general,
the informed search algorithms work faster than the uninformed ones, as they
include additional information about the desired final robot state. If they are
admissible, as this will be explained further on, they also return optimal results.

In this paper, for energy efficient path planning, a global and informed search
algorithm A* is chosen, and the graph structure is used to store the map infor-
mation. The A* algorithm, one of the most popular informed search algorithms,
is complete, which means that it will always find a solution, if it exists. The
A* visits successive nodes of the graph with the lowest known cost, defined by
the cost function f(ni), keeping the information about all the previously vis-
ited nodes in priority queue for further path search. This function is defined as
follows (Heart, Nilsson and Bertram, 1968):

f(ni) = g(ni) + h(ni), (1)

where g(ni) is the current path cost from the start node to node ni, which
is equal to zero at the start node; h(ni) is a heuristic function that estimates
the cost from the node ni to the goal node. The heuristic function must be
admissible if one wants the result path to have the minimum cost, that is, to be
optimal.
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The heuristic function is admissible if it never overestimates the real remain-
ing cost of the potential path h̄(ni), that means, if:

h(ni) 6 h̄(ni). (2)

The A* algorithm generates a path P , represented by a broken line connecting
the list of nodes. The robot path is denoted by P = {n0, n1, n2, n3, . . .nK}, the
ith node as ni, and the partial segment of the robot path between nodes ni−1

and ni as si = ni−1ni, where i =1,2,3, . . . ,K, and K+1 is the total number of
nodes that form the path P .

The A* algorithm has been modified, since it was first presented, to handle
dynamic map changes, into the algorithm D* (Stentz, 1995), which then was yet
modified so as to allow for any linear path from cell to cell – Field D* (Stentz
and Ferguson, 2005). Since the here presented problem is not connected with
the dynamic changes in the environment, and the shape of the path, the original
A* was chosen to be the path planning algorithm.

One of the main requirements for achieving the desired energy efficient path
using the A* algorithm is to describe the energy cost function g(ni) in an ap-
propriate manner.

4. Optimization criteria in path planning

The global heuristic cost-dependent path planning algorithms require the appro-
priate cost function representation in order to match the specific optimization
criteria. The first term of the cost function (1), i.e., g(ni), is equal to the sum
of partial costs between the states of the start position n0 and the current node
position ni of the robot agent. The heuristic term h(ni) estimates the cost of
the remaining path, which has not been found yet, and which must be lower or
equal to the actual cost required to move the robot from the position ni to the
goal nK ,so as to keep the algorithm admissible.

The representation of g(ni) depends on the assumed criteria. They can
include: distance, time, energy, or any other relevant factor.

4.1. Path length

The most commonly used cost criterion in the path planning problem is the
path length, the path with the shortest length being deemed optimal (Russell
and Norvig, 1995). Cost is directly associated with the distance travelled, and
the heuristic is associated with the shortest possible distance from the current
node to the goal. In the environments of high uniformity, this approach can
often imply other criteria, like energy consumption or travel time, because of
the respective constant cost characteristics along the whole path. This means
that if every partial cost associated with a partial distance travelled is the same,
then the whole cost is minimal when the path consists of the minimum number
of nodes. This simplification is surely too strong for most of the real life prob-
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lems and cannot be used without thorough knowledge of the robot design and
environment representation.

The shortest paths found by the GPS navigation systems are not the most
attractive ones, because they were not calculated with any additional informa-
tion about the path difficulty. This may cause further problems with executing
the movement along such paths.

4.2. Mobility

The different models of mobile robots sometimes impose the requirement that
the specific mobility factors be also included. Steady movement is the most
preferable, because of its constant energy consumption characteristic. Turns,
accelerations and other maneuvers require larger forces than needed only to over-
come the friction force, which implies larger energy consumption. The problem
of saving energy may lead to avoidance of frequent maneuvers or to following a
specific policy, e.g., in the right-hand road traffic, turning right is in most cases
more attractive for a driver than turning left. In the 2008 DARPA Challenge,
the Stanford team introduced in their autonomous vehicle the cost penalties
for driving reverse and for changing the direction of motion (Dolgov, Thrun,
Montemerlo and Diebel, 2008). More about turning-based restrictions in path
planning can be found in Winter (2002). Note that these costs cannot be stored
as attributes of each node and have to be added on-line during the search, which
requires an appropriate model.

4.3. Risk

Primary requirement of the path planning is to generate collision free paths.
However, it is good to include the probability of success as well, if the method
is going to be used in real life situations. Unexpected robot actions or non-
deterministic environment can lead to an undesirable collision or to getting
stuck, if some risk criteria are neglected. The robot may hit the obstacle if it
moves too close because of unexpected disturbances in the environment or a
simple slip.

This criterion is usually handled by controllers that are not directly con-
nected with the global path planning, but some experiments of incorporating
the risk function into the search algorithm cost functions have also been con-
ducted. Risk cost methods are often used for navigation of the vulnerable vehi-
cles that are very sensitive to any disturbance, like UAVs (De Filippis, Guglieri
and Quagliotti, 2011; Dogan, 2003) or holonomic vessels (Greytak and Hover,
2009). In the cost function, risk is included along with other criteria in the
current path cost and is neglected in the heuristic, which makes it admissible.

4.4. Explicit energy consumption

The above methods are justified when energy considerations are unimportant,
or can be expressed through other measures (like path length). Robots usually
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operate using energy stored in the batteries of limited capacity, which also have
other limitations, like available voltage or current. This situation encourages
development of more efficient energy consumption strategies to lengthen the
operation time of, for example, exploration robots, mechanisms like manipula-
tors (Katoh, Ichiyama, Tamamoto and Ohkawa, 1994) or cable robotic systems
(Borgstrom et al., 2008). Explicit calculation of energy is widely used for mo-
bile robots. Ge Yang and Rubo Zhang (Yang and Zhang, 2009) proposed the
Particle Swarm Optimization (PSO) method to minimize the energy cost for
autonomous underwater vehicles, taking also into account strong water currents
of known location and parameters. Other methods focus on the energy con-
sumption associated with resistances to motion, like friction, terrain shape and
gravity. In Zheng and Reif (2003) the terrain height is also included in calcula-
tions in the form of potential energy connected with gravity force. In Liu and
Sun (2011) more optimization aspects are added in local trajectory planning,
including changing curvatures and velocity. In Mei, Lu, Hu and Lee (2004)
the energy is calculated based on the wheel velocities rather than friction and
terrain shape.

All of the approaches presented above operate on information that is ei-
ther stored in the map representation or comes from vehicle dynamics models
– only weak relations between both data sources are considered. In this pa-
per, we suggest stronger dependencies between the robot and the environment
representation, both the interactions between terrain and robot tires, and the
movement direction of the vehicle are taken into account.

5. Model of a four-wheeled mobile robot

For global path planning of 4WMR its simplified dynamics model is applied,
this model being valid for small roll angles of robot body. It is assumed that the
robot moves with desired constant velocity v 6 vmax on an even ground surface
with known constant inclination β (which is positive when the robot moves down
the slope) and known coefficients of maximum friction µ and rolling resistance
fr between the tire and the ground. Assuming that the robot velocity is low, the
influence of aerodynamic forces on its motion can be neglected. It is assumed
that the robot body lateral tilt α (also known as roll angle) is small, i.e. less
than 5 deg.

The vehicle used for simulations in this paper is a 4WMR with front wheels
driven. The model of robot dynamics is developed assuming that its motion
takes place in the Rxz plane (Fig. 2). The quantities associated with the
wheels of the robot are marked with subscripts f and b, respectively, for front
and back wheels.

It is assumed that the robot wheels roll without slip, therefore the following
relationship is satisfied:

v = θ̇i r => θ̇i = v/r, (3)

where: i = {f , b}, θi – wheel rotation, r – wheel radius.
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Figure 2. a) Simplified model of the robot moving on a slope, b) model of the
wheel
(L = AfAb, G = mRg, β = const, i = {f , b})

The assumption of rolling of robot wheels without slipping is present in
the majority of publications related to modeling of the dynamics of wheeled
mobile robots, the examples of such studies being Hendzel (2007), Pousti and
Bodur (2008), Velazquez and Lay-Ekuakille (2011), Moosavian, Alipour and
Bahramzadeh (2007), Park and Minor (2004). This simplification is justified
in the case of wheeled robots having steered wheels (similarly to automotive
vehicles) or caster wheels moving at low velocity and low acceleration on even
and homogeneous ground surface. This is due to the fact that high value of linear
velocity of robot movement leads to high value of centripetal acceleration during
cornering and thus to large lateral slip, whereas high value of linear acceleration
results in large longitudinal slip. Therefore, wheel slips should be taken into
account in these studies, in which the exact linear velocity-time characteristic
and maximum values of acceleration, as well as the shape of the motion path
during cornering, are planned. In this paper, which focuses on the issue of
global path planning, robot motion with a constant linear velocity between
particular positions on the map is assumed. Moreover, due to relatively large
distances between considered successive positions of the robot, as compared
to its dimensions, the radius of cornering resulting from the change of motion
direction is omitted.

Moreover, it is known from kinematics that the robot moving with a constant
velocity after time tm covers the distance of s, i.e.:

s = v tm => tm = s/v. (4)

The dynamic equations of motion of the robot have the form (see Fig. 2a):

mR v̇ = 2Ffx + 2Fbx + mR g sin(β) = 0, (5)

2Ffz + 2Fbz −mR g cos(β) = 0, (6)

2Fbz (L/2 + xCM ) − 2(Ffx + Fbx) (r + zCM ) − 2Ffz (L/2 − xCM ) = 0, (7)
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where: g – gravitational acceleration, mR – robot’s total mass, xCM , zCM –
robot’s center of mass coordinates, L – distance between the front and rear
axles, Ffx, Fbx, Ffz , Fbz – the longitudinal (x) and normal (z) components of
ground reaction forces for front (f) and back (b) wheels in accordance with Fig.
2a.

Equation (5) follows from the Newton’s second law. Because of the assump-
tion of the robot motion at constant velocity v =const, robot acceleration in
the direction of x axis is equal to 0. For simplicity, the phases of the robot
motion, associated with acceleration and braking, are omitted, assuming that
the distances traveled by the robot during these phases are small in relation to
the distances between neighboring nodes.

Equation (6) results from the equilibrium of forces in the z-direction, i.e.,
normal to the ground. Because there is no robot movement in this direction,
the sum of projections of all forces on the z axis must be equal to 0.

Similarly, it is assumed that the robot during motion on an inclined plane
(with constant inclination β) does not undergo any rotation about the transverse
axis (y). Therefore, during analysis of the robot motion in the Rxz plane, one
may notice that the sum of the moments resulting from all the forces with
respect to any chosen point, for example the robot center of mass, is equal to 0,
which is described by equation (7). It should be noted that the moments about
this point result from the ground reaction forces Ffx, Fbx, Ffz and Fbz , i.e.,
forces associated with the contact of the wheels with the ground.

The relationships (5)-(7) concern only the case of the robot motion on an
inclined plane with a constant angle β. In the model of robot dynamics the
possibility of change of this angle is neglected, because only approximate repre-
sentation of the terrain, on which the robot moves, is assumed for simplicity.

Dynamic equations of motion of the robot’s ith wheel can be written as (see
Fig. 2b):

IWy θ̈i = τi − Fix r + Tiy = 0, (8)

where: Iwy – wheel moment of inertia about its spin axis, τi – driving torque
(τb = 0, because only the front wheels are driven), Tiy = Fizfrr– rolling resis-
tance torque, i = {f , b}.

The solution to the system of equations (5)–(8) is as follows:

τf = mR g r(frcβ − sβ)/2, (9)

Ffx = −mR g (Lsβ + fr (−lfcβ + h sβ)) /(2L), (10)

Fbx = −mR g fr(lfcβ − h sβ)/(2L), (11)

Ffz = mR g(lbcβ + h sβ)/(2L), Fbz = mR g(lfcβ − h sβ)/(2L), (12)

where: sβ = sin(β), cβ = cos(β), lf = L/2xCM , lb = L/2 +xCM , h = r+zCM ,
lf , lb – distances from the center of mass of the robot to the axles of front and
rear wheels, respectively, measured in the direction of the x axis, h – distance
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from the center of mass of the robot to the ground, measured in the direction
of the z axis (according to Fig. 2a).

In addition, to make the desired robot motion possible, the longitudinal and
normal reaction forces must satisfy the relationships:

Fiz > 0, |Fix| 6 µFiz , (13)

where the second dependence results from the Coulomb model of friction.
The model of robot motors (that drive the front wheels) is described by the

following dependences, which are typically used for modeling DC motors (Hong
Jun and Byung Kook, 2010):

τf = ηd nd km if => if = τf/(ηd nd km), (14)

uf = ke nd θ̇f + Rd if , (15)

where: nd – gear ratio, ηd – efficiency factor of the gear transmission, km –
motor torque coefficient, if – rotor current, uf – motor voltage input, ke –
electromotive force constant, Rd – rotor resistance.

Moreover, due to the motor limitations regarding electric power pmax, volt-
age umax and torque τmax, the following dependences must be fulfilled:

uf if 6 pmax, |uf | 6 umax, |τf | 6 τmax. (16)

Electrical energy, needed to achieve the assumed movement of the robot, equals:

E =

∫ tm

0

(2 uf if + p) dt = (2 uf if + p) tm, (17)

where: p = const – electrical power needed to supply robot devices, regardless
of whether the robot is moving or not, and 2 uf if = const, which follows from
the introduced robot model and assumed constant velocity (v = const).

It is also assumed that the robot cannot recover the energy lost through
braking, e.g., during down the slope motion.

6. The energy efficient path planning approach

6.1. Terrain representation

The real terrain representation, usually a 2D discrete model, should be accurate
enough to preserve the sense of path planning. The size of each grid cell of the
decomposed terrain map should be small enough to avoid terrain information
loss and misinterpretation of the size of the actual obstacles.

However, in this paper the accuracy of the representation is not the main
goal and some terrain simplifications are acceptable, and, in this connection
also, the accurate path shape is not investigated. The map of the environment is
decomposed into cells and is represented as a grid. Each grid element represents
a discrete part of the working space, which contains information about terrain
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height and type. Tire-ground interface for every terrain type is characterized
by friction and rolling resistance coefficients. The most common square-shaped
grid type is used. The number of cells depends on map size, and dimensions of
each cell are larger than dimensions of the robot. This assumption guarantees
– without extra algorithmic conditions – that every time the path is found, the
robot physically never interacts with an obstacle. The side of each cell equal to
2 m was chosen.

6.2. Partial energies

While travelling from one place to another, the robot is crossing two different
grid nodes with constant linear velocity, therefore the properties of both cells
have to be considered. The robot can move from each node to one of its 8
neighboring nodes along the straight line connecting their centers. Every partial
distance si = ni−1ni consists of one half the distance traveled within the node
ni−1 and the other half, within the node ni. For a partial movement from node
ni−1 to ni, the energy cost for the path planning algorithm is calculated as the
sum of two separately calculated energies, as shown in Fig. 3, where Ei−1(ni−1,
ni) and Ei(ni−1, ni) (e.g. i−1 = c and i = b for diagonal crossing or i = d for
taxicab geometry crossing) are energies needed to travel within the boundary
of, respectively, nodes ni−1 and ni.

Figure 3. Partial energy costs of travel during taxicab geometry and diagonal
crossing

Assuming constant velocity, the travel time for both halves of the path be-
tween nodes is the same. Situation is analogous for diagonal movement (see Fig.
3).
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6.3. Cost function

In the following considerations, the duration of movement along the whole path
is less important than the energy consumed. The energy efficient planning is
the most suitable for exploration robots, because they can explore more terrain
given the same amount of energy.

For the proposed 4WMR, the energy consumption will be calculated based
on motor speeds (assumed constant), electric current and voltage, including all
other factors like friction, gravity, and terrain height. The battery discharge
curve as well as input voltage, current, power, driving torque, and wheel ro-
tational velocity constraints are included in the calculation. The cost g(ni),
including terrain model, described in subsection A is assumed as follows:

g(ni) = g(ni−1) + E(ni−1, ni); g(n0) = 0; i = 1, 2, 3, ...,K, (18)

where:

E(ni−1, ni) = Ei−1(ni−1, ni) + Ei(ni−1, ni). (19)

Due to terrain decomposition into cells (described in Section 6.1), the partial
energy E(ni−1, ni), consumed by the robot traveling the distance si = ni−1ni,
has to be divided into two parts, associated with terrain data from nodes ni−1

and ni. Energy consumption is calculated based on the robot model. The
distance between two nodes is always divided into half. Therefore, calculation
of time is based on the desired constant velocity and the length of the half of
the partial distance of the decomposed map.

To keep the algorithm admissible, the heuristic part h(ni) must be non-
negative and thus it consists only of the value of energy consumption of robot
electrical devices, i.e.:

h(ni) = p
Si

v
, (20)

where Si is the Euclidean distance from node ni to the destination.
It should be noted that the real energy consumption of the robot will be

higher than the one computed by the algorithm, because of simplifications in
the energy cost function. The algorithm of cost computation does not include:

• acceleration at the beginning and braking at the end of the path,
• velocity changes during path execution,
• complexity of real terrain (simplified terrain representation is used),
• additional energy cost required to make turns (which is especially impor-

tant in the case of skid-steered mobile robots).

6.4. Limitations

Limitations of robot roll and pitch angles, which result from the constraints (13)
on the ground reaction forces, are taken into account. Both restrictions have to
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be respected during every partial robot movement, i.e.:

αmax > α > αmin, βmax > β > βmin. (21)

For a given node, the slope is calculated based on properties of surrounding
nodes. The energy cost depends on robot pitch angle. The robot cannot move
on too steep terrain, so the pitch angle (Fig. 4a) must be calculated every time
robot travels from node to node.

Robot pitch angle during the movement between starting and ending nodes
(respectively ni−1 and ni) is calculated based on their heights and distance
between them:

β = − arctan ((hE − hS)/l) , (22)

where: hS , hE – heights of starting and ending nodes, respectively, l – horizontal
distance between those nodes.

The horizontal distance between nodes equals l = 2 m during taxicab geom-
etry crossing and l = 2

√
2m in case of diagonal movement.

Robot roll angle (Fig. 4b) is calculated based on the heights of nodes,
which lie on the left- and right-hand side of the robot direction of movement
(perpendicularly to the path):

α = arctan ((hL − hR)/w) , (23)

where: hL, hR – heights of nodes situated on the left- and right-hand sides,
w – horizontal distance between neighboring nodes, i.e., from the left to the
right one.

Figure 4. a) Robot pitch angle, b) robot roll angle

During taxicab geometry crossing, shown in Fig. 5a, the robot roll angle,
e.g., between nodes d and e, is taken from the lateral slope, that is, calculated
based on the surrounding heights hab and hgh from corresponding nodes to the
left and to the right of the robot. In that case w = 4 m, and hab,hgh are average
heights from nodes a, band g, h, respectively. In case of diagonal movement (Fig.
5b), the roll angle is directly calculated from two nodes that are perpendicular
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to the path. In the case shown in Fig. 5b, w = 2
√

2m and the heights of nodes
d and h are taken for the lateral slope angle calculation.

Distance between two nodes, after taking into account the terrain slope β,
is given by:

s = l/ cos(β). (24)

Figure 5. a) Taxicab geometry crossing b) diagonal crossing

Every node of the grid contains information about terrain type. The terrain
types used in simulation are shown in Table 1, based on data from Wong (2001).
The value of fr for ice was not found in the literature, but estimated by the
authors.

Table 1. Coefficients characterising interactions between robot tires and partic-
ular terrain types, Wong (2001)

Terrain type
Known coefficients
friction µ rolling resis-

tance f r

Concrete / asphalt 0.8 0.015
Unpaved road 0.68 0.05
Rolled gravel 0.6 0.02
Ice 0.1 0.01

It is assumed that the robot mass center is located at point R (see Fig. 2a),
that is, relatively low. Regarding this, the robot will slip on ground surface
rather than flip over. Therefore, the maximum roll angle for a robot (Fig. 4b)
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should take into account the worst case, i.e., moving on an ice surface. In this
case it equals:

αmax = arctan (µ) = 5.7 deg, αmin = − arctan (µ) = −5.7 deg . (25)

Determination of the pitch angle constraints is much more complicated, because
it depends on coefficients of friction and rolling resistance, as well as position
of robot mass centre. The exact, general solution, resulting from the model of
robot dynamics (see Section 5 for more details), is in this case complex.

The obtained allowable ranges of roll and pitch angles, resulting from the
model of dynamics of the robot, for various terrain types are shown in Table 2.

Table 2. Allowable ranges of roll and pitch angles for various terrain types, from
the robot dynamics model

Terrain type
Range
Roll angle [deg] Pitch angle [deg]

Concrete / asphalt (-38.7, +38.7) (-18.1, +26.7)
Unpaved road (-34.2, +34.2) (-15.0, +23.3)
Rolled gravel (-31.0, +31.0) (-14.1, +19.8)
Ice (-5.7, +5.7) (-2.5, +3.2)

All variables, like the required input voltage and current, are calculated at
each iteration step, so that the battery discharge curve and other limitations
can be taken into account. The required input voltage for every motor at every
partial calculation must fulfill the nominal battery voltage and capacity con-
straints. Battery capacity c(ni), required to execute a potential path from the
start to node ni, is calculated based on total current flow during traveling time.
This consists of the sum of partial products ijtj for every path step, i.e.:

c(ni) =

i∑
j=1

(ij + ij−1)tj/2, c(n0) = 0. (26)

Every time the algorithm visits a node, the required and available capacities are
checked against the following condition:

c(ni) 6 ca (27)

where: ca – battery available capacity, c(ni) – required capacity.

7. Energy consumption

Figure 6 shows the calculated values of energies required for the motion of the
robot on various types of terrain for various pitch angles, for constant desired
velocity of the robot and cell size. These calculations have been carried out for
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velocity v = 1 m/s, cell size s = 2 m, and electrical power consumption of robot
on-board devices p = 1 W. All limitations and requirements described earlier
are included. Energy recovery is omitted, and, consequently, any energy value
required for the robot motion lower than 0 J (calculated on the basis of the robot
model) in the path planning algorithm is treated as 0 J. Moreover, electrical
power needed to supply the robot devices has been taken into account. This
implies that cost is always non-negative, which is required for proper working
of the A* algorithm, and its minimum value equals to Emin = ptm.

The highest values of the required energy are for unpaved road because it
has the highest value of rolling resistance coefficient. The narrowest range of
pitch angles is for the ice surface, because it has the lowest value of maximum
friction coefficient (see Table 2).

If at least one of the conditions described previously is not satisfied, the node
is treated as unavailable and the cost associated with this node, E(ni−1, ni), is
set to a very large value (higher than battery capacity), deemed too expensive
from the point of view of the algorithm.

Figure 6. Total energy consumption for different pitch angles

8. Simulation results and discussion

Several simulations have been conducted to highlight the differences between
energy consumption of the standard shortest path approach, where the cost
function is represented as path length, and the energy efficient planning method,
proposed in this paper, where cost is connected with electrical energy. The maps
of 1600 m2 areas of field and urban environments were decomposed into 20x20
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equal-sized square-shaped elements. Two different paths have been found for
each simulation, as shown in Fig. 7: the one represented with white dots – the
shortest one, and another, represented with black dots – the energy efficient
one.

The following robot parameters were assumed for all simulations:

• dimensions: L = 0.35 m, r = 0.085 m (see Fig. 2),
• mass parameters: mR = 13.73 kg, xCM = 0 m, zCM = 0 m,
• parameters of drive units: Ld = 0.0000823 H, Rd = 0.317 Ω, ke =

0.0301 Vs/rad, km = 0.0302 Nm/A, nd = 34.67, ηd = 0.8,
• parameters of battery: ca = 4.6 Ah, ua = 8 x 3.7 V (nominal voltage of

the 8-cell battery).

Differences between energy consumption of the two approaches are shown in the
series of experiments for various velocities v and electrical power consumption
of robot devices p, as shown in Figs. 8–11. The shortest path approach yields
a shorter path than the energy efficient one, but it is more energy consum-
ing. In application scenarios, when travel time is less important than energy
consumption, the method proposed in this paper performs better.

Energy costs of paths determined using different approaches, for various
constant velocities v and power consumption of robot devices p = 1 W, and for
both maps, are shown in Figs. 8 and 9. Higher speed values decrease the total
time required for the robot to travel from the start to destination, so the energy
cost for a path becomes lower with increasing velocity in case of the same paths.

The energy-based method minimizes the energy used by the robot by means
of minimizing the energy equation (17). An important role is played by the
electrical power p needed to supply the electrical devices of the robot. If the
constant part of that equation (p) is big enough, then the second product (u i)
may become less important, in which case the energy efficient planning problem
turns into the problem of finding the minimum of the p∆t product. Because
p is constant (independent of time), the time t becomes the only variable that
matters in minimizing the equation. Then, the energy efficient problem yields a
solution that is similar to the solution of the shortest distance approach method,
where the time is strictly connected with distance. This can be observed by
comparing the energy costs of the required start-goal path for various p as shown
in Figs. 10 and 11. Path length changes very significantly between certain values
of p (p = 2 W and p = 3 W in Figs. 10 and 11). This shows that the energy
efficient method becomes the shortest distance problem for sufficiently large
values of p.

For maps shown in Fig.7, energy consumption for energy efficient path plan-
ning is lower than for the shortest path planning method. Energy savings grow
for maps with more diverse terrain. However, for the case of the field environ-
ment and the start and destination positions selected as shown in Fig.12, it is
still possible to prove that small extension of distance (approximately 1.5%) can
lead to almost 30% of energy savings as shown in Fig.13.

In order to shorten the calculation time of the optimal path, the admissible
heuristic containing the electrical power consumption of electrical devices of the
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robot is taken into account, as described earlier. This function always leads
to the optimal path, but it does not always perform its task of estimating the
path energy cost in the best possible way, and so the algorithm does not always
provide the most efficient path. It is likely that there exist other algorithms or
heuristics, which guarantee optimal path with fewer nodes expanded during the
search process.

9. Summary and future works

Experiments with two different approaches, the shortest distance and the energy
efficient method proposed in this paper, show that:

• Energy savings are clear even for small maps;
• The energy efficient approach becomes the shortest distance approach in

case when the constant electric power consumption of robot devices p rises
significantly as compared to the electrical power consumed by motors;

• Some other form of the heuristic is necessary to achieve the optimum
algorithm efficiency.

The energy efficient planning method, presented in this paper, always gives the
energy efficient path, but the algorithm is not always optimally efficient. The
better heuristic should be elaborated, or an efficient way of choosing the right
one according to the map must be developed.

A more accurate terrain shape, fine cell map decomposition and robot rep-
resentation may be implemented, which will take into account robot dimensions
and more diverse features of terrain.

Further research may also include:

• Enhancement of the model of robot dynamics by taking into account the
possibility of robot turning, which will influence the calculation of energy
consumption;

• Optimization of the shape of the path – for example – of the turning radii;
• Taking into consideration the variable velocity of robot motion.
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Figure 7. a) Map legend; paths found with the shortest path approach (white
dots) and the energy efficient approach (black dots) for the maps of: b) field
environment, c) urban environment
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Figure 8. Energy costs for various constant velocities on the urban map using
both approaches
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Figure 9. Energy costs for various constant velocities on the field map using
both approaches
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Figure 10. Energy costs for various constant p on the urban map using different
approaches
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Figure 11. Energy costs for various constant p on the field map using different
approaches
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Figure 12. Example of a situation with similar path lengths, but large difference
in robot energy consumption for the paths

Figure 13. Situation in which in the field map, the difference of energy consumed
over similar travel distance for two different approaches can reach almost 30%
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