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Abstract: In this paper, we inves tigate the exact controllability 
for a mixed problem for the equation 

11 [To k 1 ( t) - l o ] 
tt- -+- U :c:~: +.f(tt)=O 

m m lo 

in a nou cylindrical domain. This model, without the resistance 
represented for f ( v), is a linearization of Kirchhoff's equation for 
small vibrations of a stretched elastic string when the ends are vari­
ables , sec Medeiros, Limaco, Menezes (2002) . We employ a variant , 
due to Zuazua (1990b), of the Hilbert Uniqueness Method (HUM), 
idealized by Lions (1988a, b). 

Keywords: exact controllability, string equation, semilinear, 
non cylindrical. 

1. Introduction 

Let us consider a stretched elastic string with ends a0 < {30 on the :r; axis, 
with a. < a u < f3o < b, and fixed a. , b. Suppose that the ends no and f3o 
move continuously to the posit ion a(t) < a0 and {30 < f3(t ), where a ~ a(t) < 
f3(t) ~ b, and we consider the transversal vibrations of the string at the position 
]o:(t) ,/)( t)[. In l\·1edeiros, Limaco, Meneses (2002), they obtained a nonlinear 
model which describes this type of vibrations with moving ends , which contains 
the Kirchhoff's model as a particular case, see Medeiros , Limaco, Meneses (2002) 
part 2. When we linearized it , we obtained the equation 

• II _ r ro + k 1 ( t) - 1o 1 _ 0 U I -- - - 1lxx - ' 
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where To is the initial tension, m the mass of the string, k is the constant 
which depends on the material of the string, "'( (t) = (J (t) -a (t), a0 = a (0), 

fJo = (J (0) and "Yo = "'( (0). By u' = u' (x, t) we represent the derivative 
0
0
u and 
t 

[)2 
by Uxx = Uxx (x, t) the one dimensional Laplace operator ox~. 

We consider in our investigation the above model perturbed by a nonlinear 
turn of the type f ( u). For T > 0, we denote by Q t he non cylindrica.l domain 
of the plane IR2 defined by 

Q = {(x,t) E !R2
; a(t) < x < (J(t), \:It E ]O,T[}, 

with lateral boundary ~ defined by 

~ = ~0 u ~1, 

where 

~o = {(t,a(t)); \:It E ]O ,T[} and ~1 = {(t,(J(t)); \:It E ]O,T[}. 

In this work, we shall consider the mixed problem 

11 [To k "Y ( t) - "Yo ] . ~ 
U - - + Ux x + f (u) = 0 Ill Q, 

m m "Yo 

I 
'P on ~o 

u = 0 on ~1 
u(O)=uo, u'(0)=1t1 in ]ao,fJo [. 

(1) 

The exact controlla bility problem for (1) is formulated as follows: given 
T > 0 large enough, find a. Hilbert space H such that for each pair of initial and 

final data {u0 , ur}, {z0 , z1 } belonging to H, there exists a control 'Pin L 2 (~o), 
sucl1 that a solut ion u = u(x , t) of (1) satisfies t he condition 

u (T) = zo, u' (T) = z1 . (2) 

Considering in ( 1), f ( s) = 17 s, we investigat e this problem by mean of Hilbert 
U11iqueness Method (HUM) idealized by Lions (1988a, b) . See also Zuazua 
(1990a), Komornik (1994) and Milia Miranda (1995) among others. In Milia 
Miranda (1995), the author studied the exact controllability of (1), without the 
linear non term in a particular domain. When we employ HUM , we need certain 
inequality called " inverse inequality" . In this one dimensional case, there is an 
argument used by Zuazua (1990a) which we consider here, see 3.2. T he argu­
ment was used by Medeiros (1993), when he investigated exact controllability 
for Timoshenko's system for beams. 

In the general case, with f non linear, we employ a method idealized by 
Zuazua (1990b) that consists in the fix point argument . 

Concerning the simultaneous controllability of a pair of linear hyperbolic 
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2. Notations, assumptions and results 

As it was done in Medeiros, Limaco, Menezes (2002), when (:r;, t) varies in Q 
x - a (t) 

the point (y, t), with y = 
1 

(t) , varies in Q = ]0, 1[ x ]0, T[. Then the 

application 

T: Q -t Q, T (x, t) = (y , t) 

is of class C2 and the inverse T- 1 is also of class C2 . Therefore the change of 

· bl ( ) ( ) · h :r - a ( t) c h · ( 1) · vana e u x, t = v y, t , w1t y = 
1 

(t) , trans1orms t e equat10n 1 mto 

the equivalent equation 

v" -[a (y, t) vy]Y + b (y, t) v~ + c (y, t) Vy + f (v) = 0, 

where 

( ) 1 {ro kr(t)-ro [ '() '() lz} a y, t = z--() - + - a t + r t y ' r t m m ro 

b ( t) = _ 2 [a' ( t) + 1' ( t) y J 
y, · 1 (t) 

and 

__ [a" (t) + r" (t) y] 
c (y' t) - ' ( t) . 

In this way, it is enough to investigate the exact controllability for the equiv­
alent problem 

v" - [a (y, t) Vy] Y + b (y, t) v~ + c (y, t) Vy + f ( v) = 0 in Q, 
v(O,t)=w(t), v(l,t)=O on ]O,T[, (3) 
v(x,O)=vo(x), v'(x,O)=vl(x) in ]0,1[. 

To study (3), we need the hypotheses 

a, (3 E W3
•
1 (]0, oo[) n W1~~oo (]0, oo[) , 

a(t) <(3(t), a'(t) <0<(3'(t), VtE [O,T], (4) 
I 

Ia' (t) + r ' (t) Yl ~ (;:) 
2

, V (y, t) E Q, (5) 

Ia" (t) + 1 11 (t) Yl < [a' (t) ~(~; (t) y]
2

, V (y, t) E Q (6) 

and f satisfying 

J'EL00 (ffi.); 3 lim 
f (s) 
--=a, (7) 
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this is, f is asymptotically linear since it behaves like rJS as lsi --too. 
The problem (3) has a unique global solution. So, there exists a unique 

global solution for the problem (1). 
Setting 

~ 

1. _ To/6 
~-0- 4 ' 

32m (b- o.) 
(8) 

we obtain 

a(y ,t)- Jkoi&(y , t)i2: ko > 0, V(y , t) E Q. (9) 

In fact, from (5) , we g( ~ t, 

To 
u. (y , t) 2:: ., and 

2m. (b-at 
2 ff,;o lb (y , t)i :::; - - . 

'Yo 2m. 

Therefore, 

~ To 
a (y , t)- v ~~:a lb(v , t)l 2:: ., 2:: ko > 0, 

2m. (b- a.r V (y, t) E Q. 

We have also by (G) that 

b~ (y , t) - Cy (y, t ) 2:: flo > 0, V (y , t) E Q, (10) 

see Medeiros , Limaco, 1\-Ienezes (2002) , Remark 3.2. 

3. Exact controllability 

V'e are int.t~rested in obtaining the exact controllability of the following problem 

v" - [a (y, t) v u ],
1 
+ b (y, t) v~ + c (y , t) v11 + f ( v) = 0 in 

v(O,t)=w(t), v (1,t) = O on 
v (y ,O) = vo, v' (y,O) = 111 in 

We announce the main result. 

Q, 
]O ,T[, 
]0, 1[. 

(11) 

2 
THEOREM 3.1 We assume the hypotheses (4)-(1) are satisfied. LetT> rr::-' 

vko 
/;:0 g·iven by (8) , then joT ever·y initial rlo.tu {v0 , v1 } E L2 (0 , 1) x H- 1 (0, 1) , ther·e 
e:r:·ists a contml w E £ 2 (0 , T) s·uch that the solnt·ion v = v (y , t) of (11) satisfies 

... ! " 'T'\ - ~ - .,,1 ( ., , 'T'\ - ~- ln 1f I 1 ') \ 



Exac t co nt.roll a iJilit.y fo r l.lt e scnlil inear st:r in g <! q uation 241 

P mof. In the proof of t his theorem \ \"C vvill usc HU:VL We will d iv i ch~ the proof 
into G\SCS . 

C ase 1. Th e lineill" case f ( s) = us, Vs E IR wit h u fixeJ in JR. 
Let us consider t he operator 

L v = u" - [a (y t ) v. ] + !J (·11 t) v ' + c ('IJ t ) v + av ' .'1 y .'} ' y . ' y 

whose formal adj oint is 

L* z == z" -[a (y , t) zy]Y + !J (y, t ) z~ + [!/ (y, t ) - c (y , 1.)] zy + 

+ l! y (y , t ) z' + [!J;, (y, t)- r:9 (y, t)] z + az . 

(13) 

(14) 

By the liw~a ri ty and reversibili ty of this case, we consider t he null fin a l data.. 
Step 1. G iven { 1Jo, rf; 1 } E D (0, 1) x D (0, 1), we consider t he adjoint problem 

L*cjJ = 0 
¢(0, t ) = 1J( 1, t) = 0 on 

in Q, 
]O,T[, 
]0 , 1[. 1J (:r, 0) = r/Jo (:1: ), c/J' (:r, 0) = 1;1 (x) in 

T his problem has only one solut ion. Fur thermore 

¢v (0, t ) E £ 2 (0, T ) . 

(15) 

Step 2. Using the solution 1; of t he problem (15) , we consider the backward 
problem 

Dr/; = 0 
1/! (0 , t ) = - c/Jy (t ) , ·tj; (1, t) = 0 
·tjJ (;r, T) = ·tjJ ' (:1;, T) = 0 

The problem (16) is well set . 

Ill Q, 
on ]O, T[, 
in ]0, 1[. 

(1 6) 

The operato r A. Start ing from the so lution of (16), we define t he operator 

(17) 

Step 3. Mult iply ing bo th sides of (1 6)1 by ¢ a11d integrating in Q, we obtain 

(L'!/J , ¢) = - ('!// (0) + I! (O) 'lj! 11 (0) , ¢o) + ('t/J (0) , r/J t) + 
·T 

+ I a.(O , t)/¢9 (0, t ) / 2 dt+(7/J , L *v~) . 
.fo 

Observing (15) 1 , (16)1 all([ (17), then 

T 

(A { d>n, d>d, { d>n . dJ1 1) = r a (0 . t) I til .. (0 . t.)l 2 rit ( 1 R) 
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Let us define in D (0, 1) x D (0, 1) the quadra tic form 

!
·T 

li{¢o, <Pdll~ = a (0 , t) I<PY (0, t) l
2 

dt. 
. Q 

(19) 

It follows from Holmgren 's theorem that the quadratic form (19) defines a norm 
in D (0, 1) x D (0, 1). The operator A defined by (17) is linear and continuous 
with the norm ll·llr . Then it has a unique continuous extension to the closure 
of D (0, 1) x D (0 , 1) ,with respect. to II ·IIF , which we will denote by F. Thus, 
the bilinear form defined by (18) is continuous and coercive in F x F. Hence, as 
consequence of the Lax-Milgram's theorem, the operator 

A : F--+ F' 

is an isomorphism. Therefore , for { v1 , v0 } E F', there exists a unique { ¢0 , ¢1 } E 

F such that 

(20) 

By (17) and (20) we conclude that. t he unique solution of (16)sat.isfies (11) 1 . 

Then the unique solution of (11), with control 

w (0, t) = - ¢y (0 , t ) (21) 

satisfies (12), with z0 = z1 = 0. To complete the controllabibilit.y of the problem 
(11), we characterize the spaces F and F' as being He~ (0, 1) x L2 (0 , 1) and 
H- 1 (0 , 1) x £ '2 (0, 1) , respectively. We will do it by the following lemmas: 

LEMMA 3.1 There C.T'ists a constant c· > 0 such that 

·T 

c· fa a (0, t) l¢y (0, t)l
2 

dt :S II <Po ii7I6(0,1) + 11 ¢1 11 ~2(0,1). (22) 

L eMM A 3.2 We assume the hypothesis of Theor·em 3.1 . Then, ther·e exists a 
constant C** > 0 sv.ch that 

(23) 

Assuming the previous lemmas are true, we have that 

1 •) 
C** ll{¢o , ¢dll/rJ(0,1)x L2(0,l) :S 

T .l a(O ,t) I<'/Jy(O, t) l'!. dt :S ~. ll{ ¢o,¢I} Ii~IJ( o , J) x L2(o,J)· 
TT1 lr>. -,\ r ') lA "1 \ - .1 ~ .... .. _l ___ l Dl TT - l({) 1 \ .. ~ r:! (() 1\ 
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R EMARK 3.1 M'l/,lt'iply'ing the eqv.ation L*¢ (t) = 0 by¢' (t) and integmting on 
]0, 1[, we obtain 

E' (t) = ~ ta' (y, t) l¢u (y , t)1 2 dy- ~ t by (y, t) 1¢' (y, t)l
2 

dy+ lo .fo 

j ·1 1 ;·1 
- CJ ¢ (y , t) ¢' (y, t) dy + 2 [b~ (y , t) - c~ (y , t)] 1¢ (y, t)l 2 

ely+ 
0 ' 0 

-11 
[b' (y , t) - c: (y , t)] ¢u (y , t) ¢' (y , t) dy , 

where 

1 t( •) 2 
E(t) = 2 .fo 1¢' (y, tW + a (y, t) l¢v (y, t)l + 

+ [b~ (y , t)- Cy (y , t)] 11/J (y , t)l
2

) dy. (24) 

Note that by (9) and (10) the quadratic form E(t) is positive. 
Therefore, 

IE' (t)l ~ c (t) E (t)' (25) 

C ( ) 
_ lla' (t)ll£ "" (0,1) Ill ( )II Ill/ (t)- C (t)ll£oo (O ,l) 

t- + Jy t l "" (01)+ fL + ko " ' vko 

llb~(t)- c~(t)IIL"" (oJ J ( 1) 
+ ' + 1 + - I(JI . 

JLo JLo 

From (25) we obtain 

- C ( t) E ( t) ~ E' ( t) ~ C ( t) E ( t) . (26) 

From the hypothesis ( 4) , we have 

100 

C (t) dt ~ C0 . (27) 

Combining (26) and (27), we conclude that 

C1 E (0) ~ E (t) ~ C2E (0) , Vt E [0 , T] , (28) 

with C1 = e - Co and C2 = eC'o . 

Pmof of Lemma 3.1 In this proof, we use the multiplier method as in Lions 
/ 1()00 _ \ l\K 1 , • 1 • • 1 , .. 
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obtain , after some calculations, that 

1~·T ·> 1 ; · ·> -
2 

a (0 , t) lc/!v (0, tW dt = - a (y , t) lq'Jy (y , tW dydt+ 
. 0 2. (.,! 

1l' ') + 2 u.v (y, t) (1 - y) lc/!y (v, tW ciydt-
.q 

T 

- ( <P1 
( t) + ~ b ( t) cPy (t) , ( 1 - ]/) ¢ u ( t)) I 

0 

+ 

1j' 1 2 1 ;· 1 2 + 2 1¢ (y , t)l dydt + 2 c (y , t) (1 - y) lc/!y (y , t)l dydt-
Q ' Q 

(29) 

1j' [I l I 2 -2 Q b (y, t)-c(y , t) (1-y) c;by( y, t)l dydt-

j. 1 ;· - a¢ (y, t) (1- y) c;by dydt- 2 [b~ (y, t) - cy (y , t)] !q'J (y , t)l 2 dydt + 
Q ·Q 

+ ~j~ [!J~ (y , t)- Cy (y , t)]y (1 - y) 11/J (y , t)1
2 

dydt + 

1j' + 2 Qby (y, t) (1 -y) <P1 (y, t) iflu (y , t) dyclt . 

From (26), we have by (2!J) that 

1j'T 2 
0 

a (0, t) l¢u (0, t)l 2 
dt :S TC2E (0) + 

1 r ., 
+ 2}Qau (y , t) (1- y) I<Py (y , tW rlydt-

- ( cP
1 (t) + ~b (t) <Pu (t), (1- y) cPu (t)) [ + 

1/' ') + 2 C
1 (y , t) (1- y) l¢u (y, tW rlydt-

. Q 
(30) 

1j' I . 2 - 2 Q [b (y, t)- c (JJ, t)] (1 -y) liflv (y , t) l rlydt -

-.~a¢ (y , t) (1- y) 1/!ydydt + 

1 ;· [ 1 . . l 2 + 2. Q by (y, I.) - Cy (y, t) y (1 - y) 1¢ (:y, t)l rJyrJt. + 

+ JQ by (y, t) (1- y) rj/ (y, t) </'!y (y, t ) rlydt. 

We will analyze each term that appears on the right haHd side of (30). 
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1 ;· •) • Analysis of 2 ay (y, t) (1- y) l<!>y (y , tW dydt: 
. Q 

1 /' •) 2 ay (y , t) (1- y) 11>Y (y , tW dydt ~ 
.Q 

llc~y Ill ""(Q) ;· ') 
~ 2;;

0 
Q a (y , t) 11>Y (y, tW dydt . 

• Analysis of ~ JQ c' (y, t) (1- y) l<!>y (y, t) l2 dydt: 

1 ;· ') 2 c' (y, t) (1- y) 11>Y (y , tW dydt ~ 
·Q 

llc' IIL""(Q) i ·) 
~ 

2
k a (y , t) l<!>y (y , tW dydt . 

0 'Q 

• Analysis of j~ [b' (y , t) - c (y , t)] (1 - y) l<!>y (y , t) l2 
dydt: 

t [1/ (y , t)- c (y , t)] (1- y) l<!>y (y , t)l 2 dydt ~ 
.JQ 

lib' - cii£<>>(Q) r 2 
~ 2ko ./qa.(y,t) l<!>y(y,t)l dydt . 

• Analysis of foa<f>(y , t)(1-y)<f>y(y , t)dydt: 

245 

(31) 

(32) 

(33) 

1 a<f> (y, t) (1- y) <f>Y (y , t) dydt ~ 
Q (34) 

~ ~ r { [b~ (y , t)- Cy (y , t)] l<f> (y , t)l
2 

+a (y, t) l<f> y (y, t)l
2

} dydt . 
2 kofl.o .JQ 

• Analysis of ~ j~ [b~ (y , t) - cy (y, t)] Y (1- y) 11> (y, t)l
2 

dydt: 

~h [b~ (y,t)- Cy (y,t)]y (1- y) l<f> (y , t)l
2 

dydt ~ 

JJb~-cy jjL "" (Q)1 I 2 
~ [by (y, t)- Cy (y , t)] l<f> (y, t)l dydt: 

2fl.o q 

• Analysis of fo by (y , t) (1- y) 1>' (y, t) <!>y (y , t) dydt: 

j~ by (y, t) (1- y) 1>' (y , t) <!>y (y, t) dydt ~ 

llbyiiL"" (Q) /' ( ? ·J ) 
~ ~ ,..- i 11>' (y, tW +a (u , t) 11>, (u , tW ~. 

(35) 

(36) 
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Now, set 

X(t) = ( ¢'(t) + ~b(t) ¢u(t) , (l-y) ¢y (t)), 

then 

IX (t)l ::; ~3 {.il I~?' (y,t)l" dydt + .{ (! (y, t) l¢y (y , t)l
2 

dydt}' 

. I C 1 llbllt-=(QJ 
Wlt1 3=-+--~ 

.,Jk;; ko 
Therefore 

IX (t)l ::; C;~E (t) 

and 

IX (0)- X (T)I::; 2IIX (-)IIL "" (O,T) ::; 2C:lE (t). (37) 

Substitnting (31)- (3G) and (37) in (30) and using (26) , we obtain that 

1 ;·T 2 a (0, t) l1)u (0, t)l 2 dt:::; C4 E (0), 
. 0 

where 

conclnding the proof of the lemma. • 

PT'Ooj of Lemma 8.2 Here we employ the argnment of Zua.zua (1990a) . Let us 
define the functional 

11·T- Sy 
G (y) = - { 1(// (y , t) i

2 + 
2 oy 

+a. (y , t) 1¢!1 (y, t)i~ + [IJ~ (y , t)- Cy (y , t)] lqHy, t)l 2
} dt , (38) 

with J = ~ and k0 given by (8). 
vko 

Note that 

1 /'T ·) 
1.: In! = - o ( ll tl lt!J ... (() til~ rlt . (39) 
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The deriYative of the functional G is 

'( . ;·T-oy{'( ' ) a,,(y , t)l ( 12 G y) = rj> y, t) 1v (y,t + · rf>v y,t) + 
. ,\y 2 

, . ' • [b',IY (y , t)- Cyy (y , t)] 2 
+n(y,t)r/>y(y,t)rj>1111 (y,t)+ 

2 
lrf>(y,t) l + 

+ [b;
1 

(y , t) - Cy (y , t)] rj> (y , f) r/>y (y , t) }dt-

6 ·) I: { lr~>' (v, t)l 2 
+a (v, t) lr,6y (u, t)l 2 + 

-I=T-Iiy ,6y 

+ [b;, (y, t)- Cy (y, t)] I¢; (y, t)l 2
}. (40) 

Integrating by parts , we get 

( '-by rj>' (y , t) q;~ (y, t) dt = - (-<ly r/> 11 (y , t) r/>y (y, t) dt+ 
.lou lou 

[¢' (y, t) r/>11 (y, t)JI~~- Ju. (41) 

Since 

rj>" = ay (y, t) r/>y +a (y, t) r/> 1111 - b (y, t) r/>;
1

- [1/ (y, t)- c (y, t)] cPu ­

- b11 (y, t) ¢/- [h~ (y, t)- c11 (y , t)) rj>- CJrj> in Q, 

we conclude, using (41), that 

l1T-61J iT-6•1 
G' (y) = -- . o.y (y, t) lr/Jy (y, t)i 2 dt + . b (y, t) r/>~ (y, t) r/> y (y, t) dt+ 

2 Jy . Jy 

+ ( - <ly [1/ (y, t)- c (y, t)]lr/>y (y, t)l 2 rlt + /'1'- Jy by (y , t) r/>' (y, t) r/>y (y, t) dt+ 
I1y I1v 

+2 (f- Jy [b~ (y, t) - Cy (y, t)] rj> (y, t) rj>
11 

(y , t) }dt + CJ ; ·T - i5y rj> (y, t) rp
11 

(y, t) dt+ 
ji5y . oy 

1 ;·7'-lil} 
+2 . [b~y (y, t)- Cyy (y, t)] 1¢ (y, t)l 2 dt + [¢' (y, t) r/Jy (y, t)JIJ!J- Iiy-

. Jy 

~ L { 1¢' (y, t)l 2 
+a (y, t) lr/>11 (y, t)l

2 + [b;1 (y, t)- c,1 (y, t)] jcj; (y, 1,)1 2
}. 

1.=1'-liy ,Jy 
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We have that 

i
T- oy 1 i ·T-oy 

b (y, t) ¢~ (y , t) cPy (y, t) dt = -2 b' (y , t) l¢y (y , t)l 2 dt+ 
. oy oy 

1 [ J ~T-oy 1 /T - oy +2 b(y , t)1 ¢y(y , t)1 2 oy ~ -2./oy b'(y , t)1¢'y(y , t)12dt+ ( 43) 

1 
+2 L lb(y , t)11¢y(Y,t)1

2 

t=T- oy ,oy 

and 

1 { •) 2} 0 { •) 1¢' (y, t) ¢y (y, t)l ~ 2~ 1¢' (y, tW + ko l¢v (y, t)l ~ 2 1¢' (y , tW + 

[ 
lb(y , t )l] 2 [ 1 ] 12} + a(y,t) -

0 
l¢y(y , t)1 + by(y , t) -cy(y , t) l¢ (y,t) . 

Thus, substituting (43) and (44) in (42) , we deduce that 

li·T-oy 
G' (y) ~ -- [ay (y , t) + b' (y , t) + 2c (y , t)]l¢y (y , t)l 2 dt+ 

2 oy 

1

T- oy i·T-oy 
+ by (y , t) ¢' (y , t) cPy (y , t) dt + (J ¢ (y, t) cPy (y , t) dt+ 

oy oy 

+21T-iiy [b~ (y , t ) - Cy (y, t)] ¢ (y, t) cPy (y , t)}dt+ 
oy 

11T- oy 
+- [b~y (y , t)- Cyy (y, t)] 1¢ (y, t)l2 dt . 

2 iiy 

We will analyze each term of the second member of ( 45). 

11T-oy 
• Analysis of-- [ay (y, t) + b' (y , t) + 2c (y, t)JI¢v (y, t)l 2 dt: 

2 oy 

/T- iiy [ay (y , t) + b' (y, t) + 2c (y, t)]l¢'v (y, t )l 2 dt ~ 
.lou 

!lay + b' + 2ciiL ""(Q) 1T- oy ? 

~ a (y, t) l¢v (y, tW dt. 
2ko oy 

{
T- oy 

• An::.lv~i~ nf h .. (u. t) rl/ (u. t) cb,. (v. t ) dt: 

( 44) 

( 45) 

( 46) 
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i
·T-oy 

by (y, t) ¢;1 (y, t) ¢;y (y, t) dt:::; 
oy 

llbyii£ 00 (Q) (-fry { 1 2 2} 
:S 2~ l oy I¢ (y,t)l +a(y,t)11>u(Y,t)l dt. 

1
T-oy 

ca Analysis of CJ ¢; (y, t) ¢;y (y, t) dt : 
oy 

CJ {T-oy¢; (y, t) ¢;y (y, t) dt :S 
./ oy 
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(47) 

I I 1
T-oy 

(J ') •) 

:S ~ { a (y, t) 1¢y (y , tW dt + [b~ (y, t)- cy (y, t)] 1¢ (y, tW} dt. 
2 kofJ·o oy 

1
T-oy 

• Analysisof2 [b~(y,t)- cy(y,t) ] ¢;(y,t)¢;y(Y,t)}dt: 
oy 

1
T- oy 

2 [b~ (y , t)- Cy (y, t)] ¢; (y , t) ¢;y (y, t)}dt :S 
oy 

II Jb~ - cy t""(Q) ;·T-oy { 2 
:S ~ a(y,t) l¢>y(y,t)l dt+ 

ko oy 
+ [b~(y,t) -cy(y,t)] l¢(y,t)l 2 }dt. 

1 ;·T-oy 
• Analysis of 2 [b~Y (y, t) - Cyy (y, t)]l¢ (y, t)l 2 dt: 

. ov 
1 ;·T-oy 
2 [b~y (y, t)- Cyy (y , t)] 1¢ (y, t)12 

dt :S 
ou 

llb~y- Cyy"L"" (Q) 1T-oy I 2 
:S 

2 
[by(y ,t)- cy(y,t)]l¢>(y,t)1 dt . 

J-Lo oy 

From (46)-(50) , we get, by (45), that 

G1 (y) :S CsG (y), 

where 

(48) 

( 49) 

(50) 



250 F.D. AllAIWNA. G.O. ANTUNES , L.A. ~IEDEIROS 

Heuce 

G (y) :S CoG (0), Vy E ]0, 1[, (51) 

with Cn = ec5 . 

Integrating (51) iu ]0 , 1[, we have 

2 
Sinn~ T > rL = 2o, we obtain, by (28), that 

vko 

i
T- 6 l ;·T- 6 

(T- 2o) E (0) = E (0) dt::; -C E (t ) dt = 
. 6 ]. 6 

= 2~~1T-J11 {1¢'(y,t)l2+a(y,t)l¢v(Y,t)l2+ 

+ [b~ (y, t) - Cy (y, t)] 1¢ (y, t)l 2
} dydt. 

From (38) and (52) we modify (53) to obtain 

(T - 2o) E (0) ::; ~1 1
1 

G (y ) dy ::; ~~ G (0) , 

which implies in the inequality (23). 

Case 2. The general case with f nonlinear. 

(52) 

(53) 

• 
Using the solution ¢ of the problem (15), we consider the backwarrl problem 

~, - [a (y, t) v 11 J 
11 

+ b (y, t) ~~ + c (y, t) ~11 + f (() = 0 in Q, 
~(O,t)=-¢11 ( t) , ~(l , t)=O on JO,T[ , (54) 
~ (T) = zo, ( (T) = Z J ill ]0, 1[ . 

The solution ~ of the (54) can be written as 

~ = z +f)+ T), 

where z, fJ e 17 are solut ions of the following problems: 

z"-[a(y , t) z11 ] 11 +b(y,t) z~+c(y , t) zy+l7z =O in Q, 
z (O, t) = z(1, t ) =0 on ]O , T[ , (05) 
z (T) = z0 , z' (T) = z1 in ]0, 1[, 

B"-[a(y,t)B11 ] 11 +b(y,t)B~+c(y,t)B11 +17B=0 m Q, 
() (0, t) = -¢11 (t) , fJ (1, t ) = 0 on ]0, T[, (56) 
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and 

r/"- [mrvlv + bt/1 + CIJ11 + f (z + (} + 7J) = cr (z +B) in Q, 
1J(O,t)='IJ(1,t)=0 on JO,T[, (57) 
1J(T)=7J1 (T)=O in ]0,1[. 

\Ve can see in Milla, Miranda (1995) that the solutions z e ()of (55) and (56) 
br.Jong to the class 

z, f) E C ([0, T]; L 2 (0, 1)) n C1 ([0, T]; H-1 (0, 1)), (58) 

and that for T > 0, there exists C = C (T) > 0, such that 

llziiL~ (O.T;£2(0.1 )) + 11 21 11 L "" (O,T; J-J-' {0,1 )) :S C II { Zo' ZJ} 11£2(0.1) x H - ' (0,1) (59) 

and 

For the solution 11 of the (57) we have the following result: 

LEMl\IA 3.3 For· evcr·y {q>o, ¢t} E Hri (0, 1) x L2 (0, 1), {zo, zi} E L 2 (0, 1) x 
H - 1 (0, 1) ther·e c:t:ists a unique solution 11 = ''7 (y, t) of (57) in the class 

'l E C ([0, T]; L2 (0, 1)) n C1 ([0, T]; H - 1 (0, 1)). (61) 

AforeoveT, for any c > 0, ther·c e:r:ists a positive constant C (c) > 0 snch thai; 

ll.,iiiL=(o,T;H,l{o,l)) + 11 1/IIL""(O,T;£2{0,1)) :S 
(62) 

:S c { ll{¢o, ¢J}IIH6(0,l)x£2(0,l) + ll{zo,zdiiL2(0,l)xiJ-'(O,J)} + C (c)· 

P·mof. \Ve remark that by (7), the function 11 f----1 f (z +f)+ rJ) is Lipschitz. In 
this way, we can see in Milia, Miranda (1995) that there exists a unique solution 
17 in the class (61). 

Consider the energy 

1 ;·
1 

{ ') ')} E (rJ, t) = '2 l1/ (y, tJr +a (y, t) l''lu (y, t)l~ rly, \:It E [0 , T]. 
' 0 

(63) 

Multiplying the equati, ·n in (.57) for 7J 1 ancl integrating on (0, 1) we obtain 

1 lla
1

11L=(QJ ;·I llbviiL "" (Q) ;·l 1 E (rJ, t) ::; 
2 

l'lu (:y, t)l dy + 
2 

lr1 (y, t)l dy+ 
' 0 ' () 

llciiL 00 (Q) ~·I llcllt ""(Q) ~·l 
+ 

2 
l'lu(:y,t)l tin+ '

2 
17/(:u,t)ldy-

. 0 ' 0 

(64) 

/
·1 ;·' 

- f(z+B+n)r/dn+ cr(z+B)n'cht. 
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Using (9), we have 

, [lla'IIL""(Q) + llciiL=(Q) l 
E (77, t) ::; ko + ll by iiL=(Q) + liciiL""(Q) E (77, t)-

11 ;·1 - f (z + B + 77) 77'dy + CJ (z +B) 77'dy. 
0 . 0 

Now, 

11 

f (z + e + 77) 77'dy + 11 

(J (z +B) 17'dy::; 

::; llf'IIL=(IR) .£1 
{lz + (} + 771 +if (O)I + ICJIIz + Bl} 177'1 dy::; 

::; llf'IIL=(IR) (1 + 1171) ( llzll~= (o,T;£2) + IIBII~ = (o,T;£2)) + 

+ llf'II~ =(IR) (3 + 1171) 11 lr7'12 dy + 

+ llf'II~ = (IR ) 1
1 

1771 2 dy + ~ llf'IIL=(IR) If (0)1 2
, 

by (59), (60) we get 

-11 

f (z + B + 77) 77'dy + 11 

(J (z +B) 77'dy::; 

(65) 

::; llf'IIL=(IR) (1 + 1171) {ii{zo,zdll£2(0,1)xH-'(O,l) + ll{¢o,¢diiHJ(o,1)x£2(o,J)} + 

+ llf'IIL"" (IR) (1171 + ko + 3) E (rJ, t) + ~ llf'IIL=(IR) If (0)1 2 
· (66) 

From (66) and taking in consideration that E (77, T) = 0, we obtain from 
(65) that 

E(77,t)::; c7 {11{¢o,¢diiHJ(0,1) x£2 (0,1) + ll{zo, zd iiL2(0, l) xH-l (0,1) + 1}' (67) 

where 

c7 = c7 (lla'IIL"" (Q) 'llbyiiL""(Q) 'llciiL"" (Q) 'ko, ll f' IIL=(IR) 'if (O)I 'I(JI 'T) > 0, 

for every t E [O,T], {¢o,¢d E HJ (0, 1) x L2 (0, 1) and {zo,zd E L 2 (0,1) x 
H- 1 (0, 1). 

From (59), (60) and (67) we have 

ll~ll~ =(o,T;£2(0,1)) + lleii~""(O ,T;H- ' (O,l)) ::; 

I 1 l 
(68) 
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where C's = Cs(C1,T) > 0, for every {q'Jo,¢1} E HJ(0 , 1) x £ :!(0, 1) and 
{ zo, z d E L 2 

( 0, 1) X H- I ( 0' 1). 
To prove (62) we write the equation corresponding to 17 as follows 

r/' - [mlu]y + b11~ + crJu + U1 ) = u (z + (} + rJ)- f (z + (} + 17) 

=u~+f(O in Q. 

Multiplying (69) by r/ and integrating from 0 to 1, we obtain 

E ' (rJ, t) ::; 

(69) 

[
lla'llr,=(Q) ( 1 ) ( 1 ) l 

ko + llbyiiL=(Q) + llciiL=(Q) ko + 1 +lui ko + 1 + 1 

1 ., 
E (rJ, t) + +2llu~- f (011r,= (o.T; L2(o, l) J- (70) 

By the change of variables s = T - t and solving the equa tion in (70) it 
follows t hat 

1 c 1' ~ 
E ( '1) , t) S 2C'

9 
e " l l u~- f (0 11/,= (o ,T;L2(0,l )), \It E [0 , T] , 

where 

lln'll£oo (Q) ( 1 ) ( 1 ) 
C'n = ko + llbull u"(Q) + llciiL=(Ql ko + 1 +lui ko + 1 + 1. 

From (7), it follows that for each c > 0, 

E (7] , t.)::; c l l~l li""(O,T;U(O , l)) ) \It E [0 , T] . 

Using (G8) and (71) , we obtain the inequality (62). 

(71) 

• 
To conclude the exact controllability of ( 11) it is enough to prove t hat t he 

operator 

fl: HJ (o, 1) x L 2 (o, 1) ----1 s-1 (o, 1) x L 2 (o, 1) , 

defined by 

1d ¢o, rp i} = { ( (0) + b (0) ~u (0) , -~ (0)}, 

is surjective. 
We e<u1 write the operator l'· as follows 

fL {¢o, c/!1} = {I/ (0) + b (0) 1J,1 (0), - 17 (0)} + 

+ {fJ' (0) + I! (0) Bu (0) , -fJ (0)} + 

(72) 

(73) 
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V•le will denote by J( the operator from HJ (0, 1) x £ 2 (0, 1) in H- 1 (0 , 1) x 
L 2 (0, 1) defined by 

K {<Po, <Pd = { r/(0) + b (0) T) y (0) , -7] (0)} . 

By Lemma 3.3 and the compact immersions HJ (0, 1) C £ 2 (0, 1), L2 (0, 1) C 
H - 1 (0 , 1) , the operator J( is compact. 

Vle can write (73) as 

J.L {<Po, <Pd = K {<Po, <Pd +A {¢o,¢d + {z' (0) + b (0) zy (0) , - z (0)} , 

where A : HJ (0, 1) x £ 2 (0, 1) ---+ H- 1 (0, 1) x £ 2 (0, 1) is the isomorphism of 
the linear case. 

Showing that the operator J.L is surjective is equivalent to solving the following 
problem: 

A - 1 {e (O) + b (O) ~v (O) , -~ (O)} = A -lK {<Po, <Pd +{<Po , <Pd + 

+A - 1 {z' (0) + b (0) zy (0), - z (0)}, 

that is , 

{<Po, <P d A - 1 
{ ( (0) + b (0) ~Y (O) - z' (0) - b (0) zy (O) , -~ (0) + z (0)} -

-A - 1 K {<Po, <Pd. 

By setting 

8 { ¢o' <Pt} = A - 1 
{ ( (0) + b (0) ~y (0) - z' (0) - b (O) Zy (O) ' -~ (0) + z (0)} -

-A - 1 K {<Po , <Pd (74) 

we are looking for a fixed point of the operator 

I 2 1 2 8 : Ho (0, 1) XL (0, 1) ---+ Ho (0, 1) XL (0, 1). 

We will apply the Shauder 's fixed point theorem. As the operator 8 is 
compact, it is enough prove that the image of 8 is limited, that is, there exists 
a positive constant M, such that 

[[8 {<Po, <Pd[[H~(O , L )x£2{ 0,1 ) :S: M, (75) 

for every {<Po, <Pd E HJ (0, 1) x£2 (0, 1) such that [[{<Po , <PdlluJ(O,J)x£2(o,1) :S: N, 
with N being constant. 

From (74) we have 

[[8 {<Po ' <Pd II H~ (0,1) x £2 (0 ,1} :S: II A -
1 
K {<Po ' <Pd II HJ {0,1} x£2(0,1} + 

+ IIA -t { ( (0) + b (0) ~Y (0) - z' (0) - b (0) zy (O), -~ (O) + z (0)} IIHJ {o, 1) x L2(o,1) · 
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Reminding that ~ = z + () + rJ then 

II A - I { ( (0) + b (O) ~Y (0) - z' (0) - b (0) zy (0) , -~ (0) + z (0)} II HJ (o,1) x F(O ,J l :S 

::; IIA - 1
11 { 11 '1/' (0) + b (0) 1}y (O)IIH- l (0,1) +II()' (0) + b (0) By (O)IIH- l (0 ,1) + 

+ 11 '17 (o) + e (O)I I£2(o.1)} , (77) 

where IIA -
1

11 denote IIA -
1
ll.c(H- 1 (0,l}xL2(0,1} ;JJJ(O,l )x£2(o,1)) " 

By (77), we obtain 

IIA - 1 {( (0) + b (0) ~11 (0)- z' (0)- b (0) z11 (0), -~ (0) + z (0)} IIHJ (O,l }x£2(0 ,I) :S 

:S CJO IIA -I II { 11 77' (O)IIu(o,1) + llrJ (O)IIHJ(o,I) + 

+liB' (0) + b (0) By (O)IIH- ' (o,1) +liB (O)IIu(o,l}} , (78) 

where C10 > 0 depends ou the constants ofthe continous immersions HJ (0 , 1) c 
L 2 (0, 1) and L 2 (0 , 1) c H - 1 (0 , 1). Using (62) in (78) , we get 

II A - l { e (0) + b (0) ~!! (0) - z' (0) - b (0) z11 (0)) -~ (0) + z (O)} IIHJ (0,1} X £2(0,1) ::; 

:S C1o IIA - 1
11 { E [11{ ¢o, ¢diiHJ(0,1)x £2(0,1) + ll{zo, zdll£2(0,1}xH-'(O,l)J + C (E)+ 

+\If)' (0) + b (0) ()v (O)IIH-' (o,1) +liB (O)IIP(o,1)} · 

Therefore, by (60), we have 

II A -I { ( (0) + b (0) ~11 (0) - z' (0) - b (0) zy (0) , -~ (O) + z (0)} II H<\ (0,1J x 1,2(0,I) :S 

::; ell IIA -
1

11 E { ll{¢o, <Pd\IHJ(O,l) x£2(0,1) + ll{zo, zdll£2(0,1) xH-l(O,J) } + 

+ IIA - Ill C10C (c), (79) 

where Cu = Cu (r, llb(O)IIL""(o,l) )· 

Choosing E = [2Cu II A - I ll .c(H- '(o,1)x£2(0,1);HJ(o,l) x£2(o,l)) J -l , it follows 

from (79) that 

II A -l { e (0) + b (0) ~y (0) - z' (0) - b (0) Zy (0) ) -~ (0) + z (0)} II HJ (0,1) X £2(0,1) ::; 

1 
:S 211{ ¢o, <PdiiHJ(O,l )x £2(0,1) + ll{zo, zdiiLz(o,l) xH-'(0,1) + IIA - 1

11 CwC (E)· 

(80) 

Substituting (80) in (76) we obtain 

110 { ¢o, ¢!} IIHJ (0,1} x£2(0,1) :S IIA - 1 
J{ { ¢o, ¢!} lluJ (0 ,1) x£2(0,1) + 

, 1 II f -1- .1.. ·111 I II ( - ) II , II ' - I II .--. 
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therefore, 

110 {r/lo, ¢diii16(0 ,l )x P(O ,l) ~ (~ + IIA ~ J Kll) N + C12 , 

where Cn = Cu ({z0 ,z 1}, IIA~ 1 II ,CHJ ) > 0, proving (75). [Encl of proof of 

Theorem 3.1] • 

REMAH.K 3.2 By (21) and the change of var-iable 11. (.1:, 1.) = v (y, t), with y = 
J. - a (t) . . . 

; ( t) , we o/Jto:m that the unU}'I/.e solutwn of ( 1), wil.h contml 

1 
'P (a ( t) , t) = -

1 
( t) P:t: (a ( t) , t) 

satisfies (2) , wher·e pis solut-ion of the pmblem. (1 ,5) after- a t·ransfonnation from 
q to Q, by p(:r, t) = ¢(y,t ) with x = a (t) + r (t)y . 

R EMAR K 3.3 An eJ.:o:mple of non cylindr-ical domaiu. is given by 

with 

And 

ex (t) = c.to - (1 + J 1 
, t 2: 0, V ~ t +to 

(3 (t) = f3o + (1- J 1 
, t 2: 0, V ~ t +to 

1 JTr; 
to = V ?;;;, · 

a = ao- (1 
v~ 

and b = f1o + fl. 
v~ 

This e.r,a·m.ple can be seen in Medeims, Lirrw.co, Menezes (2002). 

REMAH.K 3.4 In our paper- we study e.mct contmllabildy for· vibmting str·ings 
when the ends ar·e var-iable with the time, wdh mild nonlinear-ity. Our- control 
act on the moving boundar·y. In Kangsheng, Yong (1999) the au.thors stwlied 
contmllability, for the linear· wave equation, when the control act on a domain 
in the inter-ior that is var-iable with the t-ime. These two seem. to be different 
questions. 
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