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Abstract: We consider a heat conduction problem S with mixed
boundary conditions in an n-dimensional domain 2 with regular
boundary and a family of problems S, with also mixed boundary
conditions in €2, where o > 0 is the heat transfer coefficient on the
portion of the boundary I';. In relation to these state systems, we
formulate Neumann boundary optimal control problems on the heat
flux ¢ which is definite on the complementary portion I's of the
boundary of 2. We obtain existence and uniqueness of the optimal
controls, the first order optimality conditions in terms of the adjoint
state and the convergence of the optimal controls, the system state
and the adjoint state when the heat transfer coefficient a goes to
infinity. Furthermore, we formulate particular boundary optimal
control problems on a real parameter A, in relation to the parabolic
problems S and S, and to mixed elliptic problems P and P,. We
find an explicit form for the optimal controls, we prove monotony
properties and we obtain convergence results when the parameter
time goes to infinity.

Keywords: parabolic variational equalities, optimal control,
mixed boundary conditions, optimality conditions, convergence

1. Introduction

Following Gariboldi and Tarzia (2008), Menaldi and Tarzia (2007), and Tarzia,
Bollo and Gariboldi (2020), we will study some Neumann boundary parabolic
and elliptic optimal control problems. We consider a bounded domain €2 in R™,
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whose regular boundary I' consists of the union of the two disjoint portions
I’y and Ty with [T'3] > 0 and |T'2| > 0. We denote with |I';] = meas(I;)
(for i = 1,2), the (n — 1)-dimensional Hausdorff measure of the portion I'; on
I'. Let [0,7] be a time interval, for a T > 0. We present the following heat
conduction problems S and S, (for each parameter « > 0) respectively, with
mixed boundary conditions (we denote by u(t) to the function w(-,t)):

ou ou

o~ Au=g mQ uf, =0 T u(0) = v (1)
ou ) ou ou

E—Au-g in Q —%F—a(u—b) —%m—q u(0) = vp, (2)

where u is the temperature in Q x (0,7), g is the internal energy in Q, b is the
temperature on I'y for (1) and the temperature of the external neighborhood
of Ty for (2), vp = b on ', ¢ is the heat flux on I'y, and « > 0 is the heat
transfer coefficient on I'y through a Robin condition, which satisfy the hypoth-
esis: g € H = L2(0,T;L*(Q)), ¢ € Q = L2(0,T; L3(I'y)) and b € H2(T;). In
addition, v, € H'(Q) is the initial temperature for (1) and (2), respectively.

Let u and u, be the unique solutions to the parabolic problems (1) and (2),
whose variational formulations are given by (Menaldi and Tarzia, 2007):

u—uvy € L2(0,T; Vo), u(0) =v, and u € L?(0,T;Vy) (3)
such that  (u(t),v) + a(u(t),v) = L(t,v), Yv e V,

uq € L2(0,T;V), ua(0) =v, and 4, € L2(0,T;V") (4)
such that  (4a(t),v) + aa(ua(t),v) = La(t,v), Yo €V,

where (-, -) denotes the duality between the functional space (V or Vp) and its
dual space (V' or Vj) and

V=H'(Q); W={veV:v, =0}; Q=L*I); H=L*Q)

(g,h)Hz/ghdw; (q,n)Q=/ qn dry;
Q Ty

a(u,v) = /Q VuVudz;  ag(u,v) = alu,v) + o | wody
L(t,v) = (9(t),v)m — (¢(t),v)q; La(t,v) = Lr(lt,v) + a/bvdv.

Iy

All data, g, ¢, b, v, and the domain €2 with the boundary 02 = I'y UT'y are
assumed to be sufficiently smooth so that the problems (1) and (2) admit varia-
tional solutions in Sobolev spaces. The existence and uniqueness of the solutions
to the variational equalities (3) and (4), are well known, see, for example Brézis
(1972), Chrysafinos and Hou (2017), Duvant and Lions (1972), or Gunzburger
and Hou (1992).
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Let H = L*(0,T; H) be with norm ||.|[ and internal product (g,h)y =
(g(t), h(t))mdt, and the space Q = L?(0,T;Q), with norm ||.||g and internal

o iy

T

product (¢,7)g = g’ (q(t), n(t))qdt.

For the sake of simplicity, for a Banach space X and 1 < p < oo, we will
often use LP(X) instead of L?(0,T; X).

If we denote by ug and u.g the unique solution to the problems (3) and
(4), respectively, we formulate the following boundary optimal control problems
for the heat flux ¢ as control variable, see Gariboldi and Tarzia (2008), Lions
(1968), Troltzsch (2010):

find g€ Q suchthat J(q) = IIélIQl J(q), (5)
q
find g, € Q suchthat J,(q,) = mig Ja(q), (6)
qc

where the cost functionals J : Q—)RSF and J, : Q—HR(J{ are given by:

. 1 M .. 1 M
i) J0) = 5 g — 2all% + S lalld s ) Ja(@) = 5 ey — 2all3 + 5 lally - (D)

with z4 € H given and M being a positive constant.

In Gariboldi and Tarzia (2008), the authors studied boundary optimal con-
trol problems on the heat flux ¢ in mixed elliptic problems and they proved ex-
istence, uniqueness and asymptotic behavior of the optimal solutions, when the
heat transfer coefficient goes to infinity. Similar results were obtained in Gari-
boldi and Tarzia (2015) for simultaneous distributed-boundary optimal control
problems on the internal energy g and the heat flux g in mixed elliptic problems.
In Menaldi and Tarzia (2007), convergence results were proven for heat conduc-
tion problems in relation to distributed optimal control problems on the internal
energy g as a control variable. Parabolic control problem with Robin boundary
conditions were considered in Bergounioux and Troltzsch (1999), Boukrouche
and Tarzia (2013), Chrysafinos, Gunzburger and Hou (2006), Menaldi and
Tarzia (2007), and Tarzia, Bollo and Gariboldi (2020). Other papers on the
subject are Ben Belgacem, El Fekih and Raymond (2003), Sener and Subasi
(2015), Sweilam and Abd-Elal (2003), Wang and Yan (2019).

In this paper, our main goal is to study the existence and uniqueness of
solutions and the asymptotic behaviour of the optimal control problems (5) and
(6), when o — oo. Moreover, motivated by Gonzalez and Tarzia (1990) we
try find explicit solutions for the optimal controls and a relationship between
elliptic and parabolic boundary optimal control problems, when the time goes to
infinity. In this way, we consider the following family of optimization problems
on the heat flux dependent of a real parameter:

For fixed o € Q, we define Qp = {Ago : A € R} C Q, and we formulate the
following real Neumann parabolic boundary optimal control problems, for each
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T>0and a > 0:

find A7) €R such that Hr(\(T)) = r/\niﬂré Hr (M), (8)
€
find Ao(T) €R  such that Hur(\o(T)) = r/{li]% Hor (M), 9)
€
where
HT()\) = J()\qO) and HQT(/\) = Ja()\qo). (10)

Moreover, we consider the elliptic mixed problems P and P,, for each a > 0,
Gariboldi and Tarzia (2008, 2015):

ou

—Au=g in{ u’rl =b ~ o . =q (11)
ou ou
u=g in anly. a(u —b) oy, q, (12)
whose variational equalities are given by
a(u,v) = L), YweVy,, ue K (13)
o (Ue,v) = La(), Yv eV, u, eV (14)

with K = vy + W for a given vop = b in I';. For fixed ¢ € @, we define
Qo ={Ag : A € R} C Q, and we formulate the following real Neumann elliptic
boundary optimal control problems, for each a > 0:

find A €R suchthat H(\) = I)Tli]% H(X), (15)
€
find X\, € R such that H,(\y) = min Hq (), (16)
€
where
H(A) = J"(Agp) and  Ha(A) = J5(Ago), (17)

with J* : Q—RJ and J* : Q—R{ given by Gariboldi and Tarzia (2008):

- 1 M . 1 M
i) J7(a) = 5 lluoeq = 2allf+ - lallg, i8) Ja () = 5 ltocaq = 2allyy + 55 llalley (18)

where %ooq and tsoqq are the unique solutions to the variational equalities (13)
and (14), respectively, z4 € H is given and M is a positive constant.

The paper is structured as follows. In Section 2, we consider Neumann
boundary optimal control problems on the heat flux ¢ for heat conduction prob-
lems (1), (5) and (7i) and Neumann parabolic boundary optimal control prob-
lems on the heat flux ¢ for (2), (6) and (7ii), for each o > 0. We prove existence
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and uniqueness of the optimal controls and we give the first order optima-
lity conditions. In Section 3, for fixed ¢, we prove asymptotic estimates and
convergence results for the system states, the adjoint states and the optimal
controls, when the heat transfer coefficient goes to infinity. In Section 4, we
prove estimates between the optimal controls of the problems (5) and (6) and
the second component of the simultaneous optimal controls of the problems
studied in Tarzia, Bollo and Gariboldi (2020). In Section 5, for the real Neu-
mann parabolic boundary optimal control problems (8), (9), (15) and (16) we
prove the existence and uniqueness and we find explicit solutions for the optimal
control A(t), Aa(t), XA and A, respectively. Moreover, monotonicity properties
with respect to the data are also studied. Finally, in Section 6, convergence
results of the solutions to the problems (3) to the solution to the problem (13)
are obtained, when the parameter time t — oo.

2. Boundary optimal control problems for systems
S and S,

Here, we prove that the functionals J and J, are strictly convex and Gateaux
differentiable in Q. Moreover, we obtain the existence and uniqueness of the
boundary optimal controls § and g, and we give the optimality conditions in
terms of the adjoint states, for the optimal control problems (5) and (6), respec-
tively.

Following Lions (1968), Menaldi and Tarzia (2007) and Troltzsch (2010), we
define the application C' : Q@ — L?(Vp) such that C(q) = u, — ug, where ug is
the solution of problem (3) for ¢ = 0.

We consider IT: @ x @ - R and £ : @ — R, defined by the expressions
(g,n) = (C(q), C(m)n + M(g;m)o VYg,ne€Q

L(q) = (C(q),24 —uo)u Vg€ Q
and we prove the following result

LEMMA 1 1) C is a linear and continuous functional.
it) 11 is a bilinear, symmetric, continuous form and coercive in Q.
ii1) L is linear and continuous functional in Q.
i) J can be written down as:

1 1
J(q) = QH(%Q) - L(q) + §||Uo —zdll3; Vg€ Q.

v) J is a strictly convex functional on Q, that is, Vqi1,q2 € Q, Vt € [0,1]

Mt(l —t
MUL=D)10y — il

(1 =1)J(gq2) +tJ(q1) — J((1 = t)g2 + tq1) > 5
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vi) There exists a unique optimal control § € Q such that

J(q) = min J(q).

Proor It follows from Lions (1968) and Menaldi and Tarzia (2007), and

(1 —=18)J(q2) +tJ(q1) — J((1 = t)ga +tq1) =
H1—1)
2

[”uqz - uq1||%t + Ml|ga — QI||2Q] , Y, € Q, Vte[0,1] O
Now, we define the adjoint state pgq, corresponding to the system (1) for each
q € Q, as the unique solution of the following mixed parabolic problem:

. Ip
———qu:uq—Zd m Qv pq‘rlzov 5—1;1 :Ov pq(T):Oa
I

whose variational formulation is given by

{ pq € L2(Vo), py(T) =0 and p, € L?(Vy) such that (19)

—(Bqg(1),v) + apg(t),v) = (ug(t) — 2a(t), v)u, Vv e W,

and we consider the following properties of the functional J, following Lions
(1968), Menaldi and Tarzia (2007), and Tarzia, Bollo and Gariboldi (2020).

LEMMA 2 i) The adjoint state pq satisfies:
(C(n),uqg — za)u = —(1,pg)o, Vg,n € Q.
ii) The functional J is Gateauz differentiable and J' is given by:

(J'(0),n—q) = (uy —ug,uqg — za)u + M(qg;n —q)o
=1l(¢g,n —q) — L(n—q), Yg,ne Q.

iii) The Gdteaur derivative of J can be written as:
J'(q) =Mqg—p; Yq€Q.

iv) The optimality condition for the optimal control problem (5) is given by
Mg—pg=0 1in Q.

Next, we define the application Cy, : @ — L?(V) such that Cya(q) = tag — Uao,
where w0 is the solution of the variational problem (4) for ¢ = 0.

If we consider II, : @ x Q@ — R and L, : @ — R, defined by

Ha(g,m) = (Calq), Ca(n)u + M(q,n)o Vg, € Q
La(q) = (Cal(q), za — ta0)nu Vg€ Q

in a similar way to Lemmae 1 and 2, we have the following result:
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LEMMA 3 (i) There exists a unique optimal control g, € Q such that
Ja(Tq) = min Ja(q).
(ii) The Gateauz derivative of Jo can be written as:
Jo(q) = Mq—pag Vg€ Q, (20)
and the optimality condition for the optimal control problem (6) is given by:
MG, — pag, =0 in Q (21)

where the adjoint state poq corresponds to (2) for each q € Q, as the unique
solution of

_ 9OPpag
ot

Opag| _ .~ OPag
on |p, Paa: ~5,

—Apag = tag—za in €2, — =0, pag(T) =0,

I
whose variational formulation is given by

{ Pag € L2(V), pag(T) =0 and pag € L*(V') such that

~(Pag(1), 0) + o (Pag(t), 0) = (ttag(t) — 2a(t), v)sr, Yo € V (22)

for each o > 0.

3. Convergence of Neumann boundary optimal control
problems when o — oo

Now, for fixed ¢ € @), we obtain estimates on uqq and poq uniformly when a > 1.
Next, we prove strong convergence for g,, taq and pag, when o goes to infinity.

PROPOSITION 1 (i) If uq and uaq are the unique solutions to the variational
equalities (3) and (4), respectively, we have the estimation

[tag|L2(vy) + [taglLee (1) + [ |tagllL2(v) + V(@ = D)|[tiag = bl[L2(z2(ry)) < C (23)

for all a > 1, where the constant C depends only on the norms ||ig||L2(vy),
gll L2 vy, [V uglla, [lugllzz vy llugllooe s gl llalle and the coerciveness
constant A1 of the bilinear form a;.

(ii) For fired ¢ € Q we have uny — uq strongly in L?(V) N L*(H) and
liog — Ugq strongly in L?(V{), when o — oo.
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PROOF (i) Taking v = uaq(t) — uq(t) € V in the variational equation (4),
and taking into account that uq(t)‘Fl = b, by using Young’s inequality and
integrating between [0, T'], we obtain

M

1
§||uaq(T) - uq(T)”%{ + 9 |[tag — uq||2L2(V) + (o = D)tiag — bH%Q(L?(Fl))

2 .
< /\—I[IIQII% + [oll*Mlallg + Vgl 3, + [litgl [Z2v1)],

where v is the trace operator on I'.

Here, we prove that there exists a positive constant K, independent of «,
which depends on

K = K\, [lugllzes mys luallL2 vy, g1l llalles (Va3 lliall L2 vry)

such that for all & > 1, we have:

[tagl| Loy + [tagllz vy + V(@ = Dl[tag = bllL2zery)) < K. (24)

Next, by taking v € V; in the variational equality (4) and subtracting the
variational equality (3), we have

(taq(t) — tq(t), v)m < |lug(t) — uaq(®)llv|[vllvy Vv € Vo,
and integrating in [0, T, we obtain

||taq — uq||L2(V0') < [ug = Uagl|L2(v)-

Next, by using (24), we conclude that there exists a positive constant C' =
C(K, [|ig||L2(vy)) such that (23) holds.

(ii) Let there be a fixed ¢ € Q, we consider a sequence {uq, 4} in L*(V) N
L°°(H) and by estimation (23), we have that

||uanq||L2(V) < C and ||uo¢nq||L2(V0/) <,

therefore, there exists a subsequence {uq,, 4} Wwhich is weakly convergent to w, €
L?(V) and weakly* in L°°(H) and there exists a subsequence {iq, } which is
weakly convergent to w, € L?(Vy). Now, from the third term of left hand side
of (24) and the weak lower semicontinuity of the norm in L?(L?(T;)), we have
that w, = b on I'y and therefore w, — v, € L*(Vp). Next, we prove that w,
satisfies

(wq(t),v) + a(wy(t),v) = L(t,v), Yve W

and wy(0) = v, with w, € L2(V{).

Therefore, by the uniqueness of the solution of the variational problem (3),
we obtain wy = u4. That is, when a — co we have

Ung — Ug M L2(V),  Uag — ug in L°(H) and  tlaq — g in L?(Vy).
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Now, we have
1 2 2 2
5 llwaq(T) = ug(T)|[ar + Arlltag = ugllp2(vy + (@ = Dlfuag = ugllL2z2(ry))

< /{L(u taq(t) = ug(t)) — alug(t), uaq(t) — uq(t)) = (tq(t), uaq(t) — uq(t)) }dt

and by using the weak convergence of uq4 to u4, we prove the strong convergence
in L?(V). Next, taking into account that

g el a0 < o [ ALt (6) = g () = g (t) g 1) = g (1)

— (g (t), Uaq(t) — uq(t))}dt

and the weak convergence of u.q to ug, we prove the strong convergence in
L?(L*(T1)). Now, from the variational equalities (3) and (4), we have

. . 2 2
|[ttag — uq”L?(VO’) < |[ug — wagl|z2(v) = 0, when o — oo.
We deduce that 14, is strongly convergent to 1, in L?(Vj). Finally, we have

llwag — uqllZoo iy < 2(llgll2 + [1ollllalle + lluqll 2 vy + [Niiall)lluaq — qllr2(v)

and from the strong convergence of ua, to u, in L?(V), we prove that uaq is
strongly convergent to uy in L>°(H), when o — 0. O

PROPOSITION 2 (i) If pg and paq are the unique solutions to the variational
equalities (19) and (22), respectively, we have the estimation

[[PagllL2(vg) + IPagl e (a) +|PagllL2(v) + V(@ = D|pagllL2z2(ry)) < C (25)

for all @ > 1, where the constant C depends on the norms ||pq||L2(VO/),
Dgll2cvry,  [IVDglla,  pgllzovy, lpalleecy, gl lalle, Izl
Wigll2cvrys [[Vuglla, ugllozovy, ugllze )y and of the coerciveness constant
A

(ii) For fized q € Q, we have that pag — py strongly in L*(V)N L (H) and
Paq — Pq strongly in L*(VY), when a — .

PROOF Let there be fixed ¢ € Q, the estimation (25) follows from analogous
reasoning to that of Proposition 1. We have that there exists a subsequence
{Pa.q}, which is weakly convergent to 7, € L*(V) and weakly* in L>(H).
From the weak semicontinuity of the norm, we have that n, = 0 on I'y and
therefore n, € L*(Vy). Moreover, 1, satisfies

—(0q(t); 0) + a(ng(t),v) = (uq(t) = za(t),v)m Vv € Vo
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and 7,(T) = 0 with 7, € L?(Vj). Therefore, by the uniqueness of the solution
of the variational problem (19), we obtain 1, = p, and when a — co, we have

Pag — Pg i L2(V),  pag —pg in L¥(H) and  pag—p, in L*(Vy).

Finally, the strong convergence of paq to py in L*(V) N L®(H) and of pag to py
in norm L?(V{) is obtained in a similar way to that in Proposition 1. O

Now, we consider the boundary optimal control problems (5) and (6) and
our goal is to prove the following theorem:

THEOREM 1 Let q and G, be the unique solutions of the optimal control prob-
lems (5) and (6), respectively. Then, we have that G, — G strongly in Q, when
the parameter o — oo. Moreover, the system state and the adjoint state satisfy
(Uag,  Uag, ) — (ug,Ug) and (pag. ,Pag,) — (Pg,Pg) strongly in L*(V) x L*(Vy).

ProOOF We will establish the proof in three steps.

Step 1. From the estimation (23) for ¢ = 0, there exists a constant C; > 0
such that
[[uaolln < [|luaollz2(vy < C1, VYa > 1,

and from J,(g,) < Ja(0), we have

1

oo = zallf

1 M,
§||“aaa — zall5 + 7”%“29 <
Therefore, there exist positive constants Cs and C3 such that

[[ttag, [l < C2 and  |[[7,llo < C3, Va > 1.

Now, by an analogous reasoning to that for the estimates (23) and (25), there
exist positive constants C; and C5 such that, for all & > 1, we obtain

[wag, llz2(vy + [[tag, ll22(vg) + V(@ = Dlluag, = bllz2z2ry)) < Ca

[[Pag, |IL2(v) + |[Pag, lz2(vy) + V(@ = Dllpag, [|22(22(ry)) < Cs.
From the previous estimations, we have that there exist f € Q, u € L*(V),
foe L*(Vy), p € L*(V) and p € L*(V{) such that
To = €Q, g, = n€LV), g, — €LV,
Pag, = pE L*(V), Pag, — p € L*(V7).
Step 2. Taking into account the weak convergence of uqg, to p in L*(V)
and the estimation /(o — 1)[|uag, —bl|z2(22(r,)) < C4, in a similar way to that

of Proposition 1, we obtain that ;1 = uy. Moreover, for the adjoint state, we
have that p.g_ is weakly convergent to p in L?(V) and from the estimation
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V(e =Dllpag, |l2z2ry)) < Cs, in a similar way to that of Proposition 2, we
obtain that p = py. Therefore, we have uqg, — uy in L?(V) and pag, — pf
in L2(V). Now, the optimality condition for the optimal control problem (6) is
given by (MG, — pag.,n)o = 0, Vn € Q, and taking into account that

Pag, — Pf in LQ(V) and g, —f in Q,

we obtain —py + M f = 0, and by the uniqueness of the optimal control we
deduce that f =q. Therefore, uy = ug, py = pg, Uy = Ug and py = Ug.

Step 3. We have, for all ¢ € Q

_ 1 M, _ .. 1 M, _
@) = glhun—zall + Sl < tmint [, — 2l + 1,13 <
. 1 M, _ .
imsup | 3lluag, — 2l + 5 171 ] < s (o) =
a—r 00

. 1 M 1 M
g = 2l + 3 ala] = 3lug = 2ol + S llalls = T

By taking infimum on ¢, all the above inequalities become equalities and there-
fore

lim [[Juag, — zall3 + M. 115] = llug — zall3, + Mllgl[o

a—r00

that is

i (|(VATG,, g, — 70) [ = 11V, 15— 20)| o

The previous equality, the convergence g, — 7 in Q and uag, — ug in L*(V)
imply that (7, uag,) — (T, ug) strongly in @ x H, when o — oo.

Finally, if we take v = uag, (t) — ug(t) € V in (4) for u = uaqg, and if we call
Za = Uqg, — Ug, We have

Mllza @I < (9(t) = g(t), za(t) i = (@a(t), 2a(t))q — alug(t), za(1)).

Integrating between 0 and T and taking into account that z, — 0 weakly in
L?(V), z, is bounded independently of o, and g, — @ strongly in Q when
a — 00, following Boukrouche and Tarzia (2013), we obtain

T
/ [(9(t) = tg(t), 2o () i = (70 (1), 2a(t))@ — alug(t), za(t))] dt — 0.
0

Next, we have lim ||zq|[z2(y) = 0. From the variational equalities (3) and
a—r00

(4), we have

(éa(t)vv)H + a(za(t),v) = (ﬁ(t) - ﬁa(f),’l))Q, Vo € Vp.
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Therefore, |[Za(t)[12, < 21[2a(t)[12 + 20oll2la(t) — 7o (1) and by integrating
on [0,T], we obtain

zallZ2evyy < 2l12all720vr) + 2110l P1T - TallB-

Since g, — ¢ strongly in @ and ua.g, — ug strongly in L?(V) when a — o0,
we can say that Z, — 0 strongly in L*(V{), that is, tag, — tg strongly in
L*(V§). In a similar way, we prove that (pag.,Paz,) — (pg,Pg) strongly in
L3(V) x L*(V{), when o — oo. O

4. Estimation relations between the optimal controls

In this section, we obtain the estimation relations between the solutions of
some Neumann boundary optimal control problems and the solutions of the
simultaneous distributed-boundary optimal control problems studied in Tarzia,
Bollo and Gariboldi (2020).

4.1. Estimations with respect to the problem S

We consider the Neumann boundary optimal control problem

find g€ Q suchthat Ji(q) = IIélIQl J1(q) for fixed ge M, (26)
q

where Jp is the cost functional, given in (5), plus the constant %||g| |3,, that is,
Ji: Q@ — RyJ is given by

1 M, M
Tila) = 5llug — zallfe+ gl + Sllalh (fxed g€ ),

where uq is the unique solution of the problem (3) for fixed g.

REMARK 1 The functional J7(g,q), defined in Tarzia, Bollo and Gariboldi
(2020), see (7), and the functional J1 previously defined, satisfy the following
elemental estimation

JY(G,9) < J1(3), VYgeH.

In the following theorem we obtain estimations between the solution of the
boundary optimal control problem (26) and the second component of the solu-
tion to simultaneous distributed-boundary optimal control problem studied in
Tarzia, Bollo and Gariboldi (2020).

THEOREM 2 If (g,q) € H x Q is the unique solution to the distributed-boundary
optimal control problem in Tarzia, Bollo and Gariboldi (2020), see (7), and G
is the unique solution to the optimal control problem (26), then

||’70||||u::
NoM 94

qllo <

|7 —

—ugglly VgeH (27)
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o)l
[ollv

where o is the trace operator with ||y|| = sup and Ao the coer-

veV —{0}
civeness constant of the bilinear form a.

PROOF By the optimality condition for g, for fixed g € H, we have
(Mq_pgaan)g :Oa Vné Q7

and then by taking n = § — ¢ we obtain
0.

—~

(M@ —pyq: 7 —T)o = 28)

On the other hand, if we take h = 0 € H in the optimality condition for (g,7q),
given in Tarzia, Bollo and Gariboldi (2020), we have (Mﬁ—pﬁa, Mo =0,V € Q;

next, by taking n = g — g, we obtain
(=Mq+pz5.4— 7)o =0. (29)

By adding the expressions (28) and (29), we have

(M@-D+ (Pﬁ—pga)ﬁ—a)g —0.

So, by the Cauchy-Schwarz inequality and the trace theorem, we have
F-ale < s~ pygl
q—4q|lg > i P55 — PgqllL2(v)-
Now, if we prove that
1
P55 — Pogllre(v) < —0||U§§ — Ugg|n
the estimation (27) holds. In fact, by the variational equality for the adjoint

state given in Tarzia, Bollo and Gariboldi (2020), see (5), for g =g and ¢ = g,
we have

—(p55(t),v) + alpz5(1),v) = (us5(t) — za(t),v)u, Vv € Vo,
and for fixed g € H and ¢ =7

—(Dg7(t),v) + alpgz(t),v) = (ugg(t) — za(t),v)m, VveW.
Subtracting these equations, we obtain

—(P75(t) —Pga(t), v) +alpgz(t) —pgq(t), v) = (ugz(t) —ugq(t), V), Vv € Vo.

By replacing v = pzz(t) — pgq(t) € Vo and using the fact that

2ps5(0) ~ Boa(t):przlt) — poa(t)) = llps®) — poa(t)li,
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we obtain
1d )
— 52 11P57(®) = Pog (I + Aol (Pﬁ( )= paa®)) I
< Ifug(t) = uga(®)llllpg7(0) = poz(®)l

and by using Young inequality for e = )y, we have

1d

- ganpﬁ(t) = pag(D)I [z + Mollps5(t) — pea ()|

1 A
< gy lliga(®) = o (Ol + Flpgz(t) ~ pya -

Then

d 1
= 5 /IP55(t) — poa(t )| + ollpg7(t) — pea(®)l[V < )\_OHUEE(t) — ugg(t)|[7-

By integrating between 0 and T', and using that pz=(T) = pgq(T) = 0, we
deduce that

1
Ip5(0) — pgz (0|13 + Nollpsz — PoallZqy < )\—0||U§§ — ugql |3

ie.
1
P55 — pygllrz(v) < )\—0||u§§ — gzl

and then (27) holds. O

Now, if we consider the distributed optimal control problem

find geH suchthat Jo(g) = Hél,}l{l J2(g) for fixed ¢€ Q, (30)
9

where Jy is the cost functional given in Menaldi and Tarzia (2007) plus the
constant &||q||%, that is, Jo : H — R{ is given by

1 M,y M
Ta(9) = 5llug = zal o + Mgl + S llalle - (fixed g€ Q),

where ug is the unique solution of the problem (3) for fixed ¢, we can prove the
following corollary.

COROLLARY 1 If (3,9) € H x Q is the unique solution to the simultaneous
optimal control problem, studied in Tarzia, Bollo and Gariboldi (2020), see (5),
g 1is the unique solution to the distributed optimal control problem (30) for fized
q (9 =), and q is the unique solution to the problem (26) for fived g (9 =73),
theng =79 and ¢ =q.
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PROOF If we take h = g — g in the optimality condition for the problem, given
in Menaldi and Tarzia (2007), we have

(M1§+p§§j—§)?_[ =0. (31)

On the other hand, if we consider h = § — g and n = 0 in the optimality
condition for the simultaneous optimal control problem studied in Tarzia, Bollo
and Gariboldi (2020), we obtain

(M7 +p;2.7-7), - (32)

Upon subtracting (31) and (32), we deduce that

(49 + py5 = MiF - p35,5-7), =0,
and therefore
(pﬁ pﬁj_g)y ~Mi(§-9,9-9); =0
Next, by using the fact that
(o = e 3 =7),, = ~liug = vl

we have
—[Jugz — uz==|l3, = Mi|[g — g3

Hence, we deduce that ||[g —g||3, = 0, and therefore g =73.

In a similar way we prove that § = 7. O

4.2. Estimations with respect to the problem S,
For each a > 0, we consider the following optimal control problem

find g, € Q suchthat Ji,(q,) = IIélIQl J1a(q), (33)
q

where Ji, : Q — R{ is given by

1

Jia(q) = B

M, M
ey = 2l + SNl + 5 Nl (fixed g € ),

that is, Ji, is the functional (6) plus the constant 4%|[g||3,, and wua, is the
unique solution of the problem (4) for fixed g.
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REMARK 2 The functional J} defined in Tarzia, Bollo and Gariboldi (2020),
see (8), and the functional Jio, previously defined, satisfy the following estimate

J;(EQ,EQ) < Jloz(qa)v Vg e H.

Estimation relation between the solution of the Neumann boundary optimal
control problem (33) and the second component of the solution to the simulta-
neous optimal control problem, studied in Tarzia, Bollo and Gariboldi (2020),
is given in the following theorem, whose proof is omitted.

THEOREM 3 If (9,,7,) € H x Q is the unique solution of the simultaneous
optimal control problem from Tarzia, Bollo and Gariboldi (2020), see (6), and
q,, is the unique solutions to the optimal control problem (33), then we have:

— = |[70l]
170 —Talle = T7 05,5, — tagalln VoeH
(0%

with Ay = A\ min{1,a} and \; the coerciveness constant of the bilinear form
aq.

If we consider the following distributed optimal control problem, for each a > 0:

find g, € H suchthat J2n(7,) = Hél,}I{l J2a(9), (34)
9

where Jo, : H — R is given by

1 M, M
Jaalg) = 5lluag — zallf+ SHllglB+ Sllally  (xed g€ Q)

that is, Ja, is the functional, studied in Menaldi and Tarzia (2007) plus the
constant &||q||%, and uag is the unique solution of the problem (4) for fixed g,
we give the following corollary, whose proof is omitted.

COROLLARY 2 If (9,,7q,) € H x Q is the unique solution of the simultaneous
optimal control problem studied in Tarzia, Bollo and Gariboldi (2020), see (6),
T, 15 the unique solution of the problem (34) for fized q¢ (¢ = q,), and q,, is
the unique solution of the problem (33) for fived g (9 =73,), then g, =g, and

9o = Ga-

5. Real Neumann boundary optimal control problems

In this section, we consider the non-stationary real-boundary optimal control
problems (8) and (9) and the stationary real-boundary optimal control problems
(15) and (16). We prove existence and uniqueness of the solutions to these
optimal control problems and monotonicity results are also obtained.
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5.1. Real Neumann boundary optimal control problem in relation
to the parabolic system S

If we consider the real-boundary optimal control problem (8) and we denote by
Upgg the unique solution of the variational equality (3) for the data b, ¢ and g,
and we take ¢ = Ago for fixed ¢y € Q (g0 # 0) and )\ € R, we can prove that

Ubgg(t) = upng(t) = up(t) + ug(t) +uy(t), Vo e,
where uy is the unique solution to the parabolic variational equality

u—uvy € L2(Vp), uw(0) =v, and € L*(Vy)
such that  (a(t),v) + a(u(t),v) =0, YveV,

uq is the unique solution to the parabolic variational equality

{ weL?(Vo), u(0)=0 and e L3(V) (36)

such that  (u(t),v) + a(u(t),v) = =A(q(t),v)g, Yv eV,
and ug is the unique solution to the parabolic variational equality

{ u € L2(Vp), w(0)=0 and e L3(Vf) (37)
such that (u(t),v) + a(u(t),v) = (g(t),v)u, Vv e V.

We note that, by the linearity, we can prove that u,(t) = Aug, (t), where wu,,
is the unique solution of (3) for ¢ = go and b = g = 0.

Next, for each T' > 0, the functional Hr(X) can be written down as

Hr() = 5 [ [ nle) +-Xags 0+ 0y (6)~ 2a(0) P + A [ [ éwoia

0 Q 0 I'y

therefore, Hr(\) = A2A(T) + AB(T) + C(T), where
M 1r
A(T) = 7//q§(t)dwdt+ 5//u§0(t)d:cdt
0 Ty 0 Q

T
B) = [ [ s ®un(0) + (1) — zalt)) o
0

Q

T
1
cT) =< (up(t) + ug(t) — za(t))?dxdt.
/]

0

\]
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Here, taking into account that

4A(T)C(T)
( O/J;% d’)’dt—i—O//uq0 dmdt) (O/Q/ub ) 4 ug(t) — za(t)) dmdt)

() oo

= [lugo | 5ellus +ug — zall3e = (ugg, up +ug — za)e

= ( // u%(t)(ub(t)wg(t)—zd(t»dxdt) — (B(T))”
0 Q

we deduce that (B(T))?> —4A(T)C(T) < 0, and since A(T') > 0, because gy # 0,
then there exists a unique A(T") € R for each T' > 0, such that it satisfies the
problem (8), whose solution is given by the following expression:

Ugy (T ug(t) — 24(t))dzxdt
ST ff )+l =20t "
@ Mffqo d”ydt—i-ffuz t)dxdt
0T,

Therefore, we have proven the following property.

THEOREM 4 For each T > 0, there exists a unique solution \(T) € R to the
optimization problem (8).

Now, we will prove some monotonicity properties.

PROPOSITION 3 Let 1 = Aiqo and g2 = Xago (90 > 0), with Ao < A\ and
g1 < g2, then upxn, g, < Upryg, 1 O x [0,T].

PROOF We define w = upy, g, — Ubr,g, and we take v = —w™(¢) € V for upy, 4, in
(3) and v = wt (¢) € V for upr,g, in (3) (for the regularity of w see Kinderlehrer
and Stampacchia, 2000). Upon adding the variational equalities, we obtain

<ub)\2.(]2 (t) - ub}\l g1 (t)v w? (t)> + a(ubkzgz (t) — Ubry g1 (t)7 wt (t))
— [ () = u(®)u* o + O = ) [ an(* By
Q 2
Next,

—(w* (), w (1)) — a(w* (), w* (1)) = / (92(t) — g1 (1)) w™ (t)d

Q

+ (= Ao) / o (Hw (t)dy.

1Y
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Now, using the fact that

(w5 (1), " (1)) = 3l (1)

and integrating between 0 and 7', we prove that

N~

T T
(Il @1 = [ O + [ o @1Ryde < [ [(0106) = galt)w @)
0 0 Q

T
(o= A1) / / aotyw (t)dvdt.

0 I'y

Since w* (O) = (uw\lgl - ubA292)+ (0) = maX{O? (ub)\lgl - ubkzgz) (0)} =0,

T T
Sl @+ [t Ol < [ (010 - gale)u (o
0 0 Q

T
+ A2 —N\) //qo(t)uﬂr(t)d*ydt <0,
0 'y

by using the facts that g1 < g2, A2 < A1 and go > 0, here ||w+||%2(vo) =0, then

wt =01in Q x [0,7] and therefore w < 0 in X [0, 7], that is, the thesis holds.
O

COROLLARY 3 If 1 = A1qo and g2 = Xago (qo > 0), with Ao < A1, then
UbAi g < UbNog m ) X [O,T]
PrROOF This results from taking ¢ = g1 = g2 in the proof of Proposition 3. [

REMARK 3 The previous monotonicity properties are still true if we consider
A1 < Ay with qo < 0.

5.2. Real Neumann boundary optimal control problems in relation
to the parabolic S,

If we consider the real Neumann boundary optimal control problem (9) and for
each o > 0 we denote by uqpqg the unique solution of the variational equality
(4) for data b, ¢ and g, and we take ¢ = Aqp for fixed go € Q (go # 0) and X € R,
we can see that

Uabgg(t) = Uabrg(t) = Uab(t) + Uaq(t) + tag(t), Vo €9,

where uqp, Uag; Uag are the unique solutions of (4) for g =g =0,b=g¢g =0 and
b = q = 0, respectively.
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We note that, by the linearity, we can see that waq(t) = Aag, (t), where uaq,
is the unique solution of (4) for ¢ = qp and b = g = 0. Next, for each T' > 0, the
functional H,7(\) can be written down as

T

Hor(\ :%//u )+ Aty (1) + tag (1) — za(t))*dadt
0

MN?

/ / q@e(t)dydt = N2 An(T) + ABo(T) + Co(T),
0 T'y

where

N =

u T T
AL (T) = 7// t)dydt + //u avgo (t)dxdt
0 0

T
O/Q/uaq(’ (wab(t) + tag(t) — za(t))dzdt

T
1
= 2 [ () + g (t) — za(t))2dadt.
2

Now, taking into account the fact that A,(T) > 0, in a similar way as in
the previous subsection, we can prove that (B (T))? — 4A,(T)Cy(T) < 0 and
therefore there exists a unique solution \,(7) € R, for each a > 0 and for each
T > 0, for the optimal control problem (9), which is given by the following
expression:

f fumzo (wap(t) + vag(t) — za(t))dxdt
Aa(T) = == . (39)

Mffq dwdt—i—ffuaqo t)dxdt
0 T

Therefore, we have proven the following property.

THEOREM 5 For each a > 0 and T > 0, there exists a unique solution \o(T) €
R to the optimization problem (9).

Now, in a similar way to that from the previous subsection, we can prove the
following monotonicity properties, whose proof is omitted.

PROPOSITION 4 For each a > 0, if 1 = Mqo and g2 = Aaqo (g0 > 0), with
A2 <A1, g1 L g2, bt < be on 'y and initial conditions vy, < vp,, then uap, n g, <
Uaby A2 g in ) x [O,T].
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5.3. Real Neumann boundary optimal control problem in relation
to the elliptic system P

Here, we consider the stationary real Neumann boundary optimal control prob-
lem (15). If we denote by wocpqg the unique solution of the variational equality
(13) for data b, ¢ and g. and if we consider ¢ = Agg for fixed ¢} € Q (¢ # 0)
and A € R, we can see that

Uoobgg = Uocobrg = Uocob + Uocog + Uocog s Vr e Qv

where Usop, Uoog, Usog are the unique solutions of the variational equality (13)
forq=g=0,b=g¢g=0and b= g =0, respectively.

Now, we take into account that usq = )\uooqa, where (S is the solution of
(13) for ¢ = ¢ and b = g = 0, and so the functional H(\) can be written down
as

2
Q 1Y

1 MM? "
H(/\) =35 /(uoob + )\Uooqé + Uoog — Zd)2dx + B /(QO)2d'7'

Therefore, H(\) = A>A + AB + C, where

M . 1
A= > /(qO)Qdﬂy + 3 /ugoqg dr, B= /uooqg (Uoob + Uoog — 24)dx
I's Q

C = /(uoob + Uoog — zd)2d:1:.

Q

N =

Here, since B%2 —4AC < 0, there exists a unique \ss € R such that it solves
the problem (15), that is

f Usogy (Uoob + Uocg — 24)dx
_ B 3

o =—=—5 =— 4
A 24 M [(g5)?dy + [ulg.dx (40)
T's Q

Therefore, we have proven the following theorem.
THEOREM 6 There exists a unique solution Aoy € R to the optimization problem
(15).
Now, we will give some monotonicity property, whose proof is omitted.

PROPOSITION 5 Let ¢1 = Aigl and g2 = A2qS (¢5 > 0), with Aoy < A1 and
91 < g2, then Ucobr, g < Ucobrags -
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5.4. Real Neumann boundary optimal control problems in relation
to the elliptic system P,

We consider the stationary real Neumann boundary optimal control problem
(16) and we denote by Uscabgg the unique solution to the variational equality
(14) for the data b, ¢ and g. If we consider ¢ = Agj for fixed ¢f € Q (¢ # 0)
and A € R, we can see that

Uooabgg = Uoocabrg = Ucoab + Uosoagq + Uocoag Va € Qu

where Uooab, Uscaq, Ucoag are the unique solutions of the variational equality (14)
forq=g=0,b=¢g=0and b= g =0, respectively.
Now, taking into account the fact that uecaq = )\Uooaqg, where Usoaq; 18 the

solution of (14) for ¢ = ¢ and b = g = 0, the functional H, () can be written
down as

2

1 MM "
Ha()\) = 5 /(uooab"_)\uooaqa +uooag_zd)2dfc+T /(q0)2d7 = )\QAa+)\Ba+Ca7

Q s

M [, 1
I's Q Q

1

C, = 3 /(uooab + Usoag — zd)2d:v.

Q

Here, since B2 — 44,0, < 0, there exists a unique A\, € R, which satisfies
the optimization problem (16), that is

f uooaqa (uooocb + Uooag — Zd)dx
Boc Q

24, @ 0M f(qg)de—i—fugoaqadx
s o

Therefore, we have proven the following theorem.
THEOREM 7 For each o > 0, there exists a unique solution Ao € R to the
optimization problem (16).
Now, we will give some monotonicity property, whose proof is omitted.

PROPOSITION 6 For each o > 0, if 1 = Mgl and ¢2 = Xogg (¢5 > 0), with
)\2 < )\17 g1 < g2, bl < b2 on Fl; then Uaby X191 < Uaba A2 ga in Q.
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6. Asymptotic behaviour of solutions when t — 400

In this section, we study the convergence of the solutions to the problem (3) for
fixed data b € H2(I';), ¢ € Q and g € H, to the solution to the problem (13)
for the same b € H%(I’l) and fixed ¢ € Q and g € H, when t — 400. Here, for
the sake of simplicity, we denote by us the unique solution to the variational
equality (13) for data g € @ and g € H.

If we define

Fi(t) = eg(t) = guolltrs  Fa(t) = [0l Plla(t) - asoll?)

with g € H, ¢ € Q, Ag the coerciveness constant of the bilinear form a and g
the trace operator, we can prove the following theorem.

THEOREM 8 Ifb€ H3(T1), ¢ € Q, g € H, Fy € L'(0,00) and Fy € L*(0,0),
then
— Aot

— Aot + 2e

2 2
[[tbgg (t) = uoo |l < [[tibgg (0) — oo |[me (Il 210,000 + P20 210,009

0

and therefore

tilgrnoo Upgg(t) = Uso in H strong (exponentially).

PROOF If we consider w(t) = upgq(t) — too, we have that w(t) € Vo, w(0) =

Up—Uso and W = Upqe. Therefore, by taking v = w(t) in the variational equalities
(3) and (13), respectively, and subtracting them, we obtain

(w(t), w(t)) + a(w(t), w(t)) = (L(t) = Loo, w(t)),

that is

5 2 @11 + Aol lw (D]

IN

(9(t) = goor w(t)) = (q(t) — goo, w(t))q-

5 @i + Xol[w(®)][} < Nlg(t) = geollullw(®)]lv + [la(t) — gsllellw(t)]]
< (lg(®) = goollmr + [1olllla(t) = gooll@) [lw(®)[lv

Ao
< 2 uo)ip
1
+ 5 (19(t) = goollr + [10lllla(t) — geoll@)?,
2o

where g is the trace operator. Then,

ld 2 )‘0 2 1 2 2 2
5 7Ol + S llw®)llE < " (llg(®) = goollF + l10l1*Mla(t) — asoll3y) -
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Next, if we put F(t) = |1g(t) — gooll% + 0l 24(t) — guoll3, we have

d 2
= ([lw@)I[F) ™ + Xollw(@)|[Fe*" < —F(t)e
dt Ao

or, equivalently,

d 2
= (lw®llFe™") < /\—OF(t)ek“t-

Now, by integrating between 0 and ¢, we obtain

2 [t a
hwe) e = o)l < 5 / F(r)dr,

therefore
2 — Aot t
w7 < llw(0)]|Fe" + e,\ / F(r)eMTdr
0 0
and the thesis holds. O

COROLLARY 4 Ifb e Hz ('), Fy € L*(0,00) and Fy € L*(0,00), with g(t) =
Joo € H and q(t) = g0 € @, then we have

2o

[[tbgg (t) — too||rr < [|tbgq(0) — teo||re™ =" (42)

PrROOF This results directly from Theorem 8. g

REMARK 4 We note that if we consider the hypothesis: there exist m € (0, o)
and C1 = const. > 0 such that

Rl + 1Pl

t——4o0 emt

(O!t) < Cl

then we can prove the asymptotic behaviour obtained in Theorem 8.

COROLLARY 5 a) Ifb e H=(Ty), with q(t) = goo € Q and there exist m €

F
(0, ) and Cy = const. > 0 such that lim et 0.0 1”;1(0’” < Cy, then
t—+oo €

ity (t) = e lir = 0.

b) If b e H2(Ty), with g(t) = goo € H and there exist m € (0,X) and

F
Cs = const. > 0 such that lim M% < Cs, then
t—+oo €

t—l)i}",-noo ||ubqg(t) - UOOHQ =0.
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REMARK 5 An open problem is to study whether (38) is convergent to (40) and
(39) is convergent to (41) (for each o > 0), when T — +oo. We hope that
these convergences do not happen. This conjecture is based on the fact that a
function g(t) (Vt > 0) can be strongly convergent in H to a function g, but g
s not necessarily strongly convergent to the same function goo in H, which is
shown in the following counterexample.

EXAMPLE 1 Assume Q = (0,1) and g(t) = goo + €%, then we have that

1 1
/ (g(t) — goo)de = / (eft)Qd:z: =e 2 50, ift— +oo,
0 0

, if t = +oo.

and
/Ot /01(9(7) — goo) ddr = /Ot(ef)sz _ %(1_67%) .
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