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Abstract: The aim of this paper is to recourse to topology opti-
mization method to synthesize mechanical matematerials, based on
the topologial derivative. Material symmetries play a major role in
the very definition and expression of the homogenized properties; the
search of optimal microstructures is done in given symmetry classes
characterized by invariants of the homogenized moduli. We synthe-
size thanks to this methodology periodic microstructures prone to
auxetic and anti-auxetic behaviors, or with a very large or small bulk
to shear modulus ratio.

Keywords: mechanical metamaterials, architected materials,
topology optimization, material symmetries, auxetic materials

1. Introduction

The rise of additive manufacturing, alongside advancements in engineering anal-
ysis tools, has heralded a new era in design, emphasizing deliberate manipulation
of material organization. This pivotal shift has spawned a revolutionary class of
artificial materials known as metamaterials, distinguished by their remarkable
static and dynamic properties not typically observed in natural substances (Liu
et al, 2000). These properties often encompass an exceptionally high bulk-to-
shear modulus ratio or a significantly negative Poisson’s ratio, surpassing those
of conventional materials (Bertoldi et al., 2017; Lakes, 1993). Moreover, the
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term “metamaterials” encapsulates the fundamental principle of altering topol-
ogy within a repetitive unit cell, as opposed to modifying the intrinsic properties
of the base material (Smith, Pendry and Wiltshire, 2004). Thus, metamaterials
in this context are defined as artificial materials, whose mechanical characte-
ristics derive from their internal structure, meticulously engineered into period-
ically arranged unit cells, rather than from their chemical composition (Liu and
Zhang, 2011; Wang et al., 2014).

Considerable research efforts have been dedicated to designing and analy-
zing auxetic metamaterials, characterized by negative Poisson’s ratios (Liu and
Hu, 2010). Significant studies have delved into the mechanical properties of
chiral lattices, hexa- and tetrachiral cellular solids (Spadoni and Ruzzene, 2012;
Bacigalupo and Gambarotta, 2014). Auxetics find applications across diverse
industries such as aerospace and automotive, owing to their exceptional shear
strength and reduced structural weight (Prawoto, 2012). Poisson’s ratio serves
as a crucial metric for assessing material performance. While isotropic mate-
rials have limited Poisson’s ratio values, anisotropic materials can surpass these
limits (Greaves et al., 2011). Introducing a degree of anisotropy is imperative
to achieve unconventional mechanical behaviors, a recognition echoed across
various engineering fields, including morphing wing applications in aerospace
(Olympio and Ghandi, 2010).

Successful morphing in aerospace or wind energy engineering hinges on the
utilization of materials that combine low stiffness and high Poisson’s ratio in
one direction to minimize actuation energy, with high stiffness in the perpen-
dicular direction to support aerodynamic loads (Olympio and Ghandi, 2010).
Certain honeycomb and hybrid accordion cellular solids fulfill these stiffness
characteristics. The development of metamaterials with controlled anisotropy,
tailored to be ultrasoft or ultra-stiff, while remaining lightweight, has gained
significance not only in morphing applications, but also in biomechanical, civil,
and mechanical engineering.

Three-dimensional unit cells have been meticulously designed to achieve
specified material stiffness ratios using evolutionary structural optimization meth-
ods (Yang et al., 2013). Additionally, various cubic-shaped lattices and origami
lattices have been employed to optimize bulk and shear moduli and control
Young’s modulus values (Silverberg et al., 2014). In addition to network mate-
rials, reinforced composite structures have attained highly anisotropic mechan-
ical properties, with stiffness ratios between two normal material directions
ranging from hundreds to thousands (Peel, 2007). These composites are poised
to be utilized in the design of vibration damping or actuation devices with su-
perior properties. Some applications necessitate anisotropic material designs,
not only due to stiffness requirements, but also because of their Poisson’s ra-
tio behavior. Recently, graphene materials with near-zero Poisson’s ratio values
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have been fabricated, showing promise for nano-engineering applications. More-
over, specific biological structures, like tendons and ligaments exhibit Poisson’s
ratio values well beyond the isotropic limits (Reese, Maas and Weiss, 2010),
necessitating the development of biocompatible biosubstitute materials for re-
constructing injured tissues, such as ligaments and tendons to mimic the native
tissue’s mechanical response (see also Fig. 1).

Despite the rapid expansion of the field of mechanical metamaterials over
the past two decades, the quest for their extraordinary properties still primar-
ily relies on a heuristic approach, as observed in the literature (Bertoldi et
al., 2017). However, recent advancements have seen the emergence of a few
works employing topology optimization as a rational methodology for design
and characterization (Mendez et al., 2019; Podestá et al., 2019; Sigmund and
Mante, 2013; Rossi et al., 2020, 2021; Yera et al., 2020). In this paper, we aim
to synthesize mechanical metamaterials with auxetic behavior or low or high
bulk-to-shear modulus using topology optimization as a systematic methodo-
logy. A novel aspect of our work involves classifying microstructures according
to their material symmetries, defined as invariants of the Cauchy homogenized
moduli.

The paper is organized as follows: Section 2 outlines the classification of
material symmetries based on invariants. Section 3 provides a self-contained
overview of the topological optimization method using the topological deriva-
tive. Section 4 presents numerical results for minimizing Poisson’s ratio across
different symmetry classes in 2D and optimizing the bulk-to-shear modulus,
chosen as a performance index for mechanical metamaterials. Finally, Section
5 concludes with a summary of our work and potential future developments in
the field of topology optimization.

2. Classification of materials elastic behaviors in 2D based

on material symmetries

2.1. Intrinsic definition of the mechanical moduli

The intrinsic definition of the mechanical moduli is based on the compliance
tensor, which is the inverse of the rigidity tensor, when adopting Bechterew’s
basis (Bechterew, 1926). This basis is used to consistently represent the strain
and stress tensors (denoted by ε

∼

and σ
∼

, respectively) for formulating the effec-
tive constitutive law. In this basis, the tensor of effective rigidity moduli (C

∼
∼

) is
represented as shown in Fig. 2. It is important to note that vectors and tensors
will be written with boldface symbols. Additionally, the convention of summing
repeated indices in a monomial will be systematically applied throughout this
paper.
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Figure 1: Auxetic and anti-auxetic materials in a diagram of the ratio of bulk
to shear modulus (K

G
) versus Poisson’s ratio in a 3D situation

Figure 2: The tensor of effective rigidity moduli in Bechterew’s basis

Utilizing the compliance tensor (S
∼
∼

), which is the inverse of the previously
defined rigidity tensor (Rychlewski, 1984), we can derive the intrinsic definitions
of the tensile modulus, Poisson’s ratio, shear modulus, and bulk modulus for
any arbitrary pair of orthogonal unit directions m

−

and n
−

, spanning a specified
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plane of analysis, successively
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These effective moduli provide a comprehensive characterization of the rigi-
dity tensor, particularly when examining three orthogonal planes in a 3D sce-
nario (or two in 2D). Notably, Poisson’s ratio emerges as an intrinsic property
of all elastic materials, derived from their compliance tensor, rather than be-
ing solely a kinematic measure of the transverse deformation, experienced by a
sample or a small volume of material around a given material point.

Given that microstructures typically exhibit material symmetries, these ex-
pressions of effective moduli can be tailored further, based on the specific class
of symmetries considered, thereby condensing the number of strictly indepen-
dent (non-zero) moduli. The objective of the next section is to delineate the
structure of the compliance tensor for existing symmetry classes in a 2D sce-
nario, aligning with our forthcoming goal of identifying optimal microstructures
within specific material symmetry groups.

2.2. Material symmetry classes in 2D linear elasticity

The constitutive law, governing periodic microstructures requires determining
the tensor of homogenized moduli, a process that can be streamlined by im-
posing constraints on the number of strictly independent coefficients. These
constraints arise from considerations of material symmetries, aligned with the
Curie-Neumann principle: the symmetry of the geometry implies correspond-
ing symmetries in the effective constitutive law. In the 2D scenario, which is
discussed here, the count of material symmetries and their associated rotations
and reflections, which preserve the geometry, significantly simplifies, compared
to the 3D case. Four symmetries are present (Verchery, 1982; Vianello, 1997; De
Saxcé and Vallée, 2013) (Z2 for general materials, or so-called digonal triclinic;
D2 for orthogonal materials; D4 for tetragonal materials; and O(2) for isotropic
materials), as listed below in ascending order of their material symmetry groups.
Each symmetry is linked to specific symmetry groups, both enumerated in Table

1, where Q
(

n
−

, θ
)

denotes a rotation of angle θ about axis n
−

, with e
−3

repre-
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senting the unit vector normal to the analysis plane. Further insights into the

impact of the rotational operator Q
(

e
−3
, θ
)

on C
∼
∼

in Bechterew’s basis can be

found in the study by De Saxcé and Vallée (2013).

Name(s) Digonal
Triclinic

Orthogonal Tetragonal Isotropic

Class Z2 D2 D4 O(2)
Generators Q(e

−3
, π) Q(e

−3
, π)

Q(e
−1
, π)

Q(e
−3
, π/2)

Q(e
−1
, π)

Q(e
−3
, θ), ∀θ

Q(e
−1
, π)

Examples Z 0 � ©

Table 1: Symmetry classes for 2D elasticity tensors

The rigidity tensor is structured as depicted in Fig. 3, with the number of
independent components indicated in the lower right corner of each elasticity
tensor. Additionally, in the same Fig. 3, straight lines denote the identity of
two coefficients, while × = C11−C12

2
.

Figure 3: Structure of the rigidity tensor in 2D (non-nil coefficients) of the four
material symmetry groups for 2D microstructures

The transition between symmetry classes in the preceding table is preci-
pitated by the nullification of invariants within the rigidity tensor, depicted in
Fig. 4. It is worth noting that C11, C12, C13, C22, C23, and C33 represent the
components of the homogenized elasticity tensor, as defined in Equation (4) of
Section (4).
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Figure 4: Invariant polynomials of planar elasticity tensor (left) and simplified
tree of symmetry jumps in 2D (right), François, Chen and Coret (2017)

Our objective is to leverage the classification of 2D microstructures, ac-
cording to material symmetries, to implement a topology optimization method,
aiming to showcase optimal microstructures within each class. This aspect rep-
resents a novel investigation within this contribution. The topology optimization
method will be succinctly presented in the following section.

3. Double scale topology optimization in the context of

linear anisotropic elasticity

Optimizing the design of mechanical systems, and in particular structures, is a
topic that has long been the subject of development, particularly in mathemat-
ics and mechanics. Among the methods that allow for effective computation of
optimized shapes of a mechanical structure, the first was the classical shape op-
timization method, based on the shape derivative concept (see, e.g., Pironneau,
1984; Sokolowski and Zolésio, 1992). Developments in structural optimization
also took off in the second half of the 1980s and into the 1990s, thanks to the
progress made in the development of associated mathematical and mechanical
theories (see, e.g., Bendsoe, 1984), leading, in particular, to the emergence of the
homogenization-based method (see, e.g., Allaire, 2002). This method also led to
the development of efficient computational methods, widely appreciated by the
engineering community, namely penalty methods, such as SIMP. Finally, a new
method emerged in the 1990s, on which we base our study: the method based on
the topological derivative. This concept appears as early as the introduction of
the bubble-method in Eschenauer, Kobelev and Schumacher (1994). Then, the
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rigorous notion of topological derivative was introduced in Sokolowski and Zo-
chowski (1999), which led to numerous developments and advances in the early
2000s (see Novotny and Sokolowski, 2012, for a review), which have continued
to expand right up to now, so as to deal with increasingly complex modeling
problems (see also Novotny, Sokolowski and Zochowski, 2019; Ferrer and Giusti,
2022). The revival of interest in shape and topology optimization at that time
was also due to the improvement of computational techniques, followed by the
emergence and democratization of additive manufacturing methods. After pio-
neering ideas such as in Céa et al. (2000), an impressively efficient new algorithm
was introduced in Amstutz and Andrä (2006), based directly on the topologi-
cal derivative, which led to numerous interesting results, such as, in particular,
the optimization of macroscopic Cauchy effect of a 2D periodic material by the
design of the underlying unit cell in Giusti et al. (2009), Amstutz et al. (2010).
This is precisely the framework we are working in. Let us briefly recall the
concept of topological derivative, together with the algorithm from Amstutz
and Andrä (2006). We refer to the monographs of Novotny and Sokolowski
(2012) and Novotny, Sokolowski and Zochowski (2019) for more details, and to
Amstutz et al. (2010) for a presentation in the present framework.

We consider the unit cell of a periodic material Y, which is made of a mixture
of a hard material Ω and a soft material Y \ Ω. We consider the following
optimal shape design problem: find an optimal shape Ω∗, such that J (Ω∗) =
minΩ⊂Y J (Ω), where J is an objective function. We perturb a given cell Y
in the infinitesimal region, occupied by Bρ(ŷ) (see Fig. 5), being filled with
different material property than the background. Namely, we introduce either
a small ball of soft material into the hard one, or a small ball of hard material
into the soft one. Thus, denoting by Ωρ,ŷ the perturbed distribution of hard
material, we define the topological derivative of J , written DTJ (Ω)(ŷ) as the
first correction term in the following expansion

J (Ωρ,ŷ) = J (Ω) + ρ2DTJ (Ω)(ŷ) + o(ρ2). (2)

The idea of the algorithm, introduced in Amstutz and Andrä (2006), is to
use the topological derivative as a necessary local optimality condition for the
optimization problem, namely

DTJ (Ω)(ŷ) ≥ 0, ∀ŷ ∈ Ω ∪ (Y \Ω). (3)

When describing the distribution by a level-set Ω = {ψ < 0}, it can be shown
that this optimality condition can be re-written as ψ = cgTΩ(ψ), c > 0, where
gTΩ(ψ) stands for the signed topological derivative associated to Ω = {ψ < 0}
(see Novotny, Sokolowski and Zochowski, 2019).

This yields the following algorithm:
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• Choose an initial level-set ψ0

• While ψn 6= gTΩ(ψn):

– Update the level-set ψn+1 within a line search making sure that the
level-set follows the descent direction: J (Ωn+1) < J (Ωn), where
Ωn+1 := {ψn+1 < 0}.

– Compute gTΩ(ψ
n+1).

Figure 5: Initial unit cell Y (left) and perturbed unit cell Yρ,ŷ (right), Calisti
(2021)

4. Numerical results

In this section, we employ the aforementioned optimization algorithm to syn-
thesize microstructures of metamaterial type. Given the significance of auxetics
within the realm of metamaterials, our objective is to explore microstructures
predisposed to exhibiting a negative Poisson’s ratio. This pursuit is underpinned
by the acknowledgment that Poisson’s ratio is widely regarded in the literature
as a pivotal metric for material performance, see Greaves et al. (2011), as it
intricately influences the bulk-to-shear modulus ratio, particularly in isotropic
and orthotropic materials, as will be discussed further. Subsequently, we will
delve into optimizing microstructures for the bulk-to-shear modulus ratio and
conduct sensitivity analyses concerning overall porosity, an imperative parame-
ter in the context of weight and energy consumption reduction.

It is worth noting that computations using Voigt’s notation (Voigt, 1910) are
prone to errors, as demonstrated in the study by Tomáš Mánik (2021). In our
study, we adopt the definition provided by Mehrabadi and Cowin (Mehrabadi
and Cowin, 1990; Cowin and Mehrabadi, 1992) for the vector representation
of strain and stress tensors. This approach incorporates a correction factor of√
2 for the shear strain and stress components, enabling us to express the two-

dimensional homogenized elasticity and compliance tensor in the matrix form
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as follows:

C
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According to its definition, a continuum with microstructure is characterized
by the presence of at least two length scales, which we refer to here and subse-
quently as macroscopic and microscopic scales, denoted as x

−

and y
−

, respectively

(see Fig. 6). At the micro scale, the behavior of the material is governed by the
following boundary value problem (BVP), posed over the repetitive unit cell Y,
obeying a linear elastic Hooke’s law type

divyσ
∼

= 0
−

σ
∼

= C
∼
∼µ

: ε
∼

ε
∼

= gradsyu−
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(5)

in which E
∼

(

x
−

)

stands for the imposed macrostrain tensor, ũ
−

(

ξ
−

,x
−

)

represents

the periodic displacement fluctuation and ξ
−

is the relative position denoted as

ξ
−

= y
−

− x
−

such that
1

|Y|

∫

Y

ξ
−

dVY = 0
−

. (6)

The volume average herein is defined for any field ψ(y
−

) as the following

integral

〈ψ〉Y =
1

|Y|

∫

Y

ψ dVY ,

with dVY being the infinitesimal integration volume over the unit cell.
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Figure 6: Unit cell of the composite (left) and the effective medium (right),
Ganghoffer and Reda (2021)

Insertion of (5)2, (5)3 and (5)4 into (5)1 gives

divy

(

C
∼
∼µ

: E
∼

)

+ divy

(

C
∼
∼µ

: gradsyũ−

)

= 0
−

(7)

which implies, due to the linearity of the PDE of equation (7) with respect

to the macroscopic kinematic loading E
∼

(

x
−

)

, the existence of a displacement

localization tensor, H
∼
−

E(ξ
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), such that:
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Applying Whitaker’s theorem (Whitaker, 1985, 2013) to (5)1 under condi-
tions of continuity of displacement and traction along the internal interfaces
between the constituents, we obtain:

〈divyσ
∼

〉Y = 0
−

⇐⇒ divx 〈σ
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〉Y = 0
−

(9)
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By identification, we immediately get the homogenized constitutive law:

Σ
∼

= C
∼
∼

hom : E
∼

(11)

with Σ
∼

the macro stress tensor

Letting A
∼
∼

E be the strain localization tensor, elaborated as

A
∼
∼

E = I
∼
∼

+ gradsyH∼
−

E (12)

and combining equations (11) and (12) allow us to deduce the homogenized
elasticity tensor as

C
∼
∼

hom =
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A
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∼
∼

E
〉

Y
. (13)

Components of the homogenized compliance tensor can then be computed
from those of the homogenized elasticity tensor through the following expres-
sions:
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∣
∣
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∼
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∣
∣
∣ being the determinant of elasticity tensor C

∼
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∣
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All numerical simulations consider topology optimization problems, having
the general form:

inf
Ω∈Uad

J (Ω) := j
(

C
∼
∼

hom

Ω

)

(16)

where Ω is a subdomain of the unit cell, a unit square, Y := (0, 1) × (0, 1).
The sequence of domains (Ωn)n>0, produced by the optimization process, are
defined by the elaboration of a level set function, viz.; Ωn = {ψn < 0} and
Y\Ωn = {ψn > 0}, the hard and soft phases, respectively, where ψn is the
level-set at a given step n of the descent towards the optimum.

Both soft and hard phase domains are characterized by the same Poisson’s
ratio (ν = 0.3), but by two distinct Young’s moduli, respectively, E{ψ<0} = 1
(material 1), E{ψ>0} = 0.001 (material 2). That is, we consider a phase con-
trast parameter γ0 = 0.001. The topology optimization is in fact exchanging
the soft and hard phases, with a non nil contrast parameter to avoid singular
perturbations of the topology corresponding to a true void. The initial distribu-
tion of material Γ0 = {x ∈ Y | ψ0(x) = 0} is a disk, given by the initial level-set
function ψ0, defined by

ψ0 (x, y) = cos [π (x− 0.5)]
2
cos [π (y − 0.5)]

2 − 0.5. (17)

The topology of the unit cell for this case is depicted in Fig. 7, where
the black- and white-coloured areas denote, respectively, materials 1 (the hard
phase) and 2 (the soft phase). Also illustrated in Fig. 7 is the initial finite
element mesh, exploited for numerical simulations. It consists of a number of
squares ni = 40 along one side of the unit cell Y, with four triangles per square,
resulting in 6400 linear triangular elements in total.

4.1. Topology optimization of Poisson’s ratio

An optimal Poisson’s ratio of periodic microstructures is searched in this section
using the topology optimization method exposed in Section 3 in the different
symmetry classes of Table 1. Namely, we will consider the minimization of
Poisson’s ratio with the following general functionals including a penalization
to enforce the considered material symmetry:

j(ν12) =
C12

C22

+ β · (I25 − I23I4) for orthotropic material

j(ν12) =
C12

C22

+ β · (I3) for tetragonal material

j(ν12) =
C12

C22

+ β1 · (I3) + β2 · (I4) for isotropic material.

(18)
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Figure 7: Initial distribution of material for the optimum topology (left) and
initial adopted finite element mesh (right)

The following figures show one optimal microstructure for each of the three
symmetry classes (successively orthotropic, tetragonal and isotropic), both at
the scale of a single unit cell, and repeated within a macroscopic domain for the
sake of clarity of the presentation of results.

4.1.1. Orthotropic case

In this first example, the objective is to minimize Poisson’s ratio for orthotropic
materials using the functional in expression (18)1. The imposed vanishing in-
variant for this class of materials (D2) is I25 − I23I4 = 0, as illustrated in Fig.
8(a). The final material distribution, corresponding to the optimized level-set,
reached after 63 iterations, is depicted in Fig. 8(b). The resulting periodically
repeated optimal microstructure is shown in Fig. 8(c). At the end of the opti-
mization, the volume fraction is 53.1221%. It is important to note that there is
no constraint on the volume fraction. The resulting small value of the penalized
invariant is I25 − I23I4 ≃ 0.0003, indicating the effectiveness of the penalization
method.

Figure 9 illustrates the convergence history, displaying the angle θ, plotted
against the number of iterations. Three instances of local mesh refinement are
observed: at iteration 29, where the angle is approximately θ ≃ 91.921◦; again
at iteration 32 with the angle around θ ≃ 91.5598◦; and finally, at iteration 52,
where the angle θ reaches an approximate value of 14.494◦. The total num-
ber of iterations, required to achieve the final distribution, with an angle of
approximately θ ≃ 9.1865◦, is 63.
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Figure 8: Minimization of Poisson’s ratio, ν12 = C12

C22
: (a) imposed invariant, (b)

optimal unit cell, and (c) corresponding periodic optimal microstructure

The corresponding value of homogenized elasticity tensor is given by

C
∼
∼

hom =






0.11616 −0.021125 0

−0.021125 0.0085737 0

0 0 0.0010784




 (MPa) (19)

which yields a negative Poisson’s ratio, ν12 = −2.464.

4.1.2. Tetragonal case

The sufficient condition for membership in D4, corresponding to tetragonal ma-
terials, is I3 = 0, as illustrated in Fig. 10(a). To satisfy this condition, the func-
tional for minimizing Poisson’s ratio is expressed as (18)2. The final optimized
unit cell topology, attained in 41 iterations, and the corresponding periodic op-
timal microstructure are successively shown in Figs. 10(b) and 10(c). The final
volume fraction in this case is 55.0008%. The small value of the penalized in-
variant, I3 ≃ 5.5714× 10−5, also demonstrates the efficiency of the penalization
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Figure 9: Convergence history: angle θ with respect to the number of iterations

method. It is worth noting that the resulting topology is more symmetrical
compared to the one obtained for the orthotropic case.

The associated effective homogenized moduli tensor is computed as the fol-
lowing matrix with numerical entries

C
∼
∼

hom =






0.0106 −0.022991 0

−0.022991 0.0106 0

0 0 0.0017685




 (MPa) (20)

which results in a negative Poisson’s ratio, ν12 = −2.1689.

4.1.3. Isotropic case

In order for a material to be a member of the isotropic group O(2), both I3 = 0
and I4 = 0 must hold, as exhibited in Fig. 11(a). For this case, we utilize the
functional (18)3 to minimize Poisson’s ratio. After completing the optimiza-
tion, the volume fraction reaches 77.7883%. The converged optimum unit cell,
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Figure 10: Minimization of Poisson’s ratio, ν12 = C12

C22
: (a) imposed invariant,

(b) optimum unit cell, and (c) corresponding periodic optimal microstructure

achieved in 29 iterations, is presented in Fig. 11(b), while the corresponding
periodic microstructure is shown in Fig. 11(c). However, despite the very small
values of the two penalized invariants (I3 ≃ 9.7429× 10−5, I4 ≃ 0.00103), it ap-
pears that the microstructure does not satisfy the imposed isotropy constraint.
The hexachiral lattice stands as one well-known example of an auxetic isotropic
material, which may, however, necessitate the consideration of chirality through
an enhanced constitutive law of strain gradient type (see Calisti et al., 2023).

The homogenized elasticity tensor is expressed as the following 3x3 matrix
with numerical values given by

C
∼
∼

hom =






0.039472 −0.019467 0

−0.019467 0.025512 0

0 0 0.0032902




 (MPa) (21)

and the resulting negative Poisson’s ratio, ν12 = −0.76305.

It can be seen that the three synthesized microstructures exhibit a re-entrant
type mechanism, a well-known characteristic of auxetics (see also Ganghoffer et
al., 2018). Note that the rolling mechanisms for chiral microstructures appar-
ently require a higher order effective model.
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Figure 11: Minimization of Poisson’s ratio, ν12 = C12

C22
: (a) imposed invariant,

(b) optimum unit cell, and (c) corresponding periodic structure

In the next section, the aim is to synthesize microstructures with an op-
timal bulk-to-shear modulus ratio, which serves as an indicator of a potential
metamaterial behavior.

4.2. Topology optimization of the ratio of bulk to shear modulus

4.2.1. Formulation

In an orthotropic medium, the two-dimensional compliance tensor has the fol-
lowing structure:

S
∼
∼

=







1
E1

− ν12
E1

0

− ν12
E1

1
E2

0

0 0 1
2µ12







(22)

where E1 and E2 are the Young’s moduli in the x and y directions, respectively,
and ν12 is the Poisson’s ratio between the x and y directions. The shear modulus,
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µ12, is given by:

µ12 =
E1E2

E1 + E2 + 2E2ν12
= G. (23)

Utilizing the expression in Equation (1)4, we can express the bulk modulus
in two dimensions is expressed as:

K2D =
1

S11 + S22 + 2S12
=

E1E2

E1 + E2 (1− 2ν12)
. (24)

To ensure the fulfilment of positivity condition K2D > 0, the denominator of
expression (24) must be positive, providing an upper bound for Poisson’s ratio:

E1 + E2 (1− 2ν12) > 0 =⇒ ν12 <
1 + E1

E2

2
. (25)

Additionally, the condition K2D

G
> 0 yields a lower bound for Poisson’s ratio:

E1 + E2 + 2E2ν12
E1 + E2 (1− 2ν12)

> 0 =⇒ ν12 > −
1 + E1

E2

2
. (26)

Upon combining the upper and lower bounds, the following bounds for Pois-
son’s ratio are obtained in the 2D situation:

−
1 + E1

E2

2
< ν12 <

1 + E1

E2

2
. (27)

In contrast to the 3D case, we observe the lack of fixed bounds for Poisson’s
ratio in general for the 2D situation, as the ratio of effective moduli can vary
widely. Anisotropy plays a crucial role in expanding these bounds, particularly
for auxetic materials, requiring pronounced anisotropy to achieve more negative
Poisson’s ratio values.

For an isotropic or tetragonal material with E1 = E2 = E and ν12 = ν21 = ν,
the expressions for the bulk and shear moduli, the ratio of bulk to shear modulus,
and the bounds of Poisson’s ratio are given, respectively, as follows:
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K2D =
E

2(1− ν)

G =
E

2(1 + ν)

K2D

G
=

1 + ν

1− ν

−1 < ν < 1.

(28)

We note that in the 2D situation, Poisson’s ratio can reach values as high
as unity, contrary to the 3D case, where it is limited to 1

2
. In Fig. 12, we

plot the bulk-to-shear modulus ratio versus Poisson’s ratio for different ratios
of the two tensile moduli. Increasing the ratio of tensile moduli results in a
more pronounced auxetic effect, confirming the previously established general
statement, regarding the obtained bounds.

It is important to stress that topology optimization delivers only locally op-
timal microstructures, so the obtained optima are expected to strongly depend
on both the initial topology and the set of material parameters, inherent to the
algorithm.
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Figure 12: K2D
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versus Poisson’s ratio diagram in 2D for orthotropic, tetragonal

and isotropic materials
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4.2.2. Minimization of the ratio of bulk to shear modulus

With the above results at hand, we now carry out the minimization of the ratio
of bulk to shear modulus. It is important to note herein that in order to get
the simplified symmetry in 2D for orthotropic, tetragonal and isotropic material
(see also Fig. 4) we impose the corresponding jump conditions, based on the
polynomial invariants of the homogenized elasticity tensor, by adding pena-
lization terms within the functional to be optimized. Additionally, in order
to even more constraint the search for negative Poisson’s ratio, we add the

penalization term
(

C12

C22
+ 1
)2

, representing the target value of -1 for Poisson’s

ratio. Finally, the cost functions for the orthotropic, tetragonal and isotropic
material symmetries take, successively, the forms

j

(

K2D

G

)

=
2S33

S11 + S22 + 2S12
+ β1 ·

(
C12

C22

+ 1

)2

+ β2 · (I25 − I23I4)

j

(

K2D

G

)

=
2S33

S11 + S22 + 2S12
+ β1 ·

(
C12

C22

+ 1

)2

+ β2 · (I3)

j

(

K2D

G

)

=
2S33

S11 + S22 + 2S12
+ β1 ·

(
C12

C22

+ 1

)2

+ β2 · (I3) + β3 · (I4).

(29)

4.2.2.1. Orthotropic case

The first scenario of interest involves minimizing the ratio of bulk to shear
modulus for orthotropic materials using expression (29)1. The imposed invariant
for this case is indicated in Fig. 13(a). The optimized topology of the unit cell
and the resulting periodic microstructure are shown in Figs. 13(b) and 13(c),
respectively. The total number of iterations, required to achieve convergence
is 39 (including iterations for two local refinements of the mesh). The volume
fraction at the end of the numerical simulation is 72.5901%.

The matrix representation of the obtained optimal homogenized elasticity
tensor is given by

C
∼
∼

hom =






0.013255 −0.011284 0

−0.011284 0.060504 0

0 0 0.029901




 (MPa). (30)

From this, the final values of the ratio of bulk to shear modulus and the
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Poisson’s ratio can be computed: K2D

G
= 0.23423, ν12 = −0.1865. The very small

value of the penalized invariant for the present case is I25−I23I4 ≃ 2.5849×10−26.

Figure 13: Minimization of the ratio of bulk to shear modulus, K2D

G
, for the

orthotropic case: (a) imposed invariant, (b) optimum unit cell, and (c) corre-
sponding optimum periodic structure

4.2.2.2. Tetragonal case

We now turn our attention to the cost function, expressed in (29)2, aimed
at minimizing the ratio of bulk to shear modulus for tetragonal materials. The
sufficient and necessary condition for satisfying this material symmetry, that is,
I3 = 0, is depicted in Fig. 14(a). After 45 iterations, the optimal distribution of
materials is illustrated in Fig. 14(b), along with the corresponding periodically
repeated microstructure in Fig. 14 (c). In this example, the final volume fraction
reaches 63.4823%.

The resulting homogenized elasticity tensor is represented in matrix format
as

C
∼
∼

hom =






0.02524 −0.0080492 0

−0.0080492 0.02524 0

0 0 0.012329




 (MPa), (31)
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Figure 14: Minimization of the ratio of bulk to shear modulus, K2D

G
, for the

tetragonal case: (a) imposed invariant, (b) optimum unit cell, and (c) corre-
sponding optimum periodic structure

which allows us to compute the optimal value of the ratio of bulk to shear

modulus, K2D

G
= 0.83071, as well as the resulting negative Poisson’s ratio, ν12 =

−0.3189. The penalized invariant for this case is I3 ≃ 2.6694× 10−5, indicating
a small value.

4.2.2.3. Isotropic case

In this example, the primary focus lies in minimizing the ratio of bulk to
shear modulus for isotropic materials. The objective function, represented by
expression (29)3, serves this purpose. The required invariants, demanding both
I3 = 0 and I4 = 0 for this symmetry class, are presented in Fig. 15(a). Illus-
trations of the optimal unit cell and the corresponding periodic microstructure,
achieved after 30 iterations, are presented in Figs. 15(b) and 15(c), respectively.
Upon completing the topology optimization, the volume fraction stabilizes at
74.6208%.

The matrix form of the resulting homogenized elasticity tensor is delineated
by the values in equation (32). It is imperative to highlight that while the
optimal periodic structure bears a striking resemblance to the isotropic class,
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Figure 15: Minimization of the ratio of bulk to shear modulus, K2D

G
, for the

isotropic case: (a) imposed invariant, (b) optimum unit cell, and (c) corre-
sponding optimum periodic structure

it does not entirely fulfill the imposed isotropy constraint. Consequently, the
count of independent components within the homogenized tensor is not two, as
illustrated in Fig. 3,

C
∼
∼

hom =






0.02363 −0.0077573 0

−0.0077573 0.021773 0

0 0 0.0094077




 (MPa), (32)

from which we can easily compute the values of the ratio of bulk to shear

modulus (K
2D

G
= 0.79275) and the negative Poisson’s ratio (ν12 = −0.35629).

The two penalized invariants, which are evaluated as I3 ≃ 1.7257 × 10−6, I4 ≃
6.7785× 10−5, show very small values.

For enhanced clarity, we have consolidated the optimal unit cells acquired
through minimizing the ratio of bulk to shear modulus for orthotropic, tetrag-

onal, and isotropic materials onto the diagram of K2D

G
versus Poisson’s ratio, as

depicted in Fig. 16. It is evident that, among the three material types considered
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(orthotropic, tetragonal, and isotropic), orthotropic materials most effectively
achieve the objective of minimizing the ratio of bulk to shear modulus.

Figure 16: Optimum unit cells obtained after minimization of the ratio of bulk
to shear modulus for orthotropic, tetragonal and isotropic materials on the

diagram of K2D

G
versus Poisson’s ratio

We proceed by analyzing the sensitivity of results to changes in the con-
trast parameter, mesh size, and initial level-set. To this end, we address the
minimization problem, defined in (29)3 across several contrast parameter val-
ues, namely {0.0001, 0.001, 0.01}. Additionally, we vary the initial mesh sizes,
denoted by ni, with ni taking values from the set {40, 60, 70}. Furthermore, we
introduce perturbations to the initial level-set ψ0, defined in (17), by varying i
within the set {−4,−2, 2}, resulting in modified level-set functions, expressed
as:

ψ0,i := ψ0 + i ∗ 0.05. (33)
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Figure 17: Sensitivity analysis: contrast parameter in the first column in the
set (0.0001, 0.001 and 0.01, from top to bottom, respectively), mesh size in
second column in the set (ni = 40, ni = 60 and ni = 70, from top to bottom,
respectively), and initial level-set in the third column (i = −4, i = −2 and
i = 2, from top to bottom, respectively)

All three parameters have a significant impact on the optimal design. It is
crucial to emphasize that topology optimization typically yields local minima,
indicating that the obtained minima are heavily influenced by the selected initial
parameter values.

4.2.3. Maximization of the ratio of bulk to shear modulus

Finally, to end this section, we examine the maximization of the ratio of bulk
to shear modulus by minimizing the following functional without enforcing any
constraints, as outlined in expression (34),

j

(

K2D

G

)

= − 2S33
S11 + S22 + 2S12

. (34)
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Figure 18: Maximization of the ratio of bulk to shear modulus, K2D

G
: (a) opti-

mum unit cell, (b) corresponding periodic structure, and (c) convergence history
of the cost function: angle θ with respect to the number of iterations

The optimized topology, achieved after 28 iterations, is presented in Fig. 18,
alongside the corresponding periodic microstructure. The convergence history,
tracking the evolution of the angle θ across iterations, is depicted in Fig. 18(c).
To attain convergence, with an angle of approximately θ ≃ 8.7576◦, we con-
ducted three local mesh refinements: at iteration 5, yielding a residual angle of
approximately θ ≃ 64.6569◦; at iteration 14, resulting in an angle of approx-
imately θ ≃ 12.646◦; and, finally, at iteration 21, where the angle θ reaches
approximately 19.9999◦. In this case, the final volume fraction after the topol-
ogy optimization is 64.3895%.

The associated homogenized elasticity tensor, from which the final value of

the ratio of bulk to shear modulus can be computed, K2D

G
= 81.3268, has the

following form

C
∼
∼

hom =






0.16859 0.013008 0

0.013008 0.16859 0

0 0 0.0011165




 (MPa). (35)



136 X.N. Do, V. Calisti and J.F. Ganghoffer

Demonstrably, it is an elasticity tensor of a tetragonal material with three
independent components (see also Fig. 3).

5. Conclusion

In this paper, we present optimal periodic microstructures for mechanical meta-
materials using a methodology based on topology optimization. Specifically,
we leverage the topological derivative, introduced in Novotny and Sokolowski
(2012), to assess the sensitivity of a functional to changes in the topology within
the reference unit cell. Remarkably, the topological derivative is a function that
enables the design of a numerical scheme, based on the descent direction of the
functional toward a minimum.

We focused on Poisson’s ratio and the bulk-to-shear modulus ratio as key
performance indicators to categorize different classes of mechanical metamate-
rials. Auxetics, a type of metamaterial with a large capacity for volumetric
change (area change in 2D), exhibit high resistance to shock, impact, vibration,
and sound propagation. Similarly, the ratio of bulk to shear moduli can also be
considered as a performance index of the resistance to shear versus volumetric
changes.

The optimal microstructures we obtained are local minima within three 2D
symmetry classes: orthotropic, tetragonal, and isotropic. Transitioning between
classes involves applying a penalization approach by zeroing corresponding in-
variants. The optimization process was efficient, converging in roughly 35 iter-
ations.

Our results demonstrate the sensitivity of the topology optimization method
to parameters such as mesh size, initial level-set function, and contrast pa-
rameter of moduli. As expected, the outcomes represent local minima. We
are currently applying the proposed methodology to other types of multi-scale
higher-order effective models. The progress of this work will be documented
and reported in forthcoming publications.
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