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Abstract: A question, which arises frequently in shape optimal
design, is the convergence of domains. If the objective function is
defined by using the solution of a PDE with boundary conditions,
then also the convergence of the boundary is of importance. In
this paper a criterion for a set of domains is defined, such that from
Q, — Q follows I', — T if one is restricting to this set of domains.
Moreover it is proved that this criterion is sharp, meaning that if
Q, — Q =T, — T holds for any sequence of this set, then this
criterion has to be fulfilled. A similar criterion for the convergence
of the Lebesgue measure of the boundaries pu(I'y) — p(T") is given.
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1. Introduction

In shape optimal design one usually has a set O of admissible domains, where
one wants to find a domain Q* € O which for a cost functional J satisfies

J(Q*) < J(Q) for all 2 € O.

If the cost functional J is defined by using the solution of some partial differential
equation on  with boundary conditions in I' := 92, discontinuities in the cost
functional may occur if Q, — Q but I';, -~ T

Denote for the rest of this article I' := 9 the boundary of the domain
Q and I',, := 09, the boundaries of the domains 2,, respectively, where a
domain means here a nonempty compact subset of R”Y. For reasons of clearness,
sometimes O is used instead of ' (912, instead of Iy, respectively).

Consider the example of a membrane on ), with Dirichlet boundary condi-
tions on I',. One can see that the limit of the solutions Q,, := [—1,-1]U [£,1]

*This article is based on a work done by the author at the Department of Mathematics,
Technical University of Denmark, DK-2800 Lyngby/Copenhagen, Denmark.
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behaves still like there were a boundary in {0}, while the real solution of {) with
Q = [~1,1] has no boundary condition in 0, see Fig. 1.
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Figure 1. Convergence of the membrane problem for Q, = [—— 1, ——71—1] u [l 1]

n’

One frequently used convergence criterion in domain optimization is the
convergence in the Hausdorff metric which has nice compactness properties for
classes of closed sets. Unfortunately, the solution of a PDE may not converge to
the solution for the limit domain when Q, — Q but T, —~ T, as one can see
in the previous example. Various restrictions on the set of domains, like, for ex-
ample, a cone property or Lipschitz boundaries have been used in order to avoid
difficulties of this kind, see, for example, Bucur and Zolesio (1994a), (1994Db),
(1994c), (1995), Pironneau (1984), Haslinger and Neittaanmaki (1988). It is
well known that Q, — Q = I';, — T holds in Hausdorff sense for domains
with Lipschitz boundary (see Example 3.2) or cone property (see Chenais, 1975,
for definition), both with given constants. The motivation is now to find more
general classes of sets such that Q, — Q@ = I',, — T" holds.

Consider now the membrane example on the sets Q, := [— 1,1 - %] U
[1 - zln, 1]. Note that these sets do not have a Lipschitz boundary nor satisfy

a cone property with given constants. But one can notice heuristically that the
boundaries I';, converge to {—1,1}, which is the boundary of the limit domain
[—1,1], and also that the solutions of the membrane problems on 2, converge
to the limit solution, see Fig. 2.



Convergence of domains and boundaries for shape optimal design 25

_1 Limit solution = real solution: 1
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Figure 2. Convergence of the membrane problem for 2, = [— 1,1 - %] U [1 -, 1]

Consider now the following variation equations, which may result from
boundary value problems:

Find u, € V(Qy) such that a,(un,v) = la(v) Yo € V(Q),
and analogously for the domain 2
Find u € V(Q) such that a(u,v) = I(v) Yv € V(Q),

where an, a are continuous, possibly symmetric V-elliptic bilinear forms on the
Hilbert spaces V(Q2,), V(Q), respectively. Analogously, I, and [ are continuous
linear functionals on V(Q,) and V(Q,), while an, ln, a and | depend themselves
on Qn,, .

The right hand side ,(v) of variation equations arising from boundary value
problems of Neumann type usually contains a term an fvdl, fr fodr for I(v),
respectively.

Let us assume that there is a unique solution for the variation equations
above (see the appropriate literature in this point). Consider now a series of do-
mains Q,, — § (in Hausdorff sense, see Section 2). If u(I') > 0 then difficulties
arise in evaluation of the term fr fvdl. Such a case for @, — Q, ', — T
and p(T',) =0 for all n € N, but p(I") > 0 is described in Section 4.

Furthermore, consider the sequence 2, := {—2—‘,—; iz =0,.. .,2"}. Of course,
T, = Q, and one can see intuitively that §2,, = I', converges for n — oo to
[0,1] in Hausdorff sense (this example will be treated later in a more exact
way). But the Lebesgue measure of I', is always zero and does not converge
to the Lebesgue measure of [0, 1] which is 1. One may expect that the volume
of Q, will not be preserved, but this example shows that also the sequence of
boundaries I',, may not preserve volume 0 for its limit if Q, — !
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2. Preliminaries

Now the basic ideas and results of Hausdorff metric and Hausdorff convergence
will be described. Most of the notations and results here are from Salinetti and
Wetts (1979). Like in the reference, the results given there can be extended to
more general normed linear spaces of finite dimension.

DEFINITION 2.1 The distance between a point z € RY and a set © c RN is
defined as:

(e, ) = {32£{Ilw—yn} oy
o= ifQ=0.

The Hausdorff distance between two sets Q1 C RY and Qs ¢ RY s de-
fined as:

dn (01, Q2) := max{ sup {d(z, )}, sup {d(z,01)}}.
z€M €

Following Salinetti and Wetts (1979) denote by B.(Q) := {z € RY | d(z, Q)
< €} the ball around Q with radius e. Furthermore, for any set M denote by
M =P(M):={N|NcCM}={f]|f: M — {0,1}} the potential set of M.
If X is a topological space, then a topological structure on 2X or on a subset
of 2X is called a hyperspace of X.

The following proposition gives the basic results for the Hausdorff distance,
the interested reader is referred to Salinetti and Wetts (1979) and Alt (1992)
for further details:

ProposITION 2.1

1. It holds that d(z,Q) = d(z,Q). Furthermore, if Q # 0 is closed, then
there exists y € Q such that 0 < d(z, Q) = d(z,y) < oco.

2. dn_1s nomnegative, symmetric and satisfies the triangle inequality on
oR™ RN If Q1, Qg is closed, then from dy (21, Q2) = 0 follows Q1 = Q.
Furthermore dj, is a metric on {Q C RN | Q # 0 and Q compact} and is
called Hausdorff metric.

3. For Q1,90 C RY the Hausdorff distance can be expressed as:

dh(ﬂl, Qz) = inf{e >0 I Q) C BE(Qz) and Qg C BE(Ql)}

Using the Hausdorff metric also convergence for sequences of sets can be
defined, which is a well established concept:

DEFINITION 2.2 Let (2,) be a series in {2 C RY | Q # 0 and Q compact}.
Qn converges in Hausdorff sense to @ € {Q C RY | Q # 0 and Q compact} <=

Q25 Q= Q=hlimQ, <= dy(Q, Q) — 0
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The following proposition gives mainly the criteria for verifying this con-
vergence. It summarizes results of Pironneau (1984) and Salinetti and Wetts
(1979), which will be used in the following sections. More details can also be
found in Hausdorff (1962) and Mosco (1969):

PROPOSITION 2.2
1. Let ,(2) € {2 C RY | Q closed}. Then @, — 2 if and only if one of
the following conditions holds:
o Q =0 and there exists ng € N such that for all n. > ng, Q, = 0.
o For all e > 0 there exists a ne € N such that for all n > n,

0#Q C Bo(Qn) and 0 # 2, C Be(Q).

2. If a sequence (2,) C {Q C RY | Q closed, bounded} has a Hausdorff
limes Q, it can be written as:
Q={zeR"|3((z.) C RN sequence) (Y(n € N) z, € Q)
and T, — z}.
3. Let (Q1),01,(92),0% € {Q c RY | Q closed, bounded} with LI oY
and Q2 - Q2. Then it holds that:
e (V(neN) QL c?)= Q!cq?

o QLU0 A lunl

3. Boundary convergence

DEFINITION 3.1 Let T C RY.
o Denote by H(RY) := {Q c RY | Q # 0, closed, bounded}, together with
the Hausdorff metric dp(.,.), the Hausdorff space on RM. ‘
o Denote by H(Y) :={Q C T | Q # 0, closed, bounded}, together with the
Hausdorff metric dy(.,.), the Hausdorff space on T.

From Beer (1993), Theorem 3.2.4, one has immediately:

COROLLARY 3.1 Let T C RY. It holds that:
o H(RY) is complete.
e H(Y) is compact in H(RY) <= T is compact in RY.

I Q, = Qin H(R™), then (T',) can be divergent as the following example
shows:

Q. = [-1,1] if n even
"I [-1L,-2]u[E1] ifnodd.

One can show that €, —— [~1, 1], but the series of boundaries (I'») is divergent
and has two cluster points {—1,1} and {-1,0,1}.
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The main technical difficulty of this section is contained in the following
lemma:

LEMMA 3.1 Let (Q,) C H(RY), @ € H(R") such that Q, = Q. Then (99,,)
has at least one cluster point ©. Moreover, for each such cluster point © it
holds that:

Ncoecn

Proof. For € > 0 arbitrary, but fixed, there exists, because of §2,, -+, 0 and
proposition 2.2 (1), an no such that for all n > ng, Q,, C B:(Q) where B.(f) is
bounded. Of course, also | J;2; €; is closed and bounded so that Y := =UR, QU
B.(R) is a compact set. By Corollary 3.1 we have now that () is compact and
therefore there exists a cluster point © of the sequence (') € H(Y) c H(R™M).
Then, there exists a subsequence (from now on again denoted by (f2,)) such

that Q, BNy and I'), LR .
Now assume in a second step that there exists an z € 9Q such that = ¢ 0.
Because O is closed there has to exist an € > 0 such that ‘

B.(z)N© #0. (1)

From T, %, © one has by Proposition 2.2 (1) that there exists an ng such that
for all n > ng

I, C Bs(8). (2)

Therefore, one gets with (1) that Bg(z) NI, = 0 for all n > ng. Hence, either
Be(z) C R\ Q, or Be(z) C (2, has to hold. So, one can divide the sequence
{2, into two subsequences, both converging to  and their boundaries to © in
Hausdorff sense, where at least one is infinite so that one has at least one of the
two cases:
1. () such that Bg(z) C RV \ Q;:
Because 2, 2, Q one has by Proposition 2.2 (1) that for some index jo,
2 C B¢(%;) has to hold. So, this is a contradiction to z € 9 C Q.
2. (Qk) such that B%(.'E) C (Olk:
Because z € 99 and Q is closed there exists a y € RY \ Q such that
d(z,y) < §,0<d(y,Q) =6< 5 and one has from before that y € €2

for all k. But this is a contradiction to §2 -+, Q2 because, by Proposition
2.2 (1), a ko has to exist such that Q; C Bs () for k > ko.
Hence, £ must be also in ©.

Now in a third step ©® C Q follows directly from €, LN Q, T, ", © and
I'n C 2y, for all n by Proposition 2.2 (3). |
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DEFINITION 3.2 Let Q € H(R™) and § > 0. Then we define:

e ga(z,) = d(z,RN \ Bs(Q)).
o go(6) := sup ga(z,§) is called the boundary complementary capacity of 2.
zel

REMARK 3.1 It is convenient to collect the following proper theses of ga(6)
which are readily observed:

e Because Q is bounded gq(8) : Ry — Ry is a well defined function for
each Q € H(RY).

e ga(0) = 0 because §2 is closed.

e gq is strictly increasing, because for §; < 8 it is clear that Bs, () C
Bs,(Q) with Bs, () # Baz( ). Therefore we have that for each x €

d(z, RN\ Bs, (Q)) < d(z,RY \ Bs,(Q)) from which the assumption follows

e go(8) > & because for all x € Q it holds by definition that d(z, RV \
Bs(Q)) > § and because I' C Q2 this holds also for z € T'.

o ga(8) = dup(T,0Bs(Q)) because d(y, ) = § for all y € 0Bs(Q)). From
the previous point we know that d(:v RN \ Bs(2)) > 6 and by Proposztzon
2.1 (1) that there emsts ay € RY\ Bs(Q) for whzch d(z,y) = d(z, RV \
Bs(Q)), because RN \ Bs(Q) is closed. Thaty € RN \ Bs(Q) has to be in
(RN \ Bs(Q)), otherwise one could easily find one nearer to z. Now the
assumption follows directly from the definition of dp.

DEFINITION 3.3 Let O € H(RY). Then we define:
go(8) := supqee ga () is called the boundary complementary capacity of O.

REMARK 3.2 Of course also go(0) = 0, go(6) > 6 holds and go is strictly
increasing.

Let now O C H(R™) such that go is continuous from the right in 0.

Now choose a sequence (Qn) € O such that Q, — Q. Because H(RY) is
complete it holds that Q € H(R™).
From Lemma 3.1 we have now that there exists a subsequence of (£2,,) (which

again will be denoted by (2,)) such that Q, A, Qand T, & ©; where
L' c©cQ. So, select now an ¢ € ©. From Proposition 2.2 (2) one knows that
there exists a sequence z, — = with z, € I', for all n € N.

Because go is continuous from the right in 0 and the other properties of go
hold we have that for each € > 0 there exists a § with 0 < 6 < ¢ such that
go(8) < e. This means that for all n € N it holds that d(zn, RY \ Bs(Q,)) < e.

Because RY \ Bs(2,) are closed sets and by Proposition 2.1 (1), for every
n € N there exists a y, € R \ Bs(Qy) such that d(y,,2») < €, where we have
from before that d(yn, Q) > 6. Because y, is a sequence in the set |5, Be(zn),
which is bounded because z, — z, it has a cluster point y. Now it should be
shown that also d(z,y) < e and d(y,2) > § hold.



30 L. HOLZLEITNER

Consider now one particular subsequence (which is again denoted by (22,))

for which it holds simultaneously that Q, LN Q, T, N 0, z, — z and

Yn — Y.

By the triangle inequality it holds that
d(z,y) < d(z,2n) + d(@n, yn) + d(yn, y)
where d(z,2,) — 0, d(yn,y) — 0 and d(zn,y,) < €. Therefore, also
d(z,y) <e.

Furthermore, as Q2 is closed we have by Proposition 2.1 (1), that there exists
a z € § such that d(y,z) = d(y,Q). Let now z, be a sequence such that (see
Proposition 2.2 (2)) z, € Q, for all n € N and 2, — z. Then we have by the
triangle inequality

§ < d(yn,y) + d(y, 2) + d(z, zn)
and as d(yn,y) — 0 and d(z,z,) — 0 we get
6 < d(y,z) = d(y, Q).
So, finally we have that for an arbitrary z € © and for all € > 0 there exists

a y € Be(z) for which 0 < § < d(y, ). Therefore z must be a boundary point
and we have proved the following:

LEMMA 3.2 Let O C 'H(RN ) and let go be continuous from right in 0. Then it
holds for every sequence () C O that

QB o=r, 5T

Additionally to the previous lemma, from the proof above one gets the fol-
lowing compactness criterion as a side result:

LEMMA 3.3 Let g : R — R{ be a function continuous from the right in 0. If
there ezists an O C H(RY), O # 0 with go = g, then H(g) := {Q € H(RY) |
ga < g} is complete.

Using the lemmas above one can now prove the main result of this section:

THEOREM 3.1 Let O be a compact subset of H(R™). Then it holds that go is
continuous from right in 0 if and only if for every sequence (Q,) C O

Q, S o=r, T
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Proof.
= Follows directly from Lemma 3.2.

«=: Let O be a compact subset of H(R") such that Q, Lt o=r, 5T

Assume now that go is not continuous from the right in 0, which means, as
go(0) = 0 and go is strictly increasing, that there exists an € > 0 such that for
all § > 0 go(8) > . That means there exists an € > 0 such that for all 6 > 0
there exists an € O and z € I' for which it holds that

ga(z,8) = d(z,RN \ Bs(Q)) > e. (3)

Let now & > 0 be such that (3) holds for all § > 0.
Select a sequence & with §x — 0. Then one can select a sequence (),
and zj € I'x such that

d(ar, R \ Bs, () > ¢ (4)

where I';, denotes the boundary of Q. By compactness of O there exists a

subsequence of £ (again denoted by Q) such that Q 2, and T — T.
This can be done because (z) is in the compact set ;- i U B, (Q), where v
is such that for all m > mg Q, C B,(Q) holds (by Proposition 2.2 (1)).

By Proposition 2.2 (2) z € h-limI'y holds. If z € T" then there has to be a
y € RV \ Q such that d(z,y) < /2.

Let now ko be such that for all k > ko d(zk,z) < €/2. Then by the triangle
inequality it holds that

d(a;k;y) < d(mkax) + d(x’y) <e. (5)

Therefore, one can choose for k¥ > ko a sequence yi such that yx € Qi and
d(yk,y) < 6. (If y € Qi choose y := y. If y & Qi then by (4) and (5) y has
to be in Bs, (), which means that d(y, Q%) < 6x. Therefore yr € Q can be
selected such that d(y,yr) < 6k.)

Hence we have constructed a sequence yr — y with yx € % and by Propo-
sition 2.2 (2) it holds that y € Q, which contradicts the choice of y € RV \ Q.
Therefore z € I' cannot be true. |

EXAMPLE 3.1

o Let us consider the example mentioned in the introduction where the do-

mains 2, can be seen in Fig. 3:
1 1
o fowm |1 2] o L] bt

Because for each §>0 one can find an n €N such that Bs(Q,)=]—(1+6),
1+ 8[ by selecting n such that £ < 8. Then 0Bs(Qn) = {—(1+6),1+ 6}
and 09, = {-1,-%1,L 1} 5099(5 |1+6—l|>1because—<5
Therefore, go, is not continuous from the right in 0.
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Figure 3. Q, = [— 1, —%] U [l 1]

n?

o On the other hand we may consider the following example, see Fig. 4:

Oy i= {Qn = —1,1-% U [1-2%,1]}%[—1,1]}

Note that for this Oy the Lipschitz condition for the boundary or the cone
property with given constants does not hold (the definition of the Lipschitz

Q, 0 1-1 1-1L

Figure 4. Q, = [—1,1—%]U[1——-1— 1]

boundary can be found in Ezample 3.2, for the cone property see Chenais,
1975). For every § > 0 one has

1=+ 8),14 4] if 6> &
Bs(ﬂ“)—{]—(1+5),1—%+5[ Ull— & —61+6] if6<a
and OBs5(Q) = {~(1+6),1+6)} z'f5>%
5(8 [-(1+6),1-L+51- L —51+6) if6 < o
where . )
o, = —1,1—51—%1}
Therefore
Lis ife> Lt
90, = 5 zf§<41n

and gq,, (6) < 46+6 =56. So 902 (6) is continuous from the right in 0. Es-
pecially for (), for which Q. R [—1,1] holds, this means by Lemma 3.2
that 0Q, — 9[-1,1].
So, we see that if o hole vanishes, then it has to move close to a not vanishing
boundary, to make sure that from Q, L0 follows Ty, LN

Because domains with Lipschitz boundary play an important role in the
theory of partial differential equations, we consider them in the next example:
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EXAMPLE 3.2 Q@ C RY has a Lipschitz boundary :<=> there ezist constants
1 >0, v >0 such that for all z = (z1,...,zN) € O there emists a local
coordinate system (rotated with respect the original) and a function

@p : K2 N"Yz) — Ry, No1 — @a(¥1,...N-1)

which is Lipschitz continuous with constant I, such that for all y1,. n-1 €
K}N=1(z) it holds that:

o (y1,..N-1,%z(Y1,.,n-1)) € OQ

ey N1 € KbN=Yz) and ¢o(y1,..n-1) < ynv < @z(y1,.,N-1) +

lvv/N—-1= yeQ

e yi,.N-1 € KlN"l(z) and ¢z(y1,..N-1) — VN -1 < yny <

wz(y1,.,n-1) = Yy € Q
where KYN=1(z) denotes the N — 1 dimensional cube with center in (z1,...
...,ZN—1) and side length 2v.

Although it is well known, it should be demonstrated here that H(l,v), which
denotes the sets in ’H(RN ) satisfying the Lipschitz condition with constants |
and v, has the property that Q, — Q = T'y, — T for all sequences () C
H(,v).

la

~l®

Figure 5. Cone disjoint with respect to {2



34 L. HOLZLEITNER

Let now é be sufficiently small and let Q € 'H(RN ) have a Lipschitz boundary
with constants | and v. Let furthermore z € T' be arbitrary, but fized. Then there
exists a coordinate system such that I' can be expressed as a Lipschitz continuous
function with constant l.

Because of the Lipschitz condition the boundary (z1,...,2N-1,0s(z1,...

-+,TN-1)) has to be outside of the open cone with verter z, azes (0,...,0,—1)
and slope | and —1 respectively (see Fig. 5).

So, one can calculate ¢ = la+ ¢ = a(l + %) Therefore, a = CH-LP and
with the usual formulas for triangles 62 = ct = % From that, it follows that
c = 6VI?2+1. This means that for § sufficiently small (6 < v, §(VI2+1+1)
< VN —1) the distance between (z1,...,TN-1,Zn — 6VI2+1) and Q is
greater than or equal to 6, but d(z,(z1,...,2N-1,2Zn — VI + 1)) = V12 + 1.
1t follows that ga(6) < 6VI? +1 for all Q@ € H(l,v). Therefore, gy,.)(6) <
6V +1 holds, which means, because of g3,(1,,)(0) = 0 and the property that
this function is strictly increasing, that it is continuous from the right at 0.
So, by Lemma 3.2 we have for every sequence (,) C H(l,v) the implication
Q, —Q=T, —T.

3.1. Conclusion of boundary convergence

REMARK 3.3 As go(0) = 0, go(6) > 6 and go is strictly increasing, it is
sufficient to show that for a function f which is continuous from the right in 0
with f(0) = 0 we have go < f within some neighborhood of 0. The function f
may tend to 0 arbitrarily slowly. As one can see from Ezample 3.2 as a special
case, for domains with Lipschitz boundary with constants I > 0,v > 0 this holds
for the function f(6) = 6v12 + 1, which is linear in §.

One sees immediately that go is continuous from the right in 0. Therefore
90(8) — 0 uniformly for all Q@ € O if § — 0. By the last point of Remark 3.1

this means that 9Bs () 2o uniformly for all @ € O if § — 0. Hence one can
replace in Lemma 3.2 “go is continuous from right in 0” by “OBs(Q) 6—’10-> r

uniformly for all 2 € O if 6 — 0”.
Especially Theorem 3.1 can be rewritten as follows:

THEOREM 3.2 Let O be a compact subset of H(RN). Then the following state-
ments are equivalent:

0Bs(Q) ;—’i? I’ uniformly for all Q € O, (6)
Qn 25 Q =T, 25T for all sequences (%) C O. (7)

One gets immediately the following corollary:
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COROLLARY 3.2 Let T be a compact subset of RY and let © C H(Y). Then
the following statements are equivalent:

0Bs(Q) ﬁ» T uniformly for all Q € O,
QO -2 Q=T 25T for all sequences () C O.

Of course it can also be seen in Example 3.1 that for the first set O; the
boundaries dBs(),) have distance greater than 1 to I'y, if % < 8, whereas for
every €2, of the second set O, it holds that dn(9Bs(2,),I'n) < 6. Also in
Example 3.2 it can be seen that d,(0Bs(Q2),T") < 612 +1 for all @ € H(l,v).

So, we have as the main result that if for a set of closed subsets of RY the
boundary of Bs(2) converges to the boundary of Q uniformly for all §2 in this

set then for any sequence 2, from , 2, Q it follows that I',, — T'. If the set
of domains is compact also the reverse direction holds.

One should notice that for a sequence (€,,) for which the restriction (6) holds,
the topology of the 2, may change in any stage of Q, C B:(2) Vn > ng for
€ > 0 arbitrarily small, which is not possible in the case of Lipschitz boundaries.
Consider finally an example, where Corollary 3.2 can be applied, but which is
not satisfying any Lipschitz condition:

EXAMPLE 3.3 In contrast to Ezample 3.2 consider now the followi'ng set O of
domains: A domain in O is the union of a fized number of k closed balls with

dn(T', Bs(Q))

r

Figure 6. di(T", Bs(S2)) for balls with radius r
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radius r € RY, located within a compact subset T of R2. The radius may vary
but is the same for each of the balls belonging to one domain. The balls of one
domain are located arbitrarily in T and possibly touching others, but two of them
have not more than one point in common, means the point of contact.

It 1s obvious that the sets in O are not satisfying any Lipschitz condition,
because if two balls are touching each other, the boundary at the point of contact
can neither be described as a single function nor can a Lipschitz condition be
found.

Because all Q € O are subsets of a compact set Y, there exists a mazi-
mum possible radius Tmaq for the balls of Q. The worst case for the distance
dn(L',0B5s(Q)) occurs at a point of contact. Assuming that § is sufficiently small
it can be calculated using the usual equations for triangles as /62 + 2r8, see
Fig. 6. Hence, dn(T',0B5(Q)) < V62 + 2rmaz6 means that 0Bs(Q) converges

uniformly to T for § — 0. By Corollary 3.2 one has that T, —— T' if Qn =5 Q.

4. The Lebesgue measure convergence of boundaries

Another important question in shape optimization is the following: Does the

boundary preserve Lebesgue measure 0 when §,, . Q. In this section a similar
criterion as before for boundary convergence is proven.

Denote from now on by p the N-dimensional Lebesgue measure. As one can
see, in the following example one may have pu(T'y) -~ p(h-lim(T,,)):

EXAMPLE 4.1 Let Q, := {35 |i=0,...,2"}. It is clear that T',, = Q,, and by
dp(Tn, [0,1)) = 5 it holds that T, — [0,1]. But u(Tn) — 0 where

h
p(h-lim(Ty,)) = u([0,1]) = 1. Of course in this case also Ty, -/~ 9|0, 1].

EXAMPLE 4.2 Now consider the sequence (), where Qo := [0,1] and Q, is
that set obtained by removing an open interval of the length 1/(6(3"~1)) from
the middle of each of the 2"~ connected disjoint subsets of Qn_1. It is well
known that Q := (), N Qn is a Cantor set with Lebesgue measure 1/2 because
the removed parts have the measure

T 1(2) _1

= 6\3 2
as one can calculate by the formulas for geometric series. Furthermore, it is
closed because it is an infinite intersection of closed sets. Therefore, Q € H(RY)
holds. Because ), is divided into 2™ disjoint subsets with length of each less
than 1/2™ it is clear that Q consists of boundary points only (for a fized x € Q

and € > 0 simply choose n such that 1/2" < e, then Be(z) C Qy, cannot be true
and therefore x & §)).
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Furthermore, it can be seen that Q, 2, Q because dp(Qn,Q) <1/3" — 0.
Also T, = T because di(Tn,T) = dp(Tn, Q) < 1/3® — 0, where u(T') = 0
for all m € N but w(T) = 1/2. This means that 2 — Q, Ty 2T and

u(Tn) = 0 for all n € N does not guarantee that I' has Lebesgue measure zero.
Note that because every boundary is closed it is Lebesgue measurable.

Consider now the following well-known theorem from measure theory, see
for example De Barra (1974), p. 111:

THEOREM 4.1 Let (Q,) be a sequence of measurable sets. If n D Qny1 for
all n € N and p(Q1) < 0o then p(Noey Q) = limpoo 4(Qn) holds.

LEMMA 4.1 Let () C H(RY) with Qn D Qnqa for all n € N. Then

) 2n = b-lim(Qy,).

n=1

Proof. As Q, D Qnq1 for all n € N it holds that (Q2,) C H(Q4) and therefore

there exists a subsequence (Q) C () with ., ©. We will show now that
Moy O = ©:
e By Proposition 2.2 (3) and (o2, Qn C Q4 for all & € N it holds that
Moy O C ©.
o Assume now that there exists € © such that = & (rey Qn. As()72; O =
{z € RN | z € Q, for all n € N} there has to be ng € N such that z & Qg
Now £n D Qny for all n € N hence z & 2y, for all n > ng. As () is
a subsequence of () there has to be ko € N such that z ¢ Qj for all
k > ko. Because Qy, is closed € := d(z,Q,) > 0 holds and as Qr D Qg1
it follows that d(z, Q) > ¢ for all £ > ko. But by Proposition 2.2 (2) © is
the set of all points y for which a sequence (yx) exists with y, € Q and
yr — y. This is a contradiction to d(z,) > € for all k > ko.
Therefore & € (5, » has to hold for every z € ©.

As N2, Q, = O, for every cluster point © of (£2,) one has also the unique-
ness of © and Q,, — Nory On. ) |

LEMMA 4.2 Let () C H(RY) such that Q, = Q. Then (2 \ Q) — 0
holds.

Proof. As Q and Q,, are closed, they are Lebesgue measurable and so are
Q. UQ, Q,\Qand Q\ Q,. Note that Q and 2, \ £ (respectively 2, and
Q\ Q) are disjoint and therefore (02, U ) = () + p(2n \ Q) (respectively
p(QU Q) = p(Qn) + p(2\ 2n))-
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0, UQ - Q follows directly from Proposition 2.2 (3). For a fixed n let 7
denote that number for which by Proposition 2.2 1) %uuac Ba, (@.u0,0)(Q)
holds for all # > . Define now

en = maz{dy (U UQ,Q) |7 > k > n}.

As Qr U Q are all bounded, ¢, is well defined for all n € N and one has that
2, UQ C B, (2) by Proposition 2.1 (3) and therefore

(B () 2 5 U Q) = 4 Q0 \ ) + () > (). (8)

Furthermore, €, — 0 holds by definition (because ©2,, UQ —* 2) and therefore
B, () is a decreasing sequence of sets, meaning that B, (Q) D B.,,,(Q) for
alln € N.

By Lemma 4.1, B, (Q) —- MNnz1 Be,. () and because dj (92, Be, () = e,
one has (o2 ; B., () = Q.

By Theorem 4.1, (B, (Q)) — p(N2, B, (Q)) = u(Q) and considering
(8) one has u(9, \ Q) — 0. |

REMARK 4.1 From Lemma 4.2 one has W\ Q) — 0 if Q, LR Q, but
w2\ Q) may not converge to 0/

Consider now the following theorem, which can be found in Beer (1974),
p. 64:

THEOREM 4.2 Let (Q,) C H(RY), Q € H(RY) be such that Q,, > Q. Then
it holds that

H(QAQ,) — 0 <> u(Bs(Q)) Py w(Qy) uniformly for alln € N

- where QAQ, == Q\Q, U, \ Q denotes the symmetric difference of Q and Q.

By using Lemma 4.2 and the fact that Q\ Q, and Q, \ Q are disjoint and
measurable one has immediately:

COROLLARY 4.1 Let (Q,) C H(RY), @ € H(RYN) be such that Q, < Q. Then
1t holds that

w2\ Q) — 0 <= u(Bs(2n)) Py () uniformly for all n € N.

By using Corollary 4.1 and Lemma 4.2 one can also prove the following:

COROLLARY 4.2 Let (Q,) C H(RY), @ € H(RY) be such that Q,, — Q. Then
1t holds that

() — () <= u(Bs(Q,)) P () uniformly for all n € N.
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Proof. From
0=p(QnUQ) = p(QU Q) = u(2\ Q) + p(Q) — 1(Q) — (2 \ )

one has u(Q2n,) = u(Q) + u(Q, \ Q) — u(2\ Q). By Q. 2, Q and Lemma 4.2,
w(2,\ Q) — 0 holds. Therefore, u(Q,) — () if and only if 4(Q\2,) — 0.
The proof follows directly from Corollary 4.1. i

LEMMA 4.3 Let O C H(RY) be such that u(Bs(T)) —— w(T) uniformly for
all Q € O. Then it holds that

Tn = © = w(ls) — u(O).
Proof. Follows directly from Corollary 4.2. |

THEOREM 4.3 Let O C H(RN) be compact. Then the following statements are
equivalent:

e u(Bs(I) — w(T) uniformly for all 2 € O.

—0

o Tn 2 © = u(T,) — w(®).

Proof. “=": Follows directly from Lemma 4.3.

“«=": Assume that u(Bs(T)) vy w(T") uniformly for Q@ € O does not hold.
This means that there is a ¢ > 0 such that for all § > 0 there exists a Q@ € O
with |u(Bs(I')) — w(T')| > e.

Let now € > 0 be such that the above statement holds. So by selecting a
sequence 8y — 0 one can choose Q such that |u (Bs, (T'x)) — u(T'x)| > €. By
compactness of @ and Lemma 3.1 there exists a subsequence (again denoted
by (%)) such that both Qg Qe 0and Ty 2 O, but | (Bs, (T'k)) —
w(Tx)| > €. So by Corollary 4.2 p(T'n) — ©(©) cannot be true. |

REMARK 4.2 Note that for Lemma 4.3 and Theorem 4.3 only T —— © is
required, ' = © and §, 2,0 is not necessary and may not hold. For an
ezample, where I' = © does not hold consider Oy of Ezample 3.1. For an
example where Qy, L, Q does not hold consider the ezample of Q, := [—1,1]
for n even, Q, := {=1,1} for n odd. In both cases I'n = {-1,1}, therefore
w(Tn) — w({-=1,1}) = 0, but () has no Hausdorff limit. Of course one
has by Lemma 3.1 under the assumptions of Lemma 4.3 or Theorem 4.3 that if
Qn L. then w(Tx) — w(©) holds for each cluster point © of (I'n), where

(T'x) denotes the corresponding subsequence of (I'n) with 'k e,

So, one has as an important special case the following criterion for Lebesgue
measure preservation 0 of the boundary. This case is very important for shape
optimization.
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COROLLARY 4.3 Let O C H(RY) be compact. Then the following statements
are equivalent:

o u(Bs(I)) Py 0 uniformly for all 2 € O.

e For each sequence (Q,) C O it holds that Q, —— Q = u(©) = 0, where
© s any cluster point of (T'y).
Proof. It remains to show that from u(Bs(T")) o 0 it follows that u(T")

= 0. The rest follows directly from Theorem 4.3 and Lemma 3.1

As for any 6, — 0 it holds that (3>, Bs, (T) = I’ (“O” holds by defini-
tion, “C” because I'is closed, otherwise there would exist z € (>, Bs, (T)
with d(,I') = ¢ > 0) and as By, (I) C Bas,(T) and 0 < ,,L(B}k(r)) <

#(Bas, (I')) — 0 also, we obtain by Theorem 4.1, 0 = limj_,o, u(Bs, (1)) =
ez Bsi (1) = w(T). ]
EXAMPLE 4.3 Similarly as in Ezample 8.2 it should be demonstrated that the

subset H(l,v) of closed, bounded, domains @ C RY which have a Lipschitz
boundary with constants l,v, has the property

for every converging sequence (Q,) C H(l,v). Using Lemma 4.3 this can be
done without proving that H(l,v) is complete (meaning that the limit of every
converging sequence of H(l,v) is again in H(l,v)), which may cause a lot of
technical effort to prove or counterprove.

Let now (Q2,) C H(l,v) be a converging sequence Q. 2 Q. From Ezam-

ple 3.2 we know already that in that case T', — T'. Because H(l,v) C H(RY)
and H(RY) is complete also € H(RY), meaning that Q is compact.

Hence, for € > 0 arbitrary, but fized, there exists (by Proposition 2.2 (1))
an ng such that for all n > ng, Q, C B:(Q). So, we have for all n € N that
Q, C T =2 Q% UB,. (Q), where T is compact. This means that for every
¥ > 0 there emsts a finite covering of T with balls of diameter ¥. Because
I'cQ X, this finite covering will also cover I.

Consider now an arbitrary, but fized, ball of this covering such that a point
z € I' is within this ball. Then, by the assumption that Q has a Lipschitz
boundary with constants l,v there ezists a coordinate system and an N — 1
dimensional cube KLN=Y(z) such that T' can be represented as a Lipschitz
function g (y1,.. N—1) with Lipschitz constant l. Furthermore, there must not
exist any other part of T’ within

{yeRY |y1,. n-1€ KY N1 (z) and
YN € oz (y1,...N-1) = IWVN — 1,04 (y1,.. . n-1) + VN — 1[}. (9)

Taking into consideration that the slope is bounded by | (-1 respectively), the
boundary must in vertical direction be between the lines Ly and Lo of Fig. 7.
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Figure 7. A ball By possibly touching ¢ only

Hence a ball By, possibly touching the boundary (meaning touching Ly and Ls)
but not touching any other part of T’ than represented by ¢, must be within
the region given by (9). So in the worst case this ball must be located like in
Fig. 7. By the usual equations for triangles the mazimum radius for such a ball

calculates as 9 < %% (see Fig. 7). If 9 was selected suitably small (meaning

¥ < min (%, 1—2-"—\/‘11%)) there will be no other part of T' within By than that one
represented by ¢, within KN =1(z). Denote now by k the number of balls
with that radius ¥ used for the finite covering of Y.

So, select now a ball By from the above covering with T N By # 0. Then

select a point © € T'N By and consider the corresponding function ¢, within
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KLN=Y(z). By a similar calculation as in Ezample 3.2 one obtains that a
ball of radius § must be covered by (see Fig. 8):

{y € RN | y1,..N—1 € K,}"“’N‘l(x) and
YN € (1, .N-1) = SVI2+ 1, 00(y1,... . N—1) + V2 + 1[}. (10)

The same holds for each other point of the graph of ¢, within KYN=1(z).
Therefore the Lebesgue measure of Bs(graph(pz)) is (within KL+N=1(z)) lim-

Figure 8. A ball Bs covered by (10)

ited by the Lebesgue measure of (10), which is (2v)N~1(26v12 +1). Remem-
bering that the finite covering consists of k balls By we have u(Bs(T)) <
E2NuN=16/12 41, which is linear in 6.
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This proves that u(Bs(Ty)) p—ry w(Tr) = 0 uniformly for all Q, and by

—0
Lemma 4.8 using Example 3.2 one has Qy o= w(T') = 0. Because this
holds for any sequence (2,) C H(l,v) with Qy, 2, Q, this completes the proof. B

EXAMPLE 4.4 Consider now again the set O of domains from Ezample 3.3,
which does not satisfy any Lipschitz condition. If for each Q € O it holds that
w(Bs(T)) < k(r+8)*m—k(r—8)%r = 4krém when § is sufficiently small, meaning
§ < r. Hence, for each Q € O u(Bs(T)) < 4krmacdm — 0 = u(T). Using

the result of Ezample 3.3 one has by Lemma 4.3 that Qp 20— w(lp) —
w(I) = 0.

5. Concluding remarks

The final result for shape optimization is that for any set O of admissible do-
mains it is sufficient to show that

e 0Bs(R) 6—ho-> I’ uniformly for all Q € O,
e u(Bs(I) 7 0 uniformly for all 2 € O

in order to make sure that

Q, 2 Q =T, 2T and p(Tn) — () = 0.

REMARK 5.1 Please note that for a sequence of domains Qy, 250 the proper-
ties T'p, 25T and w(Tn) — wu(T) are completely independent. For an example
where O — Q and T, =5 T but w(Trn) -~ w(I') consider Example 4.2. In

h
contrast, for an example where 2, 2, Q and p(Tn) — w(T) but T, -/~ T
consider O1 from Ezample 3.1.
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