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Abstract: We consider a domain filled with a suspension of heat
conducting spheres of conductivity < embedded in a matrix of lesser
conductivity <# It is assumed that there exists a thermal contact
resistance at the sphere - matrix interface. The contact resistance
is characterized by a scalar /3, which has dimensions of conductivity
per unit length. A current flux is prescribed on the domain boundary
and we seek the energy minimizing configuration among all suspen-
sions satisfying a resource constraint on the total volume of spheres.
We establish the existence of an energy minimizing configuration
within the class of polydisperse suspensions of spheres. The opti-
mal suspension depends upon the size of the domain al;id conj_Ets of
spheres of radii greater than or equal to R,  13-1(S;! - <b1)-1
or no spheres at all. Here R, is the ratio between the interfacial
resistance and the mismatch between the resistivity of each phase.
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1. Introduction

We consider suspensions of thermally conducting spheres embedded in a ma-
trix of lesser thermal conductivity. We allow the suspensions to contain spheres
of different radii. This class of suspensions is referred to as the class of poly-
disperse suspensions of spheres. The suspension is contained inside a convex
domain D ¢ R? with Lipschitz continuous boundary 8D. The conductivities of
the spheres and matrix are assumed isotropic and are specified by <p and <z
respectively, with <p > < We treat the technologically important case when
there is an interfacial contact resistance between the two phases. The contact
resistance is characterized by a scalar B with dimensions of conductivity per
unit length. Experiments show that for small particles, the presence of an in-
terfacial barrier can diminish or even negate the effect of a highly conducting
reinforcement, see, Garret and Rosenberg (1974), Every, Tzou, Hasselman and
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Raj (1992), and Hashin (1962). This phenomena is in striking contrast to what
occurs for perfectly bonded composites where there is no interfacial thermal bar-
rier. Indeed, for perfectly bonded composites it is known, that the addition of
highly conducting particles will always increase the effective conductivity inde-
pendently of particle size. Recent studies focusing on special micromechanical
models and dilute monodisperse suspensions of spheres strongly suggest that
the effective conductivity decreases with decreasing particle size, see: Chiew
and Glandt (1987), Every, Tzou, Hasselman and Raj (1992), and Hasselman
and Donaldson (1992). The low volume fraction results of Chiew and Glandt
(1987) and the micromechanical models of Every, Tzou, Hasselman and Raj
(1992) show that the effective conductivity tends to that of a porous matrix
in the limit of infinitesimally small particle size. More generally for periodic
suspensions it is shown in Lipton (1997) that the effective property tends to
that of a porous matrix in this limit. This behavior is seen in the experimental
results of Hasselman and Donaldson (1992). From the perspective of engineer-
ing applications, it is of importance to know how to design suspensions with
energy dissipation properties at least as good as that of the matrix. Recently it
has been shown by Lipton (1996, 1998) that if a reinforcement particle's second
Stekloff eigenvalue, pz, is greater than R, = (3-'/(u;’ - ugz')-!, then the en-
ergy dissipation of the suspension will not decrease when the particle is added
to the suspension. For a spherical particle of conductivity up this means that
the particle will not lower the energy dissipation of the composite when the
particle's radius is less than R.n see Theorem 1.1. In light of this, it is evident
that minimizing sequences of designs will not consist of arbitrarily fine suspen-
sions. In fact we show that the existence theory for the optimal design becomes
a problem of shape optimization. The author recognizes that polydisperse sus-
pensions of spheres do not represent the most general physical or mathematical
case, however it is a first step towards a general theory of existence for these
problems.

We present the mathematical formulation of the problem. The region occu-
pied by the i*” sphere in the suspension is denoted by Bi, and the configuration
of spheres given by their union UBi is denoted by A. The two phase interface is
denoted by I = U8Bi- We assume that the spheres are strictly contained inside
0,ie, Ac 2 and I N80 = 0. The local resistivity tensor inside the composite
is described by u-'(Xy) = u; 'xaia T u3' (1. Xa), where X, equals one in A
and zero otherwise. For a prescribed distribution of current g E H-'1?(8!1),
such that_f, gds = 0, the energy dissipated inside the composite is given by
E(A, g), where

E(A, g = min{C(A,j) :j EL*(0)*,divj=10, j-n=gon 80} (1)

and

(A, ) = /Q o (xa) § - jdx+ B /F (j - n)2ds. 0
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Here div j = 0 holds in the sense of distributions, ds is the element of surface
area, and the vector » is the unit normal pointing into the matrix phase. The
first term of the functional C(A,j) is associated with bulk energy dissipation,
while the second term gives the energy dissipation at the two-phase interface.
The minimzer | 4 is precisely the heat flux inside the composite. The associated
temperature u, is related to the heat flux through the constitutive law Jo =
cr(xa)Vua in each phase. The equilibrium equations for the temperature are
given in Section 3. Existence of solution for the equilibrium equations follows
from the Lax-Milgram lemma: this is easily established along the lines given in
Lene and Leguillon (1982).

We consider the problem of minimizing the energy dissipation among poly-
disperse suspensions, subject to a resource constraint on the total volume oc-
cupied by the spheres. We introduce the class Cg of all polydisperse suspen-
sions containing a finite number of spheres, satisfying the resource constraint
meas(A) § 0,meas (D). Here 0, is an upper bound on the volume fraction occu-
pied by the suspension. Note that there are no constraints on the size or number
of spheres for configurations in Cy». We suppose that the spheres do not touch
each other. To make this requirement precise we consider a suspension in Cgy
consisting of N spheres and denote the center and radius of the i’ sphere by xi
and 7i respectively. We surround the i*” sphere by an open ball Si with center
xi and slightly larger radius (1 + > where Ais a fixed positive constant. We
require that the open balls do not overlap, ie.,

SinS; =0i+j, 3
and
Sin8D=0i=12...N )

The class of suspensions in Cgy» satisfying (3) and (4) is denoted by Cgp.~-
For a prescribed current flux g E H-112, such that ] gds = 0 we consider
the problem,

min{E(A,g) : AE Gep,>} (5)

In this paper it is shown that an energy minimizing configuration exists in
the class Cg».=~. Moreover the optimal suspension depends upon the size of the
domain D) and consists of spheres with radii greater than or equal to R, or no
spheres at all: see Theorem 1.4. Here R has the dimensions of length and is
the ratio between the interfacial thermal resistance and the mismatch between
the thermal resistivity of each phase. We remark that the class Cg.~ is suffi-
ciently large to allow for the potential appearance of fine structure in minimizing
sequences of configurations. In fact the composite sphere assemblages of Hashin
(1962) can be approached by sequences of configurations in Cg».~- We note that
the restriction to suspensions of spheres that do not touch is a technical one
and is only used to apply the methods of optimal shape design as presented in
Pironneau (1984).
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The functional without the interfacial energy term in (2) has been widely
studied. Indeed, in the absence of surface energy, it is well known from the
fundamental work of Lurie and Cherkaev (1986) and Murat and Tartar (1985)
that problems of the type (5) are most often illposed and exhibit minimizing
sequences composed of arbitrarily fine mixtures of the two conductors.

Recently Ambrosio and Buttazzo (1993) have considered functionals with
bulk energies similar to the first term in (2) augmented by a penalization pro-
portional to the perimeter of the two phase interface. They allow for arbitrary
configurations of the two phases, placing a resource constraint on the better
conductor. The perimeter penalization used in Ambrosio and Buttazzo's work
rules out the appearance of arbitrarily fine mixtures in minimizing sequences by
assigning an infinite value to them.

Their penalization gives the necessary compactness and forces the optimal
configuration to lie within the class of sets of finite perimeter that are (up to
subsets of measure zero) open.

The approach taken here does not use an explicit perimeter penalization, but
instead the penalization opposing the formation of fine scale mixtures follows
from the thermal contact resistance at the two phase interface. The explicit
mechanism by which fine scale minimizing sequences are eliminated is seen in
the following inequality established in Lipton (1996, 1998).

THEOREM 1.1 Energy dissipation inequality.
Let B denote a sphere of radius a such that AUB is a suspension in Cy ,> then,

E(AUB, g) 2 E(A, g), (6)
if

a < Rer )
for all g EH-12(80) such that_fg,gds = 0.

We remark that this is a special case of a more general inequality that holds
for suspensions of particles with Lipschitz boundaries obtained in Lipton (1996,
1998). For completeness we provide a proof of Theorem 1.1 in Section 5.

It is evident from Theorem 1.1 that R., gives the critical sphere radius for
which the benefits of a highly conducting inclusion are spoiled by the contact re-
sistance at the particle surface. It follows that if a suspension contains spheres of
radii less than R, then there is no advantage to keeping them in the suspension.

At this point it is it is necessary to check that there exist suspensions in
Gy, > for which the corresponding energy dissipation E(A, g) is less than the
energy dissipation E(0, g) associated with pure matrix material. To answer this
question positively we introduce the following geometric quantity associated
with the configuration 4 and boundary data g given by:

T(A,g =R - ? .n)2ds).
(A,g =R J% 11 dX/(lE?A (I -n)°ds) ®
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Here ] is the current field generated inside the domain when filled with pure
matrix material and subjected to the prescribed boundary data g We now state
the following theorem that is proved in Section &

THEOREM 1.2 IfT(A,g) SO then E(A,g) S E(0,g).

For any given configuration A it is evident from (8) that the particle conduc-
tivity and interfacial resistance may be chosen to make R, sufficiently small so
that the quantity T(A, g) is negative. Thus for any configuration in Cy ,>there
is a choice of particle conductivity and interfacial resistance for which the con-
figuration has lower energy dissipation than pure matrix material. Conversely
for fixed material properties and boundary data, the condition T(A, g S Ois
seen to be sufficient for a configuration to reduce the energy dissipation below
the unreinforced value. As an example we consider boundary data of the form
g7 J en, where n is the outward directed unit normal vector on the boundary
of 11 and J is a constant vector in R®. For this case the requirement T(A,g) s 0
is equivalent to

(a1)-1 > Rep )

Here (a-1) is the volume average of the reciprocal radii for a suspension of
N spheres with radii a;,az,... ,aN given by:

-o="" =i

IAT (10

i=1 >

where, [{] | is the volume of the " sphere and IA[ is the volume of the suspension.
Thus it is evident from Theorem 1.2 that if the "harmonic mean" of the sphere
radii is greater than R, then the configuration reduces the energy dissipation
below the unreinforced value. The inequality (9) is established Section 6.

We next introduce the subclass SCy ,> of suspensions in Cg ,> consisting
only of spheres with radii greater than of equal to R, - In view of Theorem 1.1,
we see that the size of the domain !l effects the optimal configuration. Indeed,
the domain may have physical dimensions for which the class of configurations
SCy,»>is empty. Thus, the class Cy_,>consists of spheres of radius less than
R, . For this case, it is evident that the optimal configuration is made from
pure matrix material with no particles at all. We summarize these observations
in the following,

THEOREM 1.3 Necessary conditions of optimality.
If the configuration A is a minimizer for problem (5), then A E SCe,»> or

A=0.

We now assert the existence of an energy rn.inimizing configuration in the
class CeP >
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THEOREM 1.4 Exsistence of an energy minimizing suspension.
There exists a minimizing configuration A for problem (5) and A E S Co,,>or

A=0.

Clearly, Theorem 1.3 implies that all energy minimizing configurations must
lie in the class SCOP,> or consist of no spheres at all. Thus for domains for
which the class SC, ,>is not empty, our analysis focuses on proving the exis-
tence of minimizers within the class S Cop,>- Existence is proved through the
direct method of the calculus of variations and we may use the methods dis-
cussed in Pironneau (1984). It is shown in Section 2 by means of elementary
arguments that the set of characteristic functions associated with all configura-
tions in SC 0, ,>is closed and compact with respect to strong L’ convergence. In
Section 3, the functionals E (A, g) are shown to be continuous with respect to L’
convergence and existence follows. Section 4 provides a derivation of the energy
estimates used in section 3. In this Section, a higher regularity result for the
trace of the temperature on either side of the two phase boundary is obtained.
This is used to establish a Poincare like inequality from which uniform bounds
on the energy dissipation follow. We establish Theorem 11 in Section 5 and
conclude the paper by proving Theorem 1.2 and inequality 9 in Section 6.

2. Compactness of the design space

We consider a sequence {A”} . of configurations in SCo, > and state the fol-
lowing:

THEOREM 2.1 Given {A"} 1 such that AL e SC()p,>; v=12 ..., there exsists
a subsequence also denoted by {A"} | and a configuration A E SC o,,>for which
meas(A” D A)--+ 0. Equivalently we have X,v —+ XA, strongly in L* (D).

Proof:
We first note that any configuration A 7 of "p" particles can be represented by a
vector y” of length 4p consisting of the radius and center of each sphere in the
suspension. The maximum length of any such vector is attained by the vector
describing the configuration associated with packing D with spheres of radius

- The number of spheres in this packing is denoted by £ We see that all

conflguratlons inS C() ,> correspond to a closed bounded set of vectors in R*?.
The compactness of the design space in L!(D) follows immediately.

Remark. Since the minimum sphere size is bounded below by R, it is clear
that any convergent sequence {A®} =1 contains the same number of spheres for
sufficiently large indices v.

3. Continuity of the energy dissipation functional

In this section we establish the continuity of the functional E(4,g). We state
the following theorem:



On existence of energy 1ninimizing configurations 223

THEOREM 3.1 Continuity ofthe energy dissipation.
Given a sequence {A"} | in SCOP,>—and aset A in SCOP,>, such that meas(A"L,

A)--+ 0, then
lim E(4"g) = E(4.g) (1

Proof:

With out loss of generality, may suppose that the limit configuration A consists
of 'p" spheres. From the remark following Theorem 2.1 we assume that we
are far enough out in the sequence, so that each configuration A" consists of p
spheres.

For the configuration A" we introduce the characteristic function Xi associ-
ated with the i’# sphere. The characteristic functions of the spheres are related
to the characteristic function of the configuration 4" by Xa. = Z:f=l xr. More-
over, the convergence of {A"} | to A imply xr -+ Xj strongly in L' where Xj
is the characteristic function of the i””* sphere in the configuration A. The proof
is facilitated by introducing the equations of state solved by the temperature
uus for the configuration A". The heat flux is related to the gradient of the
temperature by the constitutive law: j o = a"(x)'vusr and

div(c”(z)Vusr) =0in Q\ TV, (12)
Across the interface one has

[jav -m] =0o0n I, (13)
and

Jav -y, = =PBluar] on I, 05, Vusw - n = g on 0. (14)

Here I'" is the two phase interface a"(x) = a, Xar tam(l - Xav), and avl =
Uar P - uar =, where the subscripts indicate the side of the interface where the
trace is taken. The requirement, fan gds = 0 is the solvability condition for the
equation of state, and the temperature Uy, E H'(D\r ") is determined uniquely
up to a constant. Exsistence of solution for the boundary value problem (3.2)-
(3.4), follows from the Lax-Milgram lemma; this is easily established along the
lines given in Lene and Leguillon (1982). We provide a usefull weak formulation
of the boundary value problem (12) - (14). Introducing the space of vector fields
o= (W0, wy,..., wp) belonging to H' (2)P+1, the weak formulation is given by:

L r(xrap'vuAv <'ywi)dx + r(l - Xa)am 'vuar - 'vwodx +
i=1Jn Jn

* /58 By lua 10w - wo)ds - /an wogds =0, (15)
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for all w E H!(11)P+!. Here 8Bf denotes the boundary of the i’# sphere in the
configuration 4V. One can establish the existence of a sequence of constants
{cV}3%, such that the normalized sequence of temperatures {us - c'}3=1 is
uniformly bounded, ie.,

sup uAv - ¢ Jluln\rv) < oo (16)

This estimate is derived in Section 4: see Theorem 4.2. The normalized
temperature is a solution of the equation of state (12)-(14) and for the remainder
of this Section we continue to denote it by ua. . Next we observe that there is a
uniform bound on the Lipschitz constant associated with the boundary of any
sphere Bf, that holds independently of the indices i and v Thus we may apply
the Theorem of D. Chenais (1975) to assert the exsistence of a positive number
K and p + 1 linear and continuous extension operators, Afy, M'{, ..., 1vl; such
that for all AV = uf=IBf E SCe Al

Mt: H'(D\ (AYUr"))-sH'R*). (17)

M[: H'(Br) - H'(R?3), (18)
fori =1,2,...,P, where

nMt!l:; Kand 1Ml 5 K (19)

fori=12,....,p
It is evident from (16) and (19) that

sup [IMtuAv Inln) < 00 (20)
and
sup [IMfUa IIHI m) < oo, (21)

fori=12 ...,p
From (20) and (21) we may pass to a subsequence if necessary to find that

there exists functions ug" ur' ... 'uf all in H!(n) such that:

M¥u, — ul, weakly in H(Q) (22)
and

M uye — u®, weakly in H(Q), (23)

fori=12,...,p
It follows from the weak formulation (15) that the choise W0 = MOu,. , Wi =
Mlua, i=12,... P gives:

E(A",g)=/ Mé’uAugds=/ Upv gds. (24)
Jog a9
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From the weak convergence (22), it follows that:
lim E(AY,g) = f u0gds. (25)
= 00 m

Next we let XA denote the characteristic function of A and XA = .Z..:tﬁﬁ,
where Xi is the characteristic function of the i’# sphere in the limit configuration
A. Tt is evident from (25) that the theorem follows once we show that, u’’ —

u0(1 - XA) + I:!:'.inuf" is the solution of.
Z-j/:(xiap'vu'(O . 'vwi)dx +ﬁ(l -n)am'vu0 *'vwadx +
i=1

+ Z— fou i- ds - ds = 0, 26
61:1 /B: (u u'o)(wi - wa)ds fc}l; wagds (26)

for all w in H! (D)P+l, where 8Bi is the boundary of the jth sphere in the limit
configuration. To establish this we will pass to the limit in the weak formulation
(15) to show that it agrees with (26).

We observe first that the weak convergence 'vNI[us - >'vuf®,i = 1,2,...,P
and 'vMou,a. - 'vu';'" together with the strong convergence of XI' to Xi, implies
that the first two terms of (15) converge to the first two terms of (26). To
expedite the presentation we denote the differences uf® - u0 and Wi - wy,
defined everywhere on D, by u®]i and /4 respectively. We consider the difference

between the third terms of (15) and (26), given by:
/3{t laB'{laa 115 - ;  1aB; n"’]ibids}
= /3{t {laB'{ (uAv] - L*™]i)Ads

(lc]z/Br p')ikids - | p™liAds)} . 27)

laB,
We show for each term in the sum (27) that the difference
/ ([uar] — [u™);)6:ds — 0, for all §; € HX(Q). (28)
oBY

To do this we observe,

/ ([ar] — [u*]:)bids = / ([unr] — [):)6in” - n¥ds, 29)
aBY aBY
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where n" is the unit normal pointing out of fJB'{. Extending the normal inside
B:( we apply the divergence theorem to find:

l{ ([uavl - L”%)8ds
asr

Il

l{ r((M(uAV' Mou,v) - 1%];)8n" -n"ds

xr{(v'M(uav- v'uf) T (v'uo' - v'Mouav)} -n"8dx (30)
+ lxr{(M(uAv— uf') t (uo' - MoUav)}(div n¥8 +n" -v'8; )dx.

For the i’” sphere, the extension of the unit normal vector is simply ¢ -
xr)(ar)-1 and div n¥ = 3(ar)-!, where @i and xr are the radii and cen-
ter of the i’ sphere in the configuration 4 ”. Clearly the products xrn" =
xr(x - xr)(ar)-! and xrdiv n¥ converge strongly in L? to frn and X;div n,
where n is the extended normal associated with the limit configuration. Thus
from the weak convergence (22) and (23) of the extended fields, it follows from
(30) that the difference (28) vanishes in the limit. Last, we observe that for
each term in the sum (27) the difference:

AB:[uw]zélds —/ ; [Uoo]i5id5 (31)

OB

vanishes in the limit; this follows from the continuity of the trace, see Lions
and Magenes (1972). Thus passing to the limit in (15) we recover (26) and the
Theorem follows.

4. The Poincare inequality and the energy estimate

In this Section we provide the energy estimates for the temperature satisfying
the equations of state given by (3.2) _ (3.4). In view of the discussion in Sections
2 and 3 we will only consider potentials associated with configurations in the
class SCp,» consisting of at most p spheres. For these configurations there
exsists a boundary layer I of thickness l/écr in which no sphere of conductivity
@ is present. We let 11 denote the subset of n obtained by removing the
boundary layer I> from 1, ie, £ = 2\ I

We start with an elementary observation on the regularity of the temperature
on the two phase interface. The trace of the temperature on the two phase
interface is denoted by uavlp and usvjy where the subscripts m and p denote
the side of the interface where the trace is taken. We give the following:

LEMMA 4.1 The traces uav|, and usv,, lie in CO(TV) for allv =1,2,...
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Proof:
We observe from (3.2) - (3.4) that in each phase the solution ua. satisfies the
following set of Neumann problems:

b‘q;"VUAV "'V<pdx = -/3 H- I/Z(aB;) < [uAv ], q)) H]-fz(BBi )' (32)
for all pE H'(B:),i= 1,2,... P, and

r OmwU av '"v<pdx = -/3 vo126vy < [UAV ]a<p>l—ll/2(rv)
In\Av

+  Haro < g4l =Hi20)= (33)

for all pEH'(D\ AY).

Observing that Usv E H!(n\ 1Y) we see that the jump [uav] lies in H'1? (rV)
and we appeal to the regularity theory for the Neumann problem, (see Grisvard,
1980) to conclude that un, E H>(0 \ r"¥). The Lemma now follows from the
Sobelev imbedding theorem.

Remark. Since rV is of class C?” we can iterate the procedure used to
prove Lemma 4.1 to find that Uy I and Uy Imlie in C°°(r V).

Letting d be the diameter of the domain 11 and setting w; equal to the
volume of the unit sphere in three dimensions we state the following Poincare
like inequality:

THEOREM 4.1 For any sequence of conﬁgura%ns in the class S Cq, .~ consisting

ofp spheres, there exists a constant M = 2(5 1)2 (Bw13) 2213, such that for
all temperatures u,. satisfying the equations of state:

luxe = ey < oM [ [V P+ [ (fune]) o) (9
where ¢V = |—qu fLA uavdz.

The proof of Theorem 4.1 proceeds in two steps, first we introduce the Riesz
and double 1, jer potentials given by:

Vs Vs (@) = [ 1=V )y 65
and

PY(|fuar]])(z) = /F |[uar @)1 10, E(2,y)ldsy, (36)
where 7 is the outward pointing normal and £(Xx, )) is the Newtonian potential

IY-xl-1e
We state the following:
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LEMMA 4.2
v d3 T
luar (z) = ¢’ < S (V3 IVuAVD ()
+  pv([uAvID(x)}. (37)

Proof:
For x and y in 11 we write:
Yl ¢
UAv(x) - uav(,) = - Jh 77 D, UA(x + rw)dr - L{uAv(x +1jw)], (38)
0 i=1
where 0 =5 £ 5 p, w = G - x/IY - xl. Here x + W lies on the intersection
of the /h interface and the line segment connecting the points x and y, and
[] indicates the jump of vAv across the surface of a spherical particle. Next
we integrate (38) with respect to the y variable over the boundary layer L)\ to
obtain:
1

ILilua (x)- cv) = - b_dy le_yDrUAv(x+ rw )dr
£

] & A G+ W) (39)
L ji=1

We write

lX_Yl
Lo ll(uar (x) - I = Ib_dyL D, UAv (x + rw)drl

t+ 1 d ¢, A+ rjw)DL (40)

>

Proceeding as in Gilbarg and Trudinger (1983), the first term in (40) is
estimated above by:

| I d, 1 I‘_YlDruAv (x + rw)drlz -?Vi;?)(l'vuAV D(x). (41)
> O

From the convexity of the domain n we may integrate the second term in
(40) using the polar coordinates d, = p’dpdw , to obtain

4 d3 P
| . dy(;[u/w (@+rwl)l < = ; /Q i |[uar (z +75(w)w)]|dw, (42)

where Di is the solid angle subtended by the i?” sphere and x + rj(w)w ranges
over all points on its surface. We apply a standard change of variables, (cf,
Jackson, 1975), to obtain:

FIT a1 oyopide = £ T s n & (5, )Idsy, (43)
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and the Lemma follows.
Application of Lemma 4.2 and Cauchy's inequality gives:

3
< V2 &
3 |Lal

v Unw 2 .'L' 1/2’
+ /QIP (Ifun]))[Pdz) (44)

( / Vi o Vtae )P

l|war — CV“H(Q)

From Gilbarg and Trudinger (1983) we have:
/n V(| Vuar )Pdz < (3wd/*) Q123 Vit 12 - (45)

Next we estimate the surface layer term on the right-hand side of (44). We
write,

p
Pv(l[uav]D = P[(I[u av]D, (46)

i=1
where P[(1[uav]) = f(lbr uav ()11 lanyE (x,y)ids,, Application of Cauchy's

inequality gives:
p
/ [P (|[uav]])[*de SPZ/ |PY (|[uar]])*dz. (47)
Q Pl o)

The Poincare inequality now follows from (44), (45), (47) and the following

estimate:
LEMMA 4.3
fo IP[(1[uav])Pdx
< GwA) 2ntsh o (y)]) 2ds, )
Proof:

Let K(x,y) = 18,yE (x,y)I, write l[uav]IK = ([uav)?’K)'1?K'1? and apply
Cauchy's inequality to obtain:

P2 ([ua ) < ( /6 (ww)PKds)(| K ds,) (49)

Elementary estimates, (cf., Jackson, 1975), show that:

|| / K(z,y) dsy s < 4, (50)
aBY
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thus,
; 2dx < dn uav])2Kds,)dz.
/ | P! (|[uar]])|?dz < 4 /(/B :([ )°Kdsy)d (51)

Let W ¢ D, be a thin shell containing the boundary 8B:( then,

([ (uw)?Kds))dz = ([ (ua))?Kds,)dz
/n /E)Bg /Q\W /613;
4 /W< /6 . (s )i (52)

For x E D\ W we have K(x,)) S I - Yl-? and application of Fubini's
theorem gives:

/ (/ ([uAu])2dey)dx < r (r K - YI-2dx)(av)’ds
aw Japr laBr In\w 4

< swpvisoe) [ genas,

< 6w )?nt’ By a)’ds,-  (53)

To estimate the second term on the right-hand side of (52) we recall from
Lemma 4.1, that ﬁmvl lies in C (r"¥) thus ][pAV]][Lm(BBr) s oo and

ll\r/V (lcéBt ([MAV])ZKdSy)dX S 471WI H([uA"D zijou (aBI )- (54)

Lemma 4.3 follows upon choosing HI such that its volume tends to zero.
We conclude this Section by providing a uniform estimate on the normalized
temperature fields given by:

THEOREM 4.2 Given a sequence of suspensions consisting. of p spheres in the
class SC.p,-" the associated temperature uv satisfies:

sup luAv - ¢"l'm n\rv) < oo, (55)
where
= |La|™! / usv (y)dy. (56)
Ly

Proof:
We observe that uu. - ¢” is a solution to the equations of state (3.2)-(3.4) and:

E(AY,g) = rguAvds: r.g(uAv—c")ds
lan lari

< lgla-/2¢m)luar - ¢ lal2an)
< liglu-/2@nilluay - ¢l o\rv). (57)
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From the Poincare inequality (34), it follows that
luar = ¢l @yeey < (1 erJVI)(/Q [Vuns [Pdz +/F ([uar))ds)- (58)

Next, set a = min{ap,am,,6} and make the substitution
1Q= (vav. vav. -.., vav) In (3.5) to obtain:

/QJ"(x)IVuAulzdx+ﬂ/ru([uAu])2ds
a(/ﬂ]VuAulex-{—/Fu([uAu])2ds). (59)

It is evident from (57), (58), and (59) that

E(A%,g)

v

sup | v'us"l?dx oo, sup | (ua"D2ds = oo, (60)
1 ln I lrv
and the theorem follows in view of (58) and (60).

S Proof of the energy dissipation inequality

We start by introducing the second Stekloff eigenvalue p2 of a particle E. When
I: has Lipschitz continuous boundary the variational formulation for the second
Stekloff eigenvalue is given by:

f,r (@,vep -n)ds

= 61
2 cﬁv(crrf,%):D Jg Ve - Vepdx (1)

cf. Kuttler and Sigillito (1968). Separation of variables shows that for a sphere
of radius a and conductivity a, that P2 = a /a.

We now give the proof. For any g E H-*1?(8D) for which f ngds = 0, we
write the difference 6E = E(A UE, g - E(A, g as

-6E=C(A,]) - C(A,]) tD(E, ]), (62)
where] = argmin{C(A UE,j)}, J = argmin{C(A,j)}, and D(E,]) is given by

D(E,3) =,s—1{1{ G -n)?ds - /| Blaz.! - a;51)] -dx}. (63)

aE E

Noting that the feild] is an admissible trial for the variational principle (1.1),
we have:

C(A3) - C(A)]) O (64)
Thus

6E  D(E,)). (65)
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Now, the equations of state for the temperature u E H' (!1\ (r U8:E)) imply that
] = a, Vu in E, [a(xA)Vu.n =0 on 8E, and.]'nl2 = aqu- nl,. on 8E. Thus
from (63) and (65) we obtain:

b.E;::,:,B-l{l& (aPVu'n)st - ‘f,B(a;;,,l-ail)aPVu"aqudX}- (66)
From (61), it follows that:
/ (0p,Vp - n)ds — pg/ opV - Vodz >0 (67)
% b :

for all @ E H3?(E) such that div (a,V) =0, in E
Comparing the right-hand side of (66) with (67), we discover that

AE >0 (68)
for
opB(0' — 0, )op < oppe. (69)

Theorem 1.1 follows noting that p, = a_/a for a sphere of radius a.
We observe that strict inequality in(68) follows from strict inequality in (69),
provided that Vu is not identically equal to zero on :E.

6. A proof of Theorem 1.2

We write the energy dissipation due to a distribution of current on the domain
boundary as:

E(A,® =min{C(A,j) :j E1°(1)’,divj =0, j on =g on 8!1} (70)

where
O = [ fomt —xalomt —og} iddx+ 7 [Gonas ()
Next we write the energy dissipated in the unreinforced domain as:

E(0,g) =min{C:j EL’(n)’,divj =0, j en =gon 8!1} (12)

where
C= a,l j-jdx. (73)

We set | = argminE(0, g0 and observe that it is an admissible trial field for
(70). Substitution of7 into (70) gives the estimate:

E(A, 8 SE(0,8 + (as/ - ai;-1>(J/aA(I. n)*ds)T (A, 9) (74)
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where T(4, g) is given by (1.8) and Theorem 1.2 follows.
Lastly, we establish the inequality given by (1.9). Indeed, for the choice
g =1 °n the quantity T(A, g) is given by.

T(A, 9 = R - I 12a&x/ I' (g -n)?ds. (75)
JA laA
The inequality follows from T(4,g)::; 0 upon noting that
[ 13Pda =37 x 14 76
A
and
N
/ (G-n)?ds =[5> x Y _ a7 |Yil. (77)
A 1=1
Acknowledgements

This research effort is sponsored by the NSF through grant DMS-9205158 and by
the Air Force Office of Scientific Research, Air Force Materiel Comand, USAF,
under grant number F49620-96-1-0055. The US government is authorized to
reproduce and distribute reprints for governmental purposes notwithstanding
any copyright notation thereon. The views and conclusions contained herein are
those of the author and should not be interpreted as necessairly representing
the official policies or endorsements, either expressed or implied of the Air Force
Office of Scientific Research or the US Government.

References

AMBROSIO, L. and BUITAZZO, G. (1993) An optimal design problem with
perimiter penalization. Cale. Var, 1, 55-69.

CHENAIS, D. (1975) On the exsistence of a solution in a domain identification
problem. jour. Math. Anal and Applications, 52, 189-219.

CHENAIS, D. (1980) Homeomorphisme entre ouverts lipschitziens. Annali di
Matematica Pura el Applicata, 118, 343-398.

CHIEW, Y.C. and GLANDT, E.D. (1987) Effective conductivity of dispersions:
the effect of resistance at the particle surfaces. Chem. Eng. Sci, 42,
2677-2685.

EVERY, A.G., Tzou, Y., HASSELMAN, D.P.H. and RAJ, R. (1992) The ef-
fect of particle size on the thermal conductivity of ZnS/diamond compos-
ites. Acta Metall Mater, 40, 123-129. '

GARRET, K.W. and ROSENBERG, H.M. (1974) The thermal conductivity of
epoxy-resin powder composite materials. J. Phys. D. Appl Phys., 7,
1247-1258.



234 R IPTON

GILBARG, D. and TRUDINGER, N.S. (1983) Elliptic Partial Differential Equa-
tions of Second Order. (Grundlehren der math. Wiss., vol 224) Berlin
Heidleberg New York: Springer.

GRISVARD, P. (1980) Boundary Value Problems in Non-Smooth Domains.
Univ. Maryland, Dept. of Math. Lecture Notes. 19.

HASHIN, Z. (1983) The elastic moduli of heterogeneous materials. J Appl.
Mech., 29, 143.

HASSELMAN, D.P.H. and DONALDSON, K.Y. (1992) Effect of reinforcement
particle size on the thermal conductivity of a particulate-silicon carbide-
reinforced aluminum matrix composite. J Am. Ceram. Soc., 75, 3137-
3139.

HASSELMAN, D.P.H. and JOHNSON, L.F. (1987) Effective thermal conduc-
tivity of composites with interfacial thermal barrier resistance. J Compos.
Mater., 21, 508-515.

JACKSON, J.D. (1975) Classical Electrodynamics. John Wiley and Sons. New
York.

KUTTLER, J.R. and SIGILLITO, V.G. (1983) Inequalities for membrane and
Stekloft eigenvalues. lour. Math. Anal. and Applications, 23, 148-160.

LENE, F. and LEGUILLON, D. (1982) Homogenized constitutive law for a par-
tially cohesive composite material. Int. J Solids Structures, 18, 433-458.

LIONS, J.L. and MAGENES, E. (1972) Non-Homogeneous Boundary Value Prob-
lems and Applications I (Grundlehren der math. Wiss., vol 181) Berlin
Heidleberg New York: Springer.

LIPTON, R. (1998) The Second Stekloff Eigenvalue and Energy Dissipation
Inequalities for Functionals with Surface Energy. Institute for Math and
Applications Preprint, 1410, July (1996). SIAM J on Analysis, 29, 637-
680.

LIPTON, R. (1996) The Second Stekloff Eigenvalue of an Inclusion and New
Size Effects for composites with interface thermal barriers. J Appl. Phys.,
80, 5583-5586.

LIPTON, R. (1998) Heat conduction in fine scale mixtures with interfacial con-
tact resistance. SIAM J. on Applied Mathematics, 58, 55-72.

LURIE, K.A. and CHERKAEV, A.V. (1986) Effective characteristics of com-
posite materials and the optimal design of structural elemets. Uspekhi
Mekaniki, Advances in Mechanics, 9, 2.

MURAT, F. and TARTAR, L. (1985) Calcul des Variations et homogeneisation.
In: Les Methodes de I'Homogeneisation: Theorie et Applicatons en Physique
Coll. de la Dir. des etudes et Reserches de Electr. del. France; Eyrolles,
Paris, 319-370.

PIRONNEAU, 0. (1984) Optimal Shape Design for Elliptic Systems. Springer-
Verlag. Berlin.





