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Abstract: Owing to the ecological requirements and regula-
tions, an enormous concern is being paid to the product re-processing.
In the established literature, researchers considered that the re-
manufactured items are as good as the new ones. Yet, such an
assumption is not convenient, as in many real situations the recy-
cled products are considered by the customers to be of secondary
quality. Further, the classical studies mainly addressed the inven-
tory models without shortages, and this is not applicable in many
practical business situations. This paper extends the reverse logis-
tics inventory models with finite production and remanufacturing
rate along with the assumption that newly produced and repaired
(remanufactured) objects are not of same characteristics. Shortages
are allowed and numerous stock-out cases are discussed. The col-
lected used items are remanufactured (repaired) and non-repaired
products are disposed off. The proposed models are illustrated with
some numerical examples and their results are discussed.

Keywords: inventory models, production, remanufacturing,
shortages

1. Introduction

Inventory management in reverse logistics, which incorporates joint manufac-
turing and remanufacturing options, has been receiving increasing attention in
recent years. However, fast developments in technology and mass appearance
of new industrial products, which are coming to the market, have resulted in
an increasing number of idle products and caused growing environmental prob-
lems worldwide. Therefore, increasing ecological concerns, end user awareness,
economic considerations, and legislation, related to waste disposal, encourage
manufacturers to take back products after customer have used them. Recently,
growing interest and realisations in the reverse logistics processes, such as the
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recovery of the returned products, have become one of the ways, in which busi-
nesses endeavor to retain and increase competitiveness in the global market.

Schrady (1967) first explored a deterministic reverse logistic Economic Order
Quantity (EOQ) model for repairable items with multiple repair cycles and one
production cycle. The model of Schrady (1967) was extended by Nahmias and
Rivera (1979) with inclusion of the case of finite repair rate. Richter (1996a, b)
proposed an EOQ model with waste disposal and looked over the optimal figure
of production and remanufacturing batches, depending on the rate of return.
Richter (1997), Richter and Dobos (1999) investigated whether a policy of either
total waste disposal or no waste disposal is optimal. Teunter (2001) considered
multiple production and remanufacturing cycles and generalized the results from
Schrady (1967). Dobos and Richter (2003) developed a production/recycling
setup with constant demand that is satisfied by non-instantaneous production
and recycling with a single repair and a single production batch in an interval
of time. Later on, Dobos and Richter (2004) generalized their earlier model
(Dobos and Richter, 2003) by considering multiple refurbish/repair and pro-
duction batches in a time interval. Along the same line of study, Dobos and
Richter (2006) further extended the model and assumed that the quality of col-
lected used/returned items is not always suitable for further recycling. Later
on, Jaber and El Saadany (2009) extended the work of Richter (1996a, b) by
assuming that the remanufactured items are considered by the customers to be
of lower quality than the new ones. Alamri (2011) put forward a general reverse
logistics inventory model for deteriorating items by considering the acceptable
returned quantity as a decision variable. Singh and Saxena (2012) proposed a
reverse logistics inventory model allowing for back-orders. Hasanov et al. (2012)
extended the work of Jaber and El Saadany (2009) by assuming that unfulfilled
demand of remanufactured and produced items is either fully or partially back-
ordered. Singh et al. (2012) developed an economic production lot-size (EPLS)
model with rework and flexibility under allowable shortages. Singh and Sharma
(2013a) developed a global optimizing policy for decaying items with ramp-type
demand rate under two-level trade credit financing, taking into account a preser-
vation technology. El Saadany et al. (2013) discussed an inventory model with
the question as to how many times a product can be remanufactured. Singh
and Sharma (2013b) explored an integrated model with variable production and
demand rates under inflation. Later, Singh and Sharma (2014) proposed an op-
timal trade-credit policy for perishable items, assuming imperfect production
and stock dependent demand. Recently, Singh and Sharma (2016) established
a production reliability model for deteriorating products with random demand
and inflation, and Bazan et al. (2016) presented a comprehensive review of
mathematical inventory models for reverse logistics.

In the existing literature, most of the research articles are developed with
the assumption that the produced and recovered items are not of different qual-
ity. In many practical business situations this hypothesis is not adequate, as
the repaired (remanufactured) items are considered of secondary quality by the
customers. In addition, infinite or instantaneous production and remanufac-
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turing rates are assumed in many previous reverse logistic inventory models.
Therefore, in this study, reverse logistics models with finite production, reman-
ufacturing and several stock-out cases are developed. It is assumed that newly
produced and remanufactured items are different in quality. This paper is an
extension of the work of Hasanov et al. (2012) for the case of finite production
and remanufacturing. We have also considered disposal cost for the disposed
items. Numerical experiments and sensitivity analysis are provided to illustrate
the proposed models. The behaviors of the total average cost functions for
different stock-out cases are shown with respective graphs.

2. Assumptions and notations

In this section, assumptions and notations used in the proposed model are given.
These assumptions and notations are based on Dobos and Richter (2004) and
Jaber and El Saadany (2009).

2.1. Assumptions

1. Finite production and remanufacturing rates.

2. Remanufactured items are not as good as new.

3. Demands for produced and remanufactured items are known, constant but
different.

4. Lead time is zero and unlimited storage capacity is available.

5. Constant but different collection rates for previously used manufactured
and remanufactured items.

6. A single product case.

7. Infinite planning horizon.

2.2. Notations

Decision variables:

m Number of remanufacturing batches

n Number of production batches

Yy Collection percentage of available returns of previously remanufac-
tured items (0 < - < 1)

Yp Collection percentage of available returns of newly produced items
(0<y<1)

0, Proportion of maximum inventory in a cycle of used/repaired items
consumed in the remanufacturing segment of 7(0 < 6, < 1)

0y Proportion of maximum inventory in a cycle of newly produced items

consumed in the production segment of T'(0 < 6, < 1)

Input parameters:
D, Demand rate for newly produced items (units/ unit of time)
D, Demand rate for remanufactured items (units/ unit of time), where
D, is not necessarily equal to D,
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D,/n Production rate (0 <n <1)
D, /5§ Remanufacturing rate (0 <4 <1)

SP
Sy
hP

ﬁ@. SEN ?

<

Setup cost for a production cycle ($)

Setup cost for a remanufacturing cycle (3)

Holding cost per unit per unit of time of a produced item ($/unit/unit
of time)

Holding cost per unit per unit of time of a remanufactured item
($/unit/unit of time)

Holding cost per unit per unit of time of a used item ($/unit/unit of
time)

Per unit production cost ($)

Per unit remanufacturing cost ($)

Per unit disposal cost ($)

Percentage of available returns from the primary market for produced
items

Percentage of available returns from the secondary market for reman-
ufactured items (0 < B, < fp < 1), where (1 — 3,) and (1 — S,) are
the waste disposal rates

Lost sale cost for a remanufactured item ($/unit)

Lost sale cost for a produced item ($/unit)

Backorder cost for a remanufactured item ($/unit/unit of time)
Backorder cost for a produced item ($/unit/unit of time)
Proportion of D, that is backordered (0 <v <1), and (1-v) is the
proportion of D,, that is lost

Proportion of D, that is backordered (0 <s <1), and (1-s) is the
proportion of D, that is lost

Decision variable dependent parameters:

T

Tr
Tp
T

Cycle length

One remanufacturing cycle length

One production cycle length

Length of the period, for which the inventory of produced items is
positive during the remanufacturing process

Length of the period, for which the inventory of remanufactured items
is positive during the production process

Length of an incomplete segment of a remanufacturing cycle during
the remanufacturing process

Length of an incomplete segment of a production cycle during the
production process

The period, in which remanufacturing starts and shortages for reman-
ufactured (or repaired) items (which occurred during production pro-
cess) are backordered and demand for remanufactured items, which
occurs during this period, is also satisfied
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Ty The period in which production starts and shortages for newly pro-
duced items (which occurred during remanufacturing process) are
backordered and demand for new items which occurs during this pe-
riod is also fulfilled.

3. Mathematical formulation and solution

The production, remanufacturing and waste disposal model, described in Hasa-
nov et al. (2012), is depicted in Fig. 1. Similarly as in the paper by Richter
(1996b), there are two shops in the system. In the first shop (serviceable stock),
newly produced and remanufactured (repaired) items are accumulated, while in
the second shop (repairable stock), returned/used items are stored. Collected
used items are screened, and those considered to be non-repairable are disposed
off. In this model, it is assumed that the newly produced items are sold on the
primary market, while, on the other hand, the remanufactured items are sold on
the secondary market at a reduced price. There are multiple remanufacturing
and production cycles in an interval of length T'.

’ ) a1
P P P

I3

Primary Market

Serviceable
Stock —
BD+7,8D, - S S
ya +7, Market .
rirer e Q Disposal
Remanufacture |
-
¥AD,
: (=%)A0,
Repairable Non Collected
Stock ) Repairable
Disposal
¥BD.+1,5D, %D, [
(1-7)8D

Figure 1. Material flow for a production and remanufacturing system

3.1. Scenario 1

3.1.1.Case 1: Partial backordering

The Case 1 of Scenario 1, where unfulfilled demands of remanufactured and
produced items are partially backordered, is illustrated in Fig. 2. In this case,
some sales are considered to be lost, as all the customers will not wait for the
next batch, when the shortages can be backordered. Specifically, a percentage
(s) of demand for remanufactured items is backordered during the remanufac-
turing period 77 and a percentage of demand (1-s) is lost. Quite analogously, a
percentage (v) of the demand for newly produced items is backordered during
the period T, while a percentage (1 — v) for new items is lost.
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Figure 2. The inventory status for the system with partial backordering
There are multiple remanufacturing and production batches in an interval
of length T, so we have
mIr+T1 +nTp+T5=T. (1)
Now, the remanufacturing quantity is
D, (mTr +T1)+s (nTp +T2) D = (mTr + T1) v, Br D+ (nTp + Ts) vp 5, D)

= (1—B) Dy (mTr +T1) = (nTp + T2) (VpBpDp — sD;.) . (2)

Since the shortages are partially backordered, during 77 and T5, so:
For the time period T3, we have

%Tl =sD, (TLTP +Ty)+ D, Ty
1-9)T
= 7( 35) L. (nTp+Ts). (3)

Similarly, for the period T5, we have

D
TPTQ = ’UDp (mTR + Tl) + DpT2

= 7(1 _UZ) h =(mITr+T1). (4)

From equations (2), (3) and (4) we get

50 (1 - 77) (1 - 'Yrﬂr) DT‘T2

= vn (1 —=68) (vpBpDyp — SDT)'
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Now, from equations (1), (3) and (4), we have

(1—n)T, n (1-0)T

=T.
v s

By putting the value of T} from equation (5), we get

un (’Ypﬂpr —sD,)T
(9g—sDr)(1—n)

Hence, from equations (5) and (6), we have

Ty = , where g = (Dr + vpBpDp — v 8rDr) . (6)

s6 (1 —~.B-) D, T
(1=0)(g—sDy)

T, =

By simplifying equations (4), (6) and (7), we obtain

o= (1—-0)sD,]T
TR_m(l—(S)(g—SDT)

,where o = [(1 = 6) v BpDp — (1 — vBr) s6D,] . (8)

Again, from equations (3), (6) and (7), we get

Tp — T (£ 4+ vsnD,.)
n(l=mn)(g—sDy)

The inventory holding cost expressions for the newly produced, remanufac-
tured and returned items are given, respectively, as

,where £ = [(1 = n) (1 = v5r) Dy — v0yp3pDp] . (9)

i M (L= DTE _ hy (& + vsnD,)? D,T? 10)
" 2 2n (1 —1n) (g - sD,)"

mhy, (1 —0)D,T%  hy[o— (1 —6)sD,]* D, T?

Hr = = 11
’ ! 2m(1-3) (g — 5D, ) (1)
D, T2 D72
Hy = hy | 3 B {5+ 4.8, — 2678 + (m —1) (1—7Tﬂr)}+77pﬁp2p 2
1 —6v,.6,) D, T?
+ 7255) Y+ Br Dy (1= 8) TRTy + (m — 1) (1 = 3.3,) X
o0 Dpr®Tp

D, TrT) + (1 - 5'7r6r) D, TrT, + +

2

{WPﬁPDPTQ + ’YT‘ﬁT‘D’I‘ (1 - 5) TR} nTp]
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= H, =
h, T2 D, {a—(1-46)sD,}? . B .

9 (g _ SDT)Q m (1 _ 5)2 {6 + 'Yrﬂr (1 26) +(m 1) (1 'Yrﬂr)}
+'YPBPDPUQ772 (VBpDp — SDT)Q T s26D3 (1 — 0y,f,) (1 — ’Yrﬂr)z

2 2

(I—n) (1-9)
+2v777TﬂTDT {a —(1-0)sD,} (FYPBPDP —sDy) + ”YPﬂ;DDPU2772 (€ + USWDT)Q
2

m (1 —mn) (1—1n)

+285D72" (1 B ’YT‘ﬁT‘) {a - (1 - 5) SD’I‘} {(m - 1) (1 - ’YTﬁr) + (1 - 6’77“67")}
m(1—6)°
+ { 2'7;05pr077 (”Ypﬂpr - SDT‘) 4 27, B Dy {06 - (1 - 5) SDr} } (5 + vSnDr)]
(L—mn) m (L—mn)

(12)

See Appendices 1 and 2 for the derivations of the holding costs expressions.
The total holding cost per unit of time is

Hp+ Hr+ H,

fp = Hrt At Hr

or HT = TQ/J (manuwruwp) ) (13)
where

HP + HR + H’r

0 (mymy ) = S (14)

The set up cost per unit time is
Sy S,
S, = (mi;np)' (15)

The disposal cost per unit of time is
Cw

D. = T [(Dp - 'Ypﬂ;DDp) (nTp +T2) + (Dy — B Dy) (mTr +T1)] .

By introducing the values of T, T1, Tr and T, from equations (6)-(9), respec-

tively, and then solving, we get

cw (1 —vBr) Dy (Dp — sDy)
(g - SD’I‘)

The remanufacturing cost per unit of time (including the purchasing cost of
used item) is

D, =

(16)

¢ | Dy D,
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By introducing the values of T and T from equations (7)-(8), respectively, and
then solving, we get

¢r Dy [a+ (6 — v Br) sDy]
(1=0)(g—sDy)

R, = (17)

The production cost per unit of time is

Cp DPT Dy T
c = — _— .
T | n 2 n (nTe)n

By putting the values of T» and Tp from equations (6) and (9), respectively,
and then solving, we obtain

cpDyp [§ +vsnDy + v (v, 8Dy — 5D, )]

P. = 18
(=g sD,) "
The total backordering cost per unit of time for newly produced items is
b D D
BC, = Tp —U2p (mTr +T1) (mTR + T1) + —U2p (mTr +1T1)T>
After solving, we get
2
BC, = bpv Dy (1 —n+vn) (vpBp Dy - sDy) T' (19)
2(1—n)(g—sDy)
The total backordering cost per unit of time for remanufactured items is
b, [sD, D,
BC, = T 82 (TLTP +T5) (nTp + Tz) + ST (TLTP +T5)Th
After solving, we obtain
by (1— 8+ 50) (1 —.8,) sD3T
Be, = =0t s0) (0 =9bh) DT (20)
2(1-6)(g—sDr)
The total backordering cost per unit of time is
BCPR = BCpr (’}/T,’yp) T (21)

where

BCpr (Vruwp) =
bpvD,, (1 — 1+ vn) (vpBpDp — SDT)2 n b (1—64s0)(1— %ﬁr)2 sD3
2(1—1n)(g—sD,)” 2(1-0)(g - sD,)?

(22)
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The lost sales cost per unit of time for newly produced items is

_ b _ by (1 —v) Dy (vpBpDp — sDr)
LC, = T [(1 v) D, (mTR + Tl)] = (g —sD,) . (23)
The lost sales cost per unit of time for remanufactured (repaired) items is
Ly Iy (1= s) Dy (L — ) D}
LC. = =[(1-=39)D,(nTp+1T5)] = . 24
Co = 2 1(1 = 8) D, (Tp + Ty) s (24)
Therefore, the total cost per unit of time for the inventory system is
(mS, +nSp) cw (1 = v-6r) Dy
T 7T = |\ T B rT _
C (m,n, v, Vp, T) [ T + T + BCp, T + (G sDy) X
C’I‘DT‘ [Oé + (5 - ’77‘67‘) SDT‘]
D, —sD,)+
Br = oD+ =05 g sD))
cpD
+ e E+wvsnD, +v ’yﬂD—sDT)
T ep OpfnDp = 5D
+lp (1 —v) Dp (vpBpDp — sDy) + lr (1=5)Dp (1 —Br) D?} (25)
(g —sDy) (g — sDy)

where ¥(m, n, v, 1) and BCyp (77, 7p) are given by equations (14) and (22),
respectively.

Now, by putting the first order partial derivative of equation (25) equal to
zero and solving for T, we get

(mS, +nS,)
T = . 26
\/1/) (mvna’YTa’Y;D) + BO;DT (’YTv'-YP) ( )

Putting the value of T from equation (25) into (26), we obtain

C (m,n,vr,vp) = ﬁ [2\/(mST +nS,) (¥ + BCpy) + o (1 — 72 3r) X

D, (Dp - SDT) + CrDr [a - (6 — /Yrﬁr) SDT] + Cpr

(1-9) -
(€ +vsnDy + v (vpBpDp — sDy)] + 1, (1 —v) Dpx
(VwBpDp — sDy) + 1y (1 = 8) Dy (1 = v, 5r) Dg] (27)

3.1.2. Case 2: Full backordering

The Case 2 of Scenario 1, in which unfulfilled demands for remanufactured
and produced items are fully backordered, is illustrated in Fig. 3. During the
remanufacturing period 77, the shortages for remanufactured items are back-
ordered, while shortages for new items are backordered during the production
period Tb.

See Appendix 3 for the expression of total cost per unit of time.
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Figure 3. The inventory status for the system with pure backordering

3.2. Scenario 2

During the Scenario of overlapping, there are multiple remanufacturing and
production cycls in the time period of lenght T'. Consequently, we have

[(m—1)Tr+0Tr+t-+T1]+[(n—1D)Tp+nTr+t, +To]=T. (28)

Also, we have

p
= tp =0, (L—n)Tp (29)
and
97’ D’I"
tr = D_T <T DT) 5TR
=t.=0.(1-90)Tr (30)
Since

tp+Th = (1—n)Tp,
so, by putting the value of ¢, from equation (29), and then solving, we get

TF = (1—0,) (1—n)Tp. (31)
Similarly,

ty +TH = (1—-6)Tr.
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By putting the value of t, from equation (30), and then solving, we obtain
TE = (1-0,)(1-6)Tn. (32)
Now, the remanufacturing quantity is

D, (mTr +T1) = (mTr + T1) By Dr + (nTp + T2) vp5,D)p

= (1 —06r) Dy (mTg +T1) = (nTp + T2) VpSpDp. (33)
3.2.1. Case 1: Overlapping and Partial backordering

The Case 1 of Scenario 2 is the one, where the fraction of the last remanu-
facturing run partially extends beyond the respective cycle interval, with the
starting production segment of the same cycle, and the last production run of
the current (previous) cycle going beyond relative to the starting remanufac-
turing segment of the next (current) cycle. In this case, unfulfilled demands of
remanufactured and newly produced items are partially backordered, as illus-
trated in Fig. 4. The unmet demand is lost at a cost. Note, that no more than
one (production or remanufacturing) portion is allowed as the remenufacturing
and production are performed in sequence on the same facility.
Here, the remanufacturing quantity is

(mTR + Tl) ’YTBTDT + (nTP + T2) ’Ypﬁpr
=D, (mTr+T1)+ [(n—1)Tp +nTp +t, +To — TE] sD,. (34)

Since, during the period Tg, the shortages (for new items), which have occurred
during the remanufacturing process, are partially backordered, so, we have

D,T»

(m —1)Tr+ 6Tk +t, + T1 — T{ | vD, = — D, T,

1—n)Ty

=[(m=-1)4+0+6,(1-9)]vIr—v(1—-6,)(1 —n)Tp—i—le—( = 0.

(35)
Similarly, for the time period T;, we have

D,T
(0 =) Tp +0Tp + tp + Ty = TF] sDy = == = DTy

=[(n-1+n+60,0—-n)]sTp—s(1—0,)(1—06)Tr+sTy——— =
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By solving equations (35) and (36), we get
50

T = [ @ = 8) wepa] 00 (128 (6 = D) L= on)} Tt
(1—n) {n+ (6, —1) (1 —n+vn)}Tp](37)
and
= = [(1=08){m+ (0, —1) (1 =0+ 56)} Tr+

(1 =m) (1 =06) —vsnd]
{nsé + (1 —n) (6, — 1) (1 — 6 + 56)} Tp] (38)

From equations (34), (37) and (38), we find

L

Serviceable

Stock Production

Remanufacturing
Cycles

Cycles

(D/5-Dy) - D

,Dp
1| 2 ~.. (Dym-Dp/ 1|1

ko Time

(Dyn - Dy)

e T -
Lost
| Sales

T vLost
| Sales

Figure 4. The inventory status for the system with overlapping and partial
backordering

In equation (39):
L = [on (vBpDp — sDr) {nsd + (1 —n) (0, — 1) (1 = 0 + s6)}
—50 (1 - ’YTBT) D, (1 - 77) {n + (910 - 1) (1 —n+ Un)}
—sDp {(1 =n) (1 =) —wsnd} {(n = 1) + 1+ 6, (1 = 1) = nyp5,Dp}] (40)
and
IM = [Dy{m (1 =%p;) + s (0 —1) (1 = )} {(1 —n) (1 = &) —vsnd}
+80 (1 =) Dy {mon + (1 =0) (6, = 1) (1 =1 +vn)}
—sDp {(1 =) (1 = 8) —wsnd} {(n = 1) + 1+ 6, (1 =) = nypB,Dp}] (41)
By solving equations (28), (35), (36), (37) and (38) we get

(1-0)QTg (1—n)RTp
[(1=n)(1=6) —wsnd] ~ [(1—n)(1—d)—wvsnd]

=T (42)
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where

Q=[1-=n){m+ (0 —1)(1=3+s0)} + {mon+(1-0) (0. —1)(1—n+wvn)}
{1 =n) (1 —6) —wvsnd} (6, —1)] (43)

and

R=[1-8){n+0,—1)1—n+vn}t+{nsd+(1—-n)(0,—1)(1 -0+ sd)}
—{(1—n)(1—0)—wvsn} (0, —1)]. (44)

By putting the value of Tg from equation (39), we get
[(1—n) (1 —6) —vsnd] MT

=0 QL (- AT o
From equations (39) and (45), we deduce
(1 =n) (1 =0) —wvsnd] LT
T = (0= 8) QL+ (1 = n) RM] 1o
From equations (37), (45) and (46), we get
sOXT
S e [y o
where
X =[L{mon+(1-6)(6-—1)(1—n+wvn)}
+M (1 =n) {n+ (0, —1) (1 —n+on)}]. (48)
Again, from equations (38), (45) and (46), we obtain
_ YT
S (T Y] o
where
Y=[M{nsd+(1—-n)0,—1)(1—-35+s0)}
+L(1—-6){m+ (0, —1)(1—5+sd)}. (50)

The inventory holding cost expressions for the newly produced, remanufactured
and returned items are given, respectively, as

nhy (1 - 77) DPTI% - nhy (1 - 77) D, [(1 - 77) (1 - 5) - U3775]2 M?T*?
2 B 2[(1—6) QL+ (1 —n) RM]?

Hp = (51)
mh, (1—6) D,T% _ mh, (1=8) D [(L =) (1-6) — vsnd] LAT?

HR: 2 2
2[(1-6)QL+ (1 —n)RM]

(52)
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”YpﬂprTg
2

2
H —h, [mDQ’“TR (6+(1=26) 1B + (m—1) (1— 1B} +

20

YpBpDpn* T2
2

+ (1 - 677‘67‘) DrTl (E + TR) + ’YTBTDT (1 - 6) TRT2 + (m - 1) (1 - ’77‘67‘)

x D, TrTh + + {VpBpDpT2 + v BrDy (1 — 6) T} nTp
h, T2

2((1-0) QL+ (1 —n) RMJ
{0 +78: (1= 28) + (m — 1) (1 = % 6:)} + 1BpDpv® Y + (1 = 67, 5,) x
D,s*6X?% + 27,8, D,onLY (1 —6) [(1 —n) (1 = 0) — vsnd] + 2sLIX D, x
{(m—=1) (1 —%pB) + (1 =)} (1 —n) (1 —3) —vsnd]
+”2M2’Ypﬂpr (1 =mn)(1-10) - 1’5775]2 + 2nM [ypBp DpvnY

YD L (1 = 6) [(1 = 1) (1 = 6) —vsné]] [(1 —n) (1 = 6) — vsnd]](53)

The total holding cost per unit of time is

r =

[mL2DT [(1—n)(1—8) — vsnd)? x

Hp+ Hp + H,

Hp = %

HT = T‘/’ (m7 na ’YTa ’Y;Da 97“7 op) (54)
where

Hp+ Hgr + H,

w(m7n777‘77p797‘79p) = T (55)
The set up cost per unit time is

S, = w. (56)

The disposal cost per unit of time is

D.= C?w [(Dp - ’V;DB;DDP) (nTP +Ts) + (D — 7B Dy) (mTR + Tl)] .

By inserting the values of Tp, Tk, T1 and Ty from equations (45), (46), (47)
and (49), respectively, and then solving, we get

Cw

b= [(1-6)QL+ (1 —n) RM| [Dy (1 = pBp) [nM {(1 — 1) (1 —8) — vsnd}
+onY]+ Dy (1 —7B;) [mL{(1—n) (1 —8) — vsnd} + s6X]]| (57)

The remanufacturing cost per unit of time (including the purchasing cost of
used items)is

cr | Dy D,
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By putting the values of T and T; from equations (46) and (47), respectively,
and then solving, we obtain

¢r Dy [sX +mL{(1—n)(1—9)—vsnd}]
[(1=0)QL+ (1 —n) RM]
The production cost per unit of time is

¢ | Dp Dy
e =— | —To+—0Ip)n|.
T | 77( )

R. = (58)

By introducing the values of Tp and T3 from equations (45) and (49), respec-
tively, and then solving, we get

cpDp [vY + nMA{(1 —n) (1 —0) — vsnd}]

P. = 59
(= 0)QL+ (1—m) RA o
The total backordering cost per unit of time for newly produced items is
b D
BC, = 2 ”2P [(m —1)Tg + 6Tk + t, + Ty — TE] [(m — 1) Tg + 6T
D
oy +T1 = TE] + 252 [(m = 1) Tr + 6Tr + &, + Ty — TF] Ty
After solving, we obtain
b,Dp (1 —m)(1— Y2T
c, = p(1—n) (A —n+vnv E (60)
2[(1-0)QL+ (1 —n) RM]
The total backordering cost per unit of time for remanufactured items is
b, | sD,
BC, = = (n—=1)Tp+nTp+t,+To—TFH| [(n—1)Tp +nTp
R sD, R
+tp+ T — TH] + [(n=1)Tp+nTp+t,+To—TH| Ty
After solving, we get
b D (1—6) (1 — 6+ 56) sX2T (61)
" 2[1-8)QL+(1—n)RM®
The total backordering cost per unit of time is
BCPR - BCpr (munavravpueTuep)T (62)

where
BCy (m,n, %, Yp, 0r, 0p)
0D, (1 =) (1 =+ o) oY2T  b,D, (1—8)(1 -3+ s8)sX°T

2((1 = 6) QL + (1 —n) RM)? 201 =86 QL+ (1—n)RM)* |
(63)
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The lost sales cost per unit time for newly produced items is

LCy = 2 [(1 =) Dy {(m — 1) T + 6T+ 1, + Ty — TF )]

DY (1—v)(1—n)

IR (R YoT R s Rs 3 Vi

(64)

The lost sales cost per unit time for remanufactured items is

Ly
LGy =7 [(1 =) D {(n = 1) Tp +0Tp + t, + To = Tf}]

LD, X (1—s)(1—48)

I (R Yoy AR e Rs 3 Vi

Therefore, the total cost per unit of time is

C (m, My Yr, ’Yp7 97‘7 9177 T)
(mS, +nS,) 1

= | T BOT + (s e

]><
[cw [Dp (1 = pBp) {nM {(1 =) (1 =) —vsnd} +vnY'}

+Dr (1 =7 Br) {mLA(1 = n) (1 = 6) —vsnd} + 56 X}]

+ Dy [sX +mL{(1—n)(1—98) —vsnd}] + c,Dpx

Y +nM{(1—-n) (1 —96) —vsnd}] +1,D,Y (1 —v) (1 —n)

YLD, X (1—s)(1—0) } (66)

Now, putting the first order partial derivative of equation (66) equal to zero
and solving for T, we get

B (mS, +nsSy)
T = \/1/)( (67)

mvna’YTa’Y;Da 07“7 ep) + BCPT (mvna’}/hp)/pv 97“7 ep) '
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Putting the value of T' from equation (67) in (66), we get

O (mvna’YTa’Y;Dv 97“7 op)

1

" [A=3)QL+ (1 —n) RM] [2\/(msr+"5p> (¢ + BCyr) X

[(1=6)QL+ (1 —n) RM]+1,DpY (1 —v)(1—n)

+ cw [Dp (1 = %Bp) {inMA{(1 —n) (1 = 6) —vsnd} +vnY'}

+Dp (1= Br) {mLA{(1 —n) (1 —06) —vsnd} + s6.X}]

+ep Dy [sX +mL{(1—n)(1—3)—vsnd}] + cpDpx

WY +nM{(1—n)(1—6) —vsnd}] + [,D, X (1 —s) (1 —6)] (68)

3.2.2. Case 2: Overlapping and pure backordering

The case 2 of Scenario 2, described in Fig. 5 is similar to that of Fig. 4, except
that it assumes for pure backordering over a portion of the remanufacturing and
production segments.

Serviceable
Stock . r
Remanufacturing roduction
p— Cycles Cycles
(DJ5 - Dy - B (DN - Dy -D,
. 2 (S 1| \
—Tpf’-' . . Tx — l_ ty TPR_| 7' ]_ Tp _| I—l,, Time
. (Dym - D)
(Dd/3 - Do) ll
£ -Dy D,
K T — [ T, 4

Figure 5. The inventory status for the system with overlapping and pure back-
ordering

See Appendix 4 for the expression of total cost per unit of time.
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3.3. Solution procedure

Input the values of the parameters D,., D, S;, Sp, hp, hy, hy, ¢, ¢p, ¢r, Bp, Br,
by, br, Iy, 1r, v, s, 6 and n. Then proceed like in Jaber and El Saadany (2009),
that is, as follows:

Step 1. Set n=1, m=1, and optimize C(1,1,7,,7,). Record the values of

C(lvla’YTa’YP)? V:(l,l) and 7;(171).

Step 2. Repeat Step 1 for m=2, n=1, and record C(2,1,7-,7p), 7:(2 1 and

7;(2)1). Compare C(1,1,7,,7) and C(2,1,7,,7,). If C(1,1,7,7vp) <C(2,1,7,7p),
terminate the search for n=1 and record the value of C(1,1,7.,7,). If C(1,1,v,,
vp) >C(2,1,7r,7p), repeat step 1 for m=3, m=4, etc. Terminate once C(mj-
1,1 9,7) >C(mi,1,7,7) <C(mij+1,1,9,7p), where mj is the optimal value
for the number of remanufacturing cycles when there is one production cycle.
Record the value of C(m},1,vr,7p), m}, v, . and v*, _ ..
T(ml,l) T(ml,l)

Step 3. Repeat Steps 1 and 2 for n=2. Compare C(mj,1,v,,7,) and C(m3,2,
YrYp)- I C(my, 1,9, vp) < C(m3, 2,7, 7p), terminate the search and

C(m7, 1,79, 7p) is the optimum solution. If C(m7,1,vr,vp) > C(m3,2, %, 7p),
then leave the value of C(m7j,1,7,,7,) and repeat the steps 1 and 2 for n=3.

Step 4. Terminate the search, once C(m}_1,i — 1,7v-,7,) = C(m},i,%,Vp)
<C(mj,,,i+1,v,vp), whereiis the optimal value for the number of production
cycles when there are m} remanufacturing cycles at the cost of C(m, 4, v, 7p).

A similar solution procedure can be used to find the optimal solution for
Scenario 2.

4. Numerical examples and sensitivity analysis

In this section, we have provided four numerical examples to illustrate the be-
haviour of the models developed in the previous section.

EXAMPLE 1 (Scenario 1- (case 1: Partial Backordering)) We consider the fol-
lowing parameter values on the basis of previous study: D, = 10, D, = 10,
Sp, = 400, S, = 200, h, = 4, h, = 2, hy = 2, B, = 0.667, 8, = 0.667,
Ymin = 0.01 (Jaber and El Saadany, 2009, p. 120), ¢, = 0.8, ¢, = 15, ¢, = 8,
0 =045 1n=0.5,b,=10,0,=5,1,=3,1, =15, v =03 and s = 0.3. All
the computations are performed with the help of software MATHEMATICA
8.0. From Table 1 it can be seen that the optimal solution is m = 1, n = 1,
vp = 0.889, v, = 1 and C(m,n,v,,vp) = 349.726. The behavior of the total
cost function with respect to the parameters 7, and =, is presented in Fig. 6.
Tables 2 and 3 show the results of sensitivity analysis conducted with respect
to the key parameters of the inventory system.

From Table 2, the following interesting findings can be deduced, which are
summarized below as:
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Figure 6. Behavior of the total cost function with respect to 7, and ~, for case
1 of Scenario 1

Table 4. Optimal policy for Example 1

Trial | m | n | v Y C

1* 1* | 1* | 0.889* 1* 349.726*
2 2 1 0.955 1 367.393
3 1 |12 |0.761 1 392.969
4 2 2 0.831 1 404.263

(1) The sensitivity table shows that when demand parameter ‘D,.’ varies
from 1 to 12, the value of 7, =1 and -, lies between 0.092 and 1 for the op-
timal solution; this implies that the most favorable strategy is to collect the
maximum available used products from secondary market and partially from
primary market. Even as v, =1 and -, decreases down to 0 when 12 < D,
<36, it is economically beneficial to collect the used items partially from the
secondary market and all the available returns from the primary market. After
that, when 36 < D, < 50, the optimal solution exists for v, =0 and v, =1, and
in this case, it is beneficial to collect all the available returns from the primary
market and no returns from the secondary market.

(2) When 1 < D, <5, the best strategy takes place for v, =1 while ~, in-
creases from 0 to 1, so it is economically advantageous to collect all the available
used products from the primary market and partially from the secondary mar-
ket. On the other hand, when 5 < D, < 50, the optimal solution exists for
vr =1, and for reducing the value of v, down to 0.309, so it is encouraging to
accumulate all the available returns from the secondary market and partially
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Table 5. The effect of the changing values of the system parameters on the
optimal policies

Parameter value | m | n | 7 Y C
1 1 | 1]0.092 1 245.944
2 T 11 1 370.834
Dy 36 |1 [1]1 0 671.212
50 T |11 0 730.863
1 T |11 0 262.391
D, 5 T 11 1 295.220
50 T | 1]0.309 1 901.095
1 1 | 70777 1 269.371
S, 11.05 | 1 | 1] 0.864 1 275.951
500 |1 | 1]0.880 1 364.160
1 011 1 303.582
S, 1997 [1 |1 0.98 1 325.539
100 |1 |[1]0873 1 377.582
01 |1 |1]0876 1 347.101
Cw 2 T | 100913 1 354.140
00l |1 |11 0 549.462
B, 0205 |1 |11 1 119.995
0667 | 1 | 10889 1 349.726
00l |1 |11 1 369.663
Br 0.667 | 1 | 1| 0.889 1 349.726

from the primary market.

(3) When S, varies from 1 to 11.05, then the optimal policy takes place for
m=1, while n varies from 7 to 1. While the value of 7, varies from 0.777 to
0.864 and ~, =1 for the optimal policy, the best strategy is to collect all the
available returns from the secondary market and partially from the primary
market. After that, when 11.05 <S, < 500, v, varies from 0.864 to 0.880 and
7 =1 for the optimal policy, and in this case the best strategy is to collect all
the available returns from the secondary market and partially from the primary
market.

(4) When S, varies from 1 to 49.97, then solution exists for n=1, while m
varies from 10 to 1. While the value of v, varies from 1 to 0.986 and ~, =1 for
the optimal solution, the best strategy is to collect maximum available returns
from the primary and secondary markets. After that, when 49.97 < S,. < 400,
then +y, varies from 0.986 to 0.873 and v, =1 for the optimal policy, therefore the
best approach is to collect all the available returns from the secondary market
and partially from the primary market.

(5) When c¢,, varies from 0.1 to 2, then «, =1 and the value of -, varies
from 0.876 to 0.913 for the most favorable policy, which suggests taking all the
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available used items from the secondary market and the maximum from the
primary market.

(6) When 0.01 < 8, <0.295, then the best possible solution exists for 7, =1
and 0 < v, < 1, so it is economically beneficial to take all the available used
products from the primary market and partially from the secondary market.
After that, when 0.295 <3, < 0.667 and 0.01 < §, < 0.667, then the optimal
strategy takes place for , =1 and the value of v, varying from 1 to 0.889, so it
is preferable to accumulate all the available returns from the secondary market
and partially from the primary market.

Table 6. The effect of changing values of the backordering cost parameters on
the optimal strategy

b, b, |m | n | Y C
5 1 10702 |1 986394
7 71T (10958 |1 312.512
" 5 11 [1]06a0 |1 501,408
71T (10836 |1 392.233

From Table 3 it can be observed that when b, =7, 2 < b, < 7, the optimal
policy exists for 0.702 < 7, < 0.958 and ~, = 1, and therefore it is efficient to
collect all the available returns from the secondary market and partially from
the primary market. Similarly, when b, = 10 and 2 < b, < 7, the optimal
solution takes place for 0.641 < v, < 0.836 and v, = 1, so it is beneficial to
collect all the available returns from the secondary market and partially from
the primary market.

EXAMPLE 2 (Scenario 1- (case 2: Full Backordering)) Consider the case of
Example 1, except for the values D, = 4, v = 1 and s = 1. From Table 4 it
can be seen that the optimal policy is m =1, n =1, 7. = 1, v, = 0.669 and
C(m,n,vr,7p) = 417.073. The behavior of the total average cost function with
respect to <y, and 1y, is shown in Fig. 7.

Table 7. Optimal policy for Example 2

Trial | m | n | v Yr C

1* 1* ] 1* | 0.669* 1* 417.073*
2 2 |1 |0.672 1 455.888
3 1 12 |0.657 1 475.287
4 2 |2 |0.660 1 507.382

EXAMPLE 3 (Scenario 2- (case 1: Ouverlapping and pure backordering))
On the basis of previous study the selected parameter values are as follows:
cw =08, ¢p =12, ¢, =7, D, =10, D, = 10, S, = 400, S, = 200, h, = 2,
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800
700
o 600
500

Figure 7. Behavior of the total cost function with respect to «, and ~, for case
2 of Scenario 1

hr=1,h, =1,b,=10,b, =5,1, =7,1, =2, v=0.3, s =0.3, 3, = 0.667,
Br = 0.667, 6 = 0.45, n = 0.5.

From Table 5 it can be seen that the optimal policy is m=1, n=1, ~, =1,
~vp =0.246, 0, =1, 6§, =0.653 and C(m, n,¥r, Vp, Or, 6p) = 305.479. The effect of
the changes in parameter values on the optimal policy is shown in Tables 6 and
7. The behavior of the total average cost function with respect to 6, and 0, is
shown in Fig. 8.

310
C 308

306

Figure 8. Behavior of the total cost function with respect to 8, and 6, for case
1 of Scenario 2

From Table 6 some important conclusions can be drawn, as follows: (1)
When ¢, = 0.1, then the optimal solution exists for v, = 0.464, v, =0, §, =1
and 0, = 0.110; this suggests to collect no returns from the secondary market
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Table 8. Optimal strategy for Example 3.

Trial | m | n | v Yr 0, 0, C

1* 1* ] 1* | 0.246* 1* 1* 0.653* 305.479*
2 2 |1 |0.253 1 0.835 0 322.946
3 1 12 |0.420 0 0.703 0 333.743
4 2 |2 |0.213 1 0.003 0 343.545

and only partially from the primary market. In this case, the fraction of the
remanufacturing cycle almost completely overlaps, while there is no overlapping
of the fraction of the production cycle. When 0.1 <¢,, < 0.47, then the optimal
solution takes place for the increasing value of v, (0 < 7, < 1) and the de-
creasing value of v, down to 0.243, which shows that it is reasonable to collect
the available returns partially from the primary and secondary markets. After
that, the best solution exists for v, = 1 and 0.243 < v, < 0.256 when c,, lies
between 0.47 and 2. When 0.1 < ¢, < 2, then overlapping of the fraction of the
remanufacturing cycle shifts from partial to no overlapping, whereas there is no
overlapping of the fraction of the production cycle.

(2) When 1 < D, < 50, then the optimal solution exists for 0.171 < 7, <
0.202, v» =1, 8, = 1 and 0.336 < 6, < 0, so it is preferable to accumulate a
lesser amount of used products from the primary market and the entirety of the
used products from the secondary market. In addition, no overlapping of the
fraction of the production cycle takes place, while the overlapping of the fraction
of the remanufacturing cycle shifts from partial to complete overlapping.

(3) When 1 < D, < 50, then the best possible solution exists for v, = 1,
1 < v < 0.054, 0301 < 0, < 1 and 6, = 1, and therefore it is beneficial
to collect all the available returns from the primary and secondary markets,
which is the best policy when D, = 1. After that, when 1 <D, < 50, then
it is reasonable to collect all the available returns from the secondary market
and a small amount from the primary market. On the other hand, there is no
overlapping of the fraction of remanufacturing cycle when 1 < D, < 50, while
the overlapping of the fraction of the production cycle turns from partial to no
overlapping.

(4) When 1 < S, < 28.1, then for the optimal solution m = 1 and n
reduces from 9 to 1; after that, when 28.1 < S, < 500, the optimal solution
takes place for m = 1 and n = 1. It is practical to collect all the available
returns from the secondary market and partially from the primary market when
1 < S, < 500, also, there is no overlapping of the fraction of the production
cycle for 1 < 5, < 500. While for S, = 1 there is complete overlapping of
the fraction of the remanufacturing cycle, it turns into no overlapping when 1
<S5, < 28.1, and again it changes to partial overlapping when 28.1 <S5, < 500.

(5) When 1 < S, < 20.4, then for the optimal solution n = 1 and m reduces
from 9 to 1, and after that, when 20.4 < .S, < 400, the optimal solution occurs



Inventory models with multiple production and remanufacturing batches under shortages 409

Table 9. The effect of changes in the values of the system parameters on the
optimal policies

Para-| value | m | n | v, Y 0y 0, C
meter
010 |1 |1|0464 |0 1 0.110 299.664
Cuw 047 |1 |1]0243 |1 1 0.568 303.178
200 |1 |1]0256 |1 1 1 313.641
D 1 1 (1]0171 |1 1 0.336 222.017
" 50 1 (110202 |1 1 0 600.564
D 1 1 (111 1 0.301 1 190.736
P 50 1 [{1]0054 |1 1 1 856.136
1 1 1910205 |1 1 0 236.266
Sp 28.1 1 (1]0252 |1 1 1 249.915
500 1 (1]0244 |1 1 0.529 316.972
1 9 1110258 |1 0.453 0 274.849
S, 204 |1 |1]0250 |1 1 1 281.929
400 1 (1]0242 |1 1 0.441 327.631
0.01 1 (111 0 1 0 366.694
Bp 0.1 1 (111 1 0.759 1 332.606
0.667 | 1 | 10246 |1 1 0.653 305.479
0.01 1 {1]0463 |0 1 0.256 306.037
By 0.09 |1 |1]0429 |1 1 0.301 306.039
0.667 | 1 | 10246 |1 1 0.653 305.479

for m=1 and n=1. It is practical to collect all the available returns from the
secondary market and partially from the primary market when 1 < S, < 400,
also the overlapping of the fraction of the production cycle changes from partial
to no overlapping as S, varies from 1 to 400. While for S,. = 1 there is complete
overlapping of the fraction of theremanufacturing cycle, it turns into no over-
lapping when 1 <S5, < 20.4, and then again it changes to partial overlapping
when 20.4 <5, < 400.

(6) When 0.01 < 8,<0.1, then the best possible solution takes place for
vp = 1 and 0 < <1, meaning that it is economically beneficial to receive
all used products from the primary market and partially from the secondary
market. After that, when 0.1 < §, < 0.667, then the optimal strategy takes
place for 7, = 1 and the value of v, varying from 1 to 0.246, so it is preferable
to accumulate all the available returns from the secondary market and partially
from the primary market. The fraction of the production cycle overlaps partially
when 0.01 <3,<0.667, and the fraction of the remanufacturing cycle overlaps
partially when 0.01 <3, < 0.667, except at 3, = 0.1. There is no overlapping
of the fraction of the production cycle at 5, = 0.01 and 0.667, while there is
complete overlapping of the fraction of remanufacturing cycle at 3, = 0.01.
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(7) When 0.01 < 8, < 0.667, then the best possible solution exists for
0.463 < v, < 0.246, 0 < 7 < 1, 0, =1 and 0.256 < 6, < 0.653. Consequently,
it is preferable to assemble used products partially from the primary market and
to ensure no overlapping of the fraction of the production cycle. The fraction
of the remanufacturing cycle overlaps partially when 0.01 < £, < 0.667, and
it is recommendable, therefore, to accumulate the available returns partially
from the secondary market when 0.01 <3, <0.09 (with no returns for 8, =
0.01). After that, when 0.09 < 8, < 0.667, then all the used products should
be collected from the secondary market.

Table 10. The effect of changes in the values of the backordering cost parameters
on the optimal policy

by, | b m|n| vy Yr | Op | Or C
2 1 |1]0.233 1 1 |1 279.283
7 16121 | 1] 0.592 0 |1 |0.430 304.609
7 1 |1]0.622 0 |1 |0.330 307.514
2 1 |11]0.191 1 1 1]0 282.882
10 | 6.3 1 | 1]0.508 0 |1 |0.0839 311.320
7 1 | 1]0.528 0 |1 |0.034 313.604

It can be observed on the basis of Table 7 that when b, =7, 2 < b, <7, the
optimal policy exists for 0.233 < v, < 0.622 and 0 < 7, < 1, and therefore it
is profitable to collect the available returns partially from the primary market
and to ensure no overlapping of the fraction of the production cycle. Then, at
b, = 2 all used items should be collected and when 2 <b, <6.12, the available
returns should be accumulated partially, and after that, when 6.12 < b, < 7, no
returns should be collected from the secondary market. Partial overlapping (no
overlapping) of the remanufacturing cycle is preferable when 2 < b, < 7(b, = 2).
Further, when b, = 10 and 2 < b, < 7, the the observation can be made in the
similar manner as given for b, = 7,2 < b, < 7, except that the fraction of the
remanufacturing cycle almost completely overlaps when 2 < b, < 7.

EXAMPLE 4 (Scenario 2- (case 2: Overlapping and full backordering))

On the basis of the previous investigations the parameter values are specified
as follows: ¢, = 0.8, ¢, =12, ¢, =7, D, = 500, D, = 600, S}, = 400, S, = 200,
hp =2, hy =1, h, =1, b, =10, b, =5, B, =0.667, 8, =0.667, § = 0.45, n = 0.5,
v=1, s=1.

From Table 8 it can be seen that the optimal strategy is m=1, n=1, v, = 1,
Y =1,0, =1, 0, =0.140, and C = 13167.40. The behavior of the total average
cost function with respect to 6, and 6, is shown in Fig. 9.
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Table 11. The optimal strategy for Example 4

Trial | m | n | v Y 0, 0, C

1* |1 1" 1* 1* 0.140* 13167.4*
2 2 |1 |1 1 1 0 13627.8
3 1 (2 |o0.01 0 1 1 13471.0
4 2 |2 |0.01 0 1 1 13692.7

13400
13300
e

13200

Figure 9. Behavior of the total cost function with respect to 8, and 6, for case
2 of Scenario 2

5. Conclusions

In this article, reverse logistics inventory models with finite production and
remanufacturing rates are developed. To minimize the effects of stock-outs, the
overlapping of the fraction of one production cycle and one remanufacturing
cycle is taken into consideration. The cases of partial and full backordering,
which are discussed in this paper, have been illustrated with some numerical
experiments. This paper is more realistic and advantageous from the previous
one, as it is developed with the following more practical attributes: (1) demand
dependent production and remanufacturing rates are taken into account (2)
disposal cost is considered, (3) newly produced and remanufactured items are
considered of different quality standard, (4) returned rate is considered as a
function of demand rate and (5) purchasing cost of used items is also included.
In addition, from the sensitivity analysis whose results are shown in Tables
2 and 3 (for partial backordering case of Scenario 1), it is clear that when
1< D, <12,5 <D, <50,1 <8, <500,1<8r <400, 01 < cw < 2,
0.295 < B, < 0.667, 0.01 < fr < 0.667, bp = 7, 10 and 2 < br < 7, then



412 S. R. SINGH, S. SHARMA, M. KUMAR

the optimal policy is to collect all the available returns from the secondary
market, otherwise partial or no collection of the used items from the secondary
market is advisable. On the other hand, when 12 < Dr < 50, 1 < Dp < 5,
1 < Sr <4997, 0.01 < Bp < 0.295 and Br = 0.01, then the most favorable
policy is to collect all the available returns from the primary market, otherwise it
is economically beneficial to collect available returns partially from the primary
market. Again, from the sensitivity analysis, with results shown in Tables 6 and
7 (for overlapping and partial backordering case of Scenario 2), it is clear that
when 0.47 < cw < 2,1 < Dr <50,1<Dp<50,1<Sp<500,1<Sr <400,
0.1 < Bp < 0.667, 0.09 < Br < 0.667, bp = 7, 10 and 2 < br < 6.12, then
the optimal policy is to collect all the available returns from the secondary
market, otherwise partial or no collection of the used items from the secondary
market is worthwhile. On the other hand, when D, =1 and 0.01 < gp < 0.1,
then the most favorable policy is to collect all the available returns from the
primary market, otherwise it is sensible to collect available returns partially
from the primary market. The future research can include the consideration of
the model in the fuzzy environment
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Appendix 1

The holding cost for the newly produced items is calculated as follows:
Hp = hpn (theareaof thetriangle I + theareaof thetriangle IT).

i 3B (30

hpn (1-n) DpTI%

= Hp = 5

(4)

The holding cost for remanufactured items is calculated as follows:
Hp = h,m (theareaof thetriangle 1 4+ the areaof thetriangle2).

oo 3 (2 0o i s (2 - pa) ) -7

hym (1 —6) D, T3

= Hp = 5

(i)
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Appendix 2

According to Fig. 10 we calculate the holding cost for returned items as follows:
Area of part A is

Ap = (% (% - ’YTBTDT> 6TR> 0Tr = % (1 - 6’77“67“) 6DTT12%

Area of part B is
1 1 2 2
AB = §7rﬁrDr (1 - 5) Tr (1 — 5) Tr = §’YTBTDT (1 - 6) TR'
Area of part C is
1 1 2
Ac = 578 DpTo | To = 578 DpTy
Area of part D is

Ap = ('YrﬂrDT (1 - 5) TR) T = 7B Dr (1 - 5) TRT:.

Area of part F; is

AEZ' = ((% - ’YTBTDT> 6TR - VrﬁrDr (1 - 5) TR) Tg = (1 - ’77‘/37‘) zDrT}%

Area of part F is
1 1 9
Ap = §7pﬁprnTp nIlp = §7pﬁprn Tp.
Area of part G is

Ac = (WBpDpTe + 7B Dy (1 — 8) Tr) nTp.

Area of part H is

(1 (D, 1 2
Afg = (5 (T - ’YT‘ﬁT‘D’I‘) Tl) T, = 2_5 (1 - 5’7TBT) DTTl :

Area of part J is

D,
AJ = ((T - FYT‘ﬂT‘DT) 5TR) T = (1 - 5%"[37”) D, TrT:.

Area of part K is

8x = (55 = 08D, ) 6T =108, D, (1= ) e ) (m ~ VT
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= (1 - 'Yrﬂr) (m - 1) D, TRT;.

Therefore, the holding cost for the returned items is

m—1
Hy=hy [mAs+mAp+Ac+Ap+ Y Ap +Ap+Ag+Ay+As+Ag
=1
mD, T3 D,T?
H, = hy |: D) f {6 + Vrﬁr - 267rﬁr + (m — 1) (1 - ’77‘67‘)} + 771)6;02 P2
1 —6v,8;) D, T}
+( 7255) L +’7rﬁrDr (1—5) TRT2+(m—1) (1—’7Tﬂr)><
D, n?T?
L»Ihza-+(1—6yﬁiquzh11+-ﬂf@—§f—;5+
{VpﬂprTQ + 'YrﬂrDr (1 - 5) TR} nTP] (Z“)
Repairable Stock
A
H (y:p:Dr— D/3)
(YeB:Dr— Di/)
J N VipDr YoBpDp
T B F
5T | 1-5)T
A
K YoPBpDp
E, E, A C G
B | D >
|— T, I mTg i T, : nTp I Time

Figure 10. Inventory estimation for H,

Appendix 3

To find the total cost per unit of time of the system for case 2 (full backordering)
of Scenario 1 we put v=1 and s=1 in equation (27), and then we get

C (m,n,’yr,'yp)
= ﬁ {2\/(”@5? +nSp) (¥ + BCyr) + ¢ (1 = 7-B;) Dy (D — Dy)
crDy o+ (6 = B,) D] | epDp[€ + 1Dy + (1pBpDyp — Dy )]

(1-9) (1—mn)

(iv)
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Appendix 4

To find the total cost per unit of time of the system for case 2 (full backordering
with overlapping) of Scenario 2 we put v=1 and s=1 in equation (68), and then
we get

C (m,n,vr,Vp, 0r, 0p)

1

" [T=3)QL+ (1 —n) RM] {2\/(”15””5:9) (¥ + BCyr) X

[(1=6) QL+ (1 —n) RM] + ¢y [Dp (1 = 7pfp) {nMx
{1 =n) (1 =0) =né} +nY} + Dy (1 = 7B,) {mLx

{1 =n) (1 =0) =nd} + 6X} + ¢ Dy [X +mL{(1 —n) x

(1—=196) —né}| + cpDp [vY +nM {(1 —n) (1 —0) —vsnd}] |. (v)
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