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1. Introduction

The aim of this paper is to obtain necessary conditions for nonlinear nonsmooth
two-dimensional discrete control systems described by equations being a gener-
alization of Roesser's model with variable coefficients (Kaczorek, 1985b).

A general theory of two-dimensional discrete systems (called also 2-D sys-
tems) has been presented in Kaczorek (1985a); see also references therein. How-
ever, the results concerning optimal control of such systems have appeared only
in few papers. For instance, Kaczorek (1985a) gives a survey of results ob-
tained for the minimum energy control problem for linear systems described
by Roesser's model. Moreover, necessary optimality conditions (in the form of
a maximum principle) for some classes of smooth nonlinear 2-D systems were
obtained by Vasil'ev and Kirillova (1967) and Mansimov (1985).

In the present paper we apply a general method of obtaining necessary opti-
mality conditions for discrete control problems with nondifferentiable data. This
method, developed independently by Dolezal (1982) and Studniarski (1982),
consists in reducing the optimal control problem to some mathematical pro-
gramming problem and then formulating necessary conditions in terms of the
generalized gradients of Clarke (1975, 1983) and the partial generalized gradi-
ents introduced by Hiriart-Urruty (1979). The conditions obtained in this way
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can also be applied to the "classical” case where all the functions appearing in
the problem are continuously differentiable. In this case, the generalized gradi-
~ ents reduce to usual gradients and all the inclusions occurring in the optimality
conditions can be rewritten as equalities.

2. Definitions and preliminaries

We shall now recall some fundamental facts from the theory of generalized
gradients of locally Lipschitzian functions, which can be found in the book of
Clarke (1983). We shall consider finite-dimensional spaces only.

Letf :R™ -« R be alocally Lipschitzian function (i.e. one that satisfies the
Lipschitz condition in a neighbourhood of any point x E R™). The generalized
gradient of f at the point x is defined as follows:

9f(2) = co { lim vf(a®) |2 - 2,2 ¢ O}

where "co" denotes the convex hull, v'f - the usual gradient, while Df - the
set of points R™ at which f fails to be differentiable (by Rademacher's theorem,
D, is of Lebesgue measure zero).

Given a convex function g : R™ -« RU {+o00}, finite at the point x we
define the (one-sided) derivative of g at x in the direction y as follows:

"(x;7) := lim>.-! +>y) - .
g'(x) lim gx T>y - gx) 6]
By the subdifferential of g at x we mean the set

8g(x) = {u ER™INyER™,g(v) 2 g(x) T (y- x Iu)) 2

where ¢ 1) denotes the usual inner product in R™. It is well known (Rockafel-
lar, 1970) that g'(x;y) exists for ally ER™, and

8g(x) := {fu ER™Wy ER™,g'(x;y) 2 (y Iu)}. €))

PROPOSITION 2.1 (Clarke 1983). Let f, g be locally Lipschitzian functions on

R™, and let x ER™. Then

a) 8f(x) is a nonempty convex compact subset of R™;

b) 8(! T 8)(x) Cof(x) T og(x);

c) for any>. ER, 8(>.f)(x) = >.of(x);

d) if f is continuously differentiable in a neighbourhood of x, then 8f(x) =
{(v'i(x)};

e) iff is convex, then af(x) = 8f(x).

Let us now consider the Cartesian product X = X; x oeex X, where
X;=R™, i=1,...,n. Given a locally Lipschitzian function f :X -« R, we
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define the partial generalized gradient B, (x) o ff with respect to the variable
X; at the point x = (x1, ... ,X, ) as follows:
QJ (x):=co{lim V,J x))Ix") + x,x(") D,}. e

Z/-t00

where V,J (x(")) stands for the usual partial gradient o ff with respect to X; at
x (). This definition was introduced by Hiriart-Urruty (1979) and differs from
that adopted by Clarke (1983, p. 48); see remarks on p. 111 in Studniarski
(1982).

The following proposition can easily be deduced from (4) and Proposition
2.1.

PROPOSITION 2.2 (Studniarski, 1982). Let f, g be locally Lipschitzian func-
tions cn X, and let x EX. Then, for each i E {1, ... ,n},
(a) BJ (x)= pri(of (x)) where pri: X-+ X; is defined by pri(u) := U; for all
u= (ut, ...,u,) EX;

® o (ftgE CaJ )+ 0,g();
© OGN = J x) ERx
d iff does not depend  the variable X;, then BJ (x)= {O}.

Using the partial generalized gradients, we can derive necessary optimality
conditions for mathematical programming problems on the space X We shall
now formulate a result for the following particular problem:

minimize f) (x) subject to
AR =0,....fk(x) =0, ©)
XEAl x- XA,

where f; : X -+ R, j = 0,1,...,k are locally Lipschitzian, while the sets
A;CX;,i=1,...,n, are closed and convex.
Given a convex set A CR™, let us denote by N(x IA) the normal cone to
A at the point x EA. (Rockafellar, 1970), i.e.
N(x1A.):={uER™WaEA., @- x 14 :9}.
It is easy to verify that if A.= Al x ---x A, CX, then
pri(N(x | A.))= N(x: | 4;), i=1...,n. ©

The following theorem is a special case of Theorem 2.5 from Studniarski
(1982). It can also be obtained from Theorem 6.1.1 of Clarke (1983) by using
Proposition 2.2 (a) and formula (6).

THEOREM 2.1 Suppose that x = (x1, ... »Xn) EX 5 alocal minimum point in
problem (5). Then there exist real numbers > 0, >, ...,>% not all zero, such
that

0E

ij) & +N(xi14;), i=1..,n
=0
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3. Necessaryoptimality conditions in the general case

‘We shall consider a control system described by the equations
h —_— 1 1 -3 y
xfi1y = cff 93 < 3 v
i=01L...,r-1 j=01..,s8
— 72 .
xi‘j+1 —(ji‘ﬁ(xi,j,xj‘j,Ul,)),
i=0L...., j=01...,5-1

where

i is an integer-valued vertical coordinate,

j is an integer-valued horizontal coordinate,
x7,1 E Rx:i is the horizontal state vector,

x j E R"2 is the vertical state vector,
ujj ER™ is the control vector,

r and s are fixed positive integers.
The boundary conditions for (7)-(8) are given by

M §)=0/ =0 L.,
M0 =0 1i=01....»
We also assume the final condition
Ax sx ) =0
and the following constraints on the control vectors:
Uij E Uij, (ij) EK,
where
K:=(0,1....0 x {01 ..., sH\{@ s}
and Ui, are given closed convex subsets of R:». Let us denote

Z .- R(r-+)(s+Dnl X Rr-+H)(s+1)n2 X R[(r-+)(s+1)-1]rn_

@

®

)
(10)

(11)

(12)

Elements of the space Z will be written down as triplets z = £, xV, 1) where

Fr__ /z /2
X'= &0,0,... ' X085 +-- "X,,05 - 'x?,s !
xV = (X(V)O 'X(Ss' v 'X,:O' vx:s)v

U= (@0Q---, Uos -+, UrlO, -+, Ur-Ls, UQ - -, Urs-])-
Let us now consider the cost functional ] : Z —R given by

Je: = L a6 oxhei) F s -
(ij)EK

We assume that all the functions

(13)
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s ,, Rnl4nz+m —+ Rnl
ml . Rn1+n2+m + an
7 Rnl-+ Rk1,
W mwz-r R 2
7F R"1+"2 | Rk,
Ji,j: Rnl+n2+m-+ R,
f.' Rnl+n2 —+ R,
appearing in (7)-(11) and (13), are locally Lipschitzian. In particular, if cpt and
q;j,, are linear, equations (7)-(8) coincide with Roesser's model with variable
coeff1c1ents considered by Kaczorek (1985b).
We can now formulate the optimal control problem as follows

minimize J(z) over all z E Z
satisfying (7)-(12). (14)
The necessary optimality conditions for this problem are stated in the following

THEOREM 3.1 Suppose that z = (x*,x",u) is a local minimum point for prob-
lem (14). Then there exist elements

N20, Py ER™ i=1...,5j=01L..,s

Pi; ER" i=01..,5j=01L..,5 (15)
Wl ERK' 20,1, s

w! eRP, 1=0,1,...,r, we R,

not all zero, such that the functions yj; : R",#2¥m =+ R defined for (i,j) EXK
as follows:

Hi; := P1j 1q%,) + (PLj+l Tcpfj) - Afi,; >

i=0L...,r-1,j=0L..,s-1, (16)
Hej = ® 41 1g) - >y, j=01L...,s 1, (17)
Hiys 1= (P#Ls 1q0,) - Alissi= 0, L, .. ,r - 1, (18)

(where, for instance, (pf+i,j 1cpt) stands for the function Rnl+n2+m 3 5 —+
(Pf+i,j 1cpt(y))) satisfy the conditions

Opy Ho;(T0 5,75 5,T,7) N O(w] | 97)(T8 ;) # 0, (19)

j=01...,s
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am;"oHi,O(TZO;.on,Ei,O) No(w; | ¥7)(T7o) # (20)
i=Q0L..,x

Pl £ ac Hij Chj~vjmij) G K, .0 1)
pij Bt HiG-Hyvipd oy () BK o j ko, (22)
Prs € =0un (Mf + (W | )@, T7.0); 23)
Py € —Omy (A + (w | 9))(@h,, T,), 29
Ou Hi j (B, %% 5,0 5) N N(Wsj | Uiy) # 0, (4,5) € K. (25)

Proof. Let us introduce the notations

()= B Y )

Pij \z/ o Xi+lj . Pij \ ij)* i,j)Uij /)

i=Q0L...,»-1, ;=01L1...,s

-v () - \% v(h \% )

Pij z - “ij+l. Pij *ij.* ij,Uij

i=0L....,5 j=0L..,s-1

Ph2) = phel,), 5=0.1,...,,

,]ﬁ/’(Z) :'14](§CY) 0)) l:()’ l’ e

P(2) = w(xﬁ,s’m:,s)a

A= R(r+)(s+1)n1 X R(r+1)(s+1)n2 X (Uo,o X ... x Uos X .. -x

X UrlP X -+ - X Urls x UOX - -- X Urs-1). (26)

Then problem (14) can be rewritten in the form

minimize J(z) subject to

E@=0i=0L..,r-L,;-0L....8

ME=-0i-0L....,5j=0L...,5-1,

]fjh (z) =0, y =0,1, ... ,s, 27)

JVE) =Qi=01 ...

J(z) = Q
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z EA,

whence it can be seen at once that this is a special case of problem (5). It
follows from Theorem 2.1 that there exist elements (15), not all zero, such that
the function

L:=L1+ Ly (28)
where
r-1 S
£1 = ).I+L L(p:+1,v | J*L L(P:,v+] | ), (29)
n=0v=0 u=0v=0
s r
L2 =1:(wt I;ift)+I:(w: L;f:) + (w L;f) (30)
v=0 u=0

satisfies the conditions

0E8.L(z), iZ0L....n /=01 s (31)
0E 8! L(z), i=01..,5,7=01L..,s (32)
0 E 8ui,jL(z) + N(ui,j | ui,j), (i,j) EK. (33)

It follows from Proposition 2.2 ((b) and (d)) that
axh_L1() Cash_(foj - (P ] P Lj)- (posj+l [ 'Po,j))(x ,j, Xoj-uoj)s
J=01L..s- 1
Ogp L1(2) C B (Mo,e = (0 | 90,6)) (@5 T8,: o, 5),
axh,L2(2) C 8(wj L) (xLj), 7=0,1...,s.

Hence, using (16) and (18), we find that condition (31) for i = 0 implies (19).
Similarly, we have

Ozn L0 (2) C s+ Opr (i — (0417 | 915)

_(PY,j+1 g ) (‘Xhl' o Us ),

i:L...,r'1;_].:0,1)“-,3'1’

- h
8xﬁ,jL1(z) C pr,j + 8:2:,",_7, (Af'f‘,j (pr,]+1 I SDT‘,]))( h]»m ,]7uT,J)
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j=0,1,. .,s-1
— h h h —h v =
3&:?,3[’1 (Z) - Pis + axﬁs(’\fi,s - (pi+l,s | Soi,s))(xi,mxi,s’u'i,s)’
i=1...,r- 1,
Qh L2(z) = {0}, (i,j) EK, /=0

Hence, from (16)-(18) it follows that condition (31) for (i,j) E K, i +0, implies
(21). Next, we have

Qb L(z) cp sTQh & (v 1)) ox 5),

and so, (31) for (i,j) = (, § implies (23). In a similar way, from (32) we deduce
conditions (20), (22) and (24). Finally, (25) follows from (33).

4. The maximum principle

If a maximum principle formulation of the optimality conditions for problem
(14) is required, additional convexity assumptions have to be imposed on the
functions which describe the problem. The situation here is similar to that for
one-dimensional systems (see Studniarski, 1982).

THEOREM 4.1 Suppose that all the functions P?,j, ’Pl;]. and fi,; appearing in
(7), (8 and (13), respectively, satisfy the following conditions: for any Y, E
R™, v = 1,2, the functions 'Pf,j (Y1, Y2,-) and ‘P (Y1 Y2 ‘) are affine, while
fi,; YL Y2, ) are convex. Then, condition (25) in Theorem 31 can ke replaced
by the fallowing one:

By Ghy,xt,,ui) = i Gy, 3,0, GP EK. (34)

vy, 1j
999

Proof. The proof is quite analogous to that of Theorem 4.5 of Studniarski
(1982). We repeat it for the reader's convenience.

It follows from our assumptions that the functions H j, ;=" Hi,; (x7;,x1;, ),
(i,j) EK, are convex. Using either Lemma 4.4 of Studniarski (1982) or Propo-
sition 2.5.3 of Clarke (1983), we find that

8ui,i(-Hi, ;)& f;,x Yy, ui;) = 8Hi; wiy), (i,j) EK. (3

Hence, condition (25) is equivalent to

0e 5Fi,j(ﬂi,j) + N(Hi,j

Usj), (3,5) € K. (36)

It is easy to check that N(ui,; 1Ui;) = 8(8(- 1Ui;))(ui,;) where 8( 1Ui;) is
the indicator function of Ui, =

: if UEUIj,
a0 i) = o5 &
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Consequently, by the well-known theorem on the subdifferential of the sum of
convex functions (Rockafellar, 1970), formula (36) gives

0 E BHi,; T 8- Tui,;))iy), @) EK.

In view of (2), this means that ﬁi,j attains at the point Ui; its minimum on
the set U, which is equivalent to (34).

We shall now deal with the special case when problem (14) is convex, that
is, all the functions 4)7, ,ﬂ’,., 1], WY, [/ are affine, while ]1, and f are convex.
Applying the theory of Zonvex programming presented in Rockafellar (1970), we
can prove that, under some additional hypotheses, Theorems 3.1 and 4.1 hold
with,,\= 1. Moreover, in some cases, the conditions given in these theorems are
sufficient for optimality in problem (14). The details are given in the following
two theorems.

THEOREM 4.2 Suppose that problem (14) is convex and its optimal value (i e
the infimum of J(z) over all z E Z satisfying (7)-(12)) is greater than -oo.
Suppose that there exists a triplet z = (x",x",w) satisfying (7)-(12) and such
that for each (i,j) E K, ui; belongs to the relative interior of Uij. Then
Theorems 3.1 and 4 1 are valid with \ = 1.

Proof. Letz = (x",x",u) be a solution of (14). Applying Theorems 28.1 and
28.2 of Rockafellar (1970), we obtain that there exist elements (15), with,,\= 1,
such that L + 8 14) attains its global minimum at the point z (here Land A
are defined by (28) and (26), respectively, while 8(- IA) is the indicator function,
as in (37)). Hence

0 E B(L +8(- 14))(z) = BL(z) + N(zIA).

From this, using Proposition 2.2 (a) and formula (6), we deduce (31)-(33) (note
that, similarly as in (35), all partial generalized gradients of L at z coincide
with partial subdifferentials). The remaining part of the proof is the same as in
Theorems 3.1 and 4.1.

Let us now consider the Cartesian product R"*x R"2x R™ whose elements
are written down as triplets (Y;,Y2 y3). For a given convex function g: R"? x
R"2x R™ --, R, we denote by g'((y;,%h,h ), (Y1,Y2,Y3)) the derivative of g at
(y,,th, 'th) in the direction (y;,Y2 y3) (see (1)). By g, (‘'th, 'th, "hi Y; ) we denote
the derivative of g(;, 'th, 'th) at [/; in the direction y;. Analogously, we define
g, (fi,,'fi2, /3 Y2) and g, (fiy 2, /3, Y3)-

THEOREM 4.3 Suppose that problem (14) is convex, and that z = (x',x",u)
satisfies the necessary conditions given in Theorem 3.1 (or 4 1) with \ = 1.
Suppose, in addition, that all the functions fi,; and f satisfy the following con-
ditions: for each Y,,Y2,Y3) ER"t XR"2x Rm, we have

(fi,j) (67,;,x% . U; ) (V1,Y2,y3)) 2
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3
2 2)fi,j) v (xX%),xY,j, Uijiy]J, (38)
v=I
2
[ ((x5s x,8); (YL, Y2) 2 L fv (x.8 x,s; yJ. (39)

v=I
Then z is an optimal solution of (14).

Proof. It suffices to show that I := L +g(- ] A) attains its global minimum at
Z which is equivalent to the following condition (see (2) and (3)):

L'&z) o OforallzEZ (40)

Let Lo be the sum of all the summands occurring in (29) and (30) except for
the first one; hence L = J+ L. Since Ly is affine, and thus differentiable, we
have, for all z = (xh,x",u) EZ,

(Lo)l(z;z) = L (Lo) ”[(Z;X?,j)

(i,j)ES
T (Lo) oy (zsxY)+ By (Lo) py (z;uij) (41)
(i,j)ES (1J)EK
where S :=KU {(r,s)}. Next, from (13), (38) and (39) we obtain
i(z,22 L [(fij) 1t >xYjouijixgj)
(i,))EK
H(fi s @0 T 5 T3 38 5) + (Firg)ys (T T 5 g5 i )

+/1 -V v
YI(er Xr,s; er)+f2 Xr,s, er er)' (42)

We also have

8¢ 1A) (2 = L (8- | ui,j))" (i iuij)- (43)

(iL,))EK

Conditions (41)-(43) mean that

L (zz) 2
T Lh, (zxzp)t J0% L, xy)+ Y Lo, (z5uif)- (44)
(i) ES (i.))ES (i) EK

Since problem (14) is convesx, it is easy to show that conditions (19)-(25) imply
(31)-(33). This means that all the three summands on the right-hand side of
<(44) are nonnegative, and so, (40) holds.
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REMARK 4.1 It can easily ke shown that if f is either Gateaux differentiable
at (x,s, x,s) or has the property that, for each fixed y» E Rn?. the function
f J, x,s Y2 is lower semicontinuous at x,s, then f satisfies (39). However,
there exist convex Junctions which do not satisfy (39); a simple example is given
by f : R?. R, f(yl,Y2) = max{yl, Y2}. A similar remark can ke made in
regard to {38). See Studniarski {1991, Proposition 4 2) for details.
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