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Abstract: Epidemic outbreaks continue to pose serious global
health challenges, demanding, in particular, efficient mathematical
tools for understanding and controlling disease transmission. This
study employs a non-monotonic incidence rate combined with opti-
mal control theory to capture realistic behavioral responses during
epidemics. The work integrates parameter estimation, sensitivity
analysis, and bifurcation analysis to identify the key factors affect-
ing disease spread and stability transitions. The basic reproduction
number is derived, and its sensitivity to key parameters is quan-
tified. Using Pontryagin’s Maximum Principle, optimal strategies
are developed to minimize infections and control costs. The model
is calibrated with real-world data from selected countries, confirm-
ing its relevance to actual epidemics. The analysis reveals that a
forward bifurcation governs the transition between disease-free and
endemic equilibria, providing crucial insight into stability changes as
parameters vary. Overall, the results indicate how optimized control
strategies can reduce infection burdens, offering valuable guidance
for public health policy and long-term epidemic management.
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1. Introduction

Understanding the dynamic behaviors and developing effective control strate-
gies for ecological and epidemiological models constitute an essential foundation
for advancing the study and management of complex biological systems. The
global community continues to witness the ongoing spread of numerous coro-
navirus variants. WHO helped coordinate global responses, provide evidence-
based guidelines, and assist countries with mitigation and vaccination strategies,
see World Health Organization (2024), Kordt et al. (2025). While individuals of
all ages can contract the virus, it poses a greater risk to older adults and those
with pre-existing definite health conditions, such as diabetes, heart disease, or
respiratory issues, see Adahoglu and Kaplan (2023), Aparecido Magrini et al.
(2023); Pei and Liu (2023). By prioritizing these vulnerable groups, we can
work towards a more inclusive and resilient public health approach that pays
special attention to those who are most at risk. The analysis of stability and
optimal control has been conducted on vaccination-implemented epidemic mod-
els, see Kar and Batabyal (2011); Sharma and Samanta (2015). Both studies
enhance our understanding of the role of vaccination in controlling infectious
diseases within the established model framework. A systematic review and
meta-analysis reveal that proper vaccination significantly reduces the risk of
SARS-CoV-2 infection, see Dinagde et al. (2024).

An evaluation of the epidemic system using a non-integer-order derivative
has been presented in Butt et al. (2023) with the aim to achieve the most effec-
tive control possible over the pandemic’s propagation. Insights into COVID-19
transmission dynamics, infection patterns, and control strategies in India are
presented in Asker, Dhongde and Shonchoy (2025). The impact of the pan-
demic in four major European countries, with emphasis on changes in corporate
financial behaviour during the crisis, is analyzed in Yagar and Yalgin (2024).
The impact of vaccination in Dougherty County, Georgia, USA, and its substan-
tial contribution to epidemic control are demonstrated in Pantha, Mohammed-
Awal and Vaidya (2022). A deterministic model for diphtheria transmission by
Oguntolu et al. (2025) has been developed by incorporating the environmen-
tal concentration of Corynebacterium diphtheriae. A fractional-order model for
drug-resistant HBV infection was developed, employing bifurcation and opti-
mal control analyses to determine conditions for disease control and effective
treatment strategies, by Teklu et al. (2025).

Recent epidemiological studies of COVID-19 have integrated vaccination
and effective control measures to reduce community transmission across various
countries, see Demongeot et al. (2022), Gonzalez-Parra, Cogollo and Arenas
(2022), Bai and Wang (2024), Lahrouz et al. (2012). Enhanced public health
measures have reduced infections and boosted recoveries, raising community
immunity, while mathematical modeling has supported stronger responses and



Transitions between disease-free and endemic states in a controlled epidemic system 67

better surveillance. These strategies reduce infections and improve disease man-
agement, see Amaku et al. (2021), Xu et al. (2023), Tian et al. (2021), Bao and
Hu (2023), Tegegn and Terefe (2025), Zhang et al. (2024). Such advancements
equip public health organizations with the capacity to effectively address both
present and emerging health issues. A dengue transmission model incorporat-
ing human awareness and behavioral responses was developed and calibrated
using dengue case data from East Java, Indonesia, see Herdicho et al. (2025).
An SIRUV model with human mobility was developed to study Mpox transmis-
sion, using parameter estimation and real data to design effective mobility-based
interventions, see Hassan et al. (2025). A modelling study in Denmark showed
that RSV causes excess mortality and hospitalisations comparable to influenza
among older adults, see Egeskov-Cavling et al. (2025). Further investigations
into pandemic control strategies, examining issues such as the adverse effects
of quarantine on vulnerable groups, the dynamics of co-infections, and the ef-
fectiveness of various intervention approaches are presented in Kouidere et al.
(2021), Bandekar and Gosh (2022), Castilho et al. (2020), Hu and Nie (2021),
Choi and Shim (2021).

Leveraging the findings from the aforementioned research articles, our ob-
jective is to develop a robust epidemiological model that examines the dynamics
of disease transmission while integrating effective control measures. This study
specifically focuses on the progression of COVID-19 and aims to develop a prag-
matic strategy for implementing more effective guidance in public health initia-
tives. From the reviewed studies, key research issues have been identified, which
have to be addressed in order to improve understanding and control strategies
of the epidemic model.

e Compared to linear assumptions, the Holling-type function provides a
more realistic model by capturing the nonlinear pattern of infection trans-
mission and regulation.

e Sensitivity index analysis selectively targets certain parameters within the
epidemic model, focusing on key contributors to uncertainty rather than
exhaustively evaluating all variables.

e Many infectious disease models are not validated with empirical data,
which makes it difficult to assess the reliability of their parameter esti-
mates. In this study, the model is developed with data-driven parameter
estimation and is validated using observed data.

e The implementation of vaccination, treatment, and preventive measures
offers important guidance for policymakers and healthcare professionals
in controlling epidemic outbreaks.

To achieve this, we employ a mathematical framework that relies on catego-
rization of the population into distinct groups: susceptible individuals, asymp-
tomatic infectious carriers, symptomatic cases under quarantine, and those who
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have recovered. Additionally, our model employs a non-monotonic incidence
function to enhance its predictive accuracy and more effectively represent the
complexities of the virus transmission.

2. Mathematical formulation

The proposed disease model is based on the assumed categorizations that are
specific to the disease transmission context. Undiagnosed infected individu-
als can spread the disease, while those who have been identified are isolated
should not contribute to transmission. The model is built on the following as-
sumed categorization: susceptible individuals (S(t)) are currently healthy, but
at risk of infection, while asymptomatic infected individuals (I(t)) are those
infected with COVID-19 without exhibiting symptoms. Symptomatic infected
individuals (Q(¢)) show symptoms and receive treatment in quarantine. Recov-
ered individuals (R(t)) are those who have recovered from asymptomatic (I) or
symptomatic (@) infection.

Numerous researchers have have been dealing with the nonlinear incidence
rates, meaning to increase the comprehension of the dynamics in infectious
disease models. For the SEIR and SIR models*, a non-monotonic incidence
function was applied in the study by Wang, Zhang and Liu (2018); Ruan and
Wang (2003). Here, we utilize the incidence function (lrzlp) to represent the
spread of infection to the individuals, who are not showing the illness. The
function describes disease transmission through the term .S, while the factor
ﬁ incorporates the effect of behavioral responses among susceptibles, which

diminishes the infection rate as the infectious population grows.

The framework applies strategies to regulate system dynamics over time,
utilizing three control variables to accomplish defined objectives. We have cho-
sen the appropriate controls by using the references to the literature concern-
ing the epidemic management of COVID-19, notably Omame, Isah and Abbas
(2023), Chaharbojr et al. (2021), Zamir et al. (2021), Goswami et al. (2024).
The control variable hq(t) pertains to personal protection measures, undertaken
to prevent the transmission of the virus from infected persons who have no
symptoms to those who are susceptible, see Nana-Kyere, Okyere and Ankamah
(2020). These measures include social distancing, personal hygiene, face masks,
and protective gear for healthcare professionals. The control variable hs(t) is
related to the vaccination rate of susceptible individuals, excluding those who
are already infected, see Kumar et al. (2022). Vaccination reduces the num-
ber of people at risk of infection and slows the spread of the disease. People,
who have been vaccinated, develop an immune system in their bodies, although
vaccination may not always provide complete protection against infection. The

*see the table of abbreviations at the end of the paper.
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control variable h3(t) represents the treatment rate of symptomatic individu-
als, see Kumar et al. (2023). This formulation describes the system dynamics,
subject to the influence of the control variables and sets the foundation for the
mathematical model, presented below:

s ~ST

> o (1— _P. _

u = ( hl(t))l e ha(t)S — d1 S,

dr VST

E—(l—hl(t))m—ﬁl—mlf—dpﬂ 1)
dQ '
it =nl — hs(t)Q — d2@Q,

U il 4 hs()Q — i,

satisfying the initial conditions

S(O) =5y > 0, I(O) =1y >0, Q(O) = Qo >0, and R(O) =Ry > 0. (22)

The choice of a non-monotonic incidence function is biologically motivated
by the observation that, as infection levels rise, individuals tend to adopt pre-
ventive behaviors, already mentioned, such as social distancing, mask usage, and
reduced contact rates. This behavioral feedback reduces effective transmission,
making the non-monotonic formulation more realistic for modeling real-world
epidemic scenarios compared to the classical bilinear incidence function.

A detailed explanation of each state variable is given in Table 1. All the vari-
ables are positive, and W (t) is the total population of humans. The flow of virus
transmission among humans is illustrated in Fig. 1. Pandemic uncertainty may
increase stress levels and feelings of helplessness, raising concerns about health,
financial security, and the future. In the proposed model, the inhibition effect
is represented by p, which prioritizes self-care for susceptible individuals. The
model considers natural mortality rates (d;) in the susceptibility, asymptomatic
infection, and recovery compartments. Despite treatment, some individuals may
not survive COVID-19. The notation do represents the mortality rate, associ-
ated with the virus infection in the symptomatic individuals. The biological
interpretations of the model parameters and control functions are presented in
Tables 2 and 3, respectively.

To establish the fundamental dynamical properties of the system, we first
analyze the model in the absence of time-varying interventions. For this dynam-
ical analysis, the control functions are assumed to be constant and are specified
as follows:

e hi(t) =0 (no transmission-reducing measures),
e hy(t) = 0 (no vaccination of susceptibles),



70 G. SwatHi, G.S. MAHAPATRA, P. SANTRA AND R. P. KumMAR

e h3(t) = ma (the recovery rate for quarantined individuals is constant).

This specification reduces the system to an autonomous one, allowing analy-
sis of equilibrium points, stability, and the computation of the basic reproduction
number .
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Figure 1: Schematic representation of virus spread in the human population
with controls

Subsequently, for the optimal control analysis, the model is considered in its
complete form with the time-dependent control functions hi(t), hao(t), and hg(t)
as bounded, Lebesgue integrable functions. The objective is to determine an
optimal strategy for deploying these controls over a fixed time interval to min-
imize the cost of disease burden and intervention efforts. This optimal control
problem is analytically solved using Pontryagin’s Maximum Principle (PMP),
which provides the necessary conditions for optimality.

3. Well-posedness of the system

This section verifies the system’s well-posedness by assuming that the time-
dependent control functions h; and ho are absent and treating hy = my as a
constant parameter. We demonstrate the non-negativity and boundedness in
the same contexts, and subsequently, derive equilibrium points and the corre-
sponding basic reproduction number, which characterizes the threshold behavior
and stability of the disease dynamics.



Transitions between disease-free and endemic states in a controlled epidemic system

71

Table 1: State variables and their explanation

State Explanation

variable

S(t) Individuals, who are susceptible to infection, but now re-
main in good condition

I(t) Individuals, who have contracted the virus, but are not
showing symptoms

Q(t) Individuals, who are exhibiting symptoms of the virus and
getting treatment in quarantine

R(t) Individuals, who beat an infection, whether it was asymp-

tomatic, I, or causing symptoms, ()

Table 2: Biological characteristics of model parameters

Para-  Biological meaning Unit

meter

%) Rate of recruitment of susceptible individuals #ys

0l Infection rate, at which susceptible individuals get dalys
sick without symptoms

m Parameter controlling the inhibitory effect of high ﬁys
infection on transmission

n Rate, at which an illness transitions from asymp- ﬁys
tomatic to symptomatic

my Asymptomatic infection recovery rate #ﬂs

meo Symptomatic infection recovery rate dal:m

dy Natural death rate among S, I and R individuals dalys

do Mortality rate caused by COVID-19 in people expe- dalys

riencing symptoms

Table 3: Control functions and their biological interpretation

Control function Biological interpretation

hi(t) Effort to reduce disease transmission
(e.g., masks, social distancing)
ha(t) Effort to vaccinate susceptible individuals

hs(t) Effort to treat quarantined individuals
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3.1. Non-negativity of the solution

The non-negativity of solutions of the system of Eq. (2.1) is established under the
initial conditions of Eq. (2.2). Also, the boundedness of the system is determined
in the invariant region.

THEOREM 1 For each time t > 0, the set of equations of Eq. (2.1) has non-
negative solutions with respect to the initial conditions, established in Eq. (2.2).

PROOF By utilizing the first equation from the set of Eq. (2.1),

ﬁ_ _ ST
at ~ YT 1z

—d; S,

we derive the subsequent inequality:

ds I
T (—1_’_’“[2 —d1> S.

By integrating, we find the following:

V1 (x)

S(t) > S(0)e™ Jo ¢ @) - where ¢(I(x)) = (wlz(a:) - d1> .

Consequently, since S(0) > 0, S(t) remains non negative for all times ¢ > 0.
From the second equation of the system of Eq. (2.1),

ar 51
dt 14 pl?

—n[—mll—dll.

Since % > 0, we obtain

di

— > -l —mil —dil.

ae =T Ta
Upon letting k; = n-+my+dy, we deduce that I(t) > I(0)e~*1t > 0, for I(0) > 0.
Hence, I(t) remains nonnegative for all ¢ > 0.

Similarly, considering the third equation of Eq. (2.1),

d
% - ma — s

Since nl > 0, we obtain

% > —maQ — daQ.
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Because Q(0) > 0, it follows that Q(t) > Q(0)e~*2! > 0, where ko = ma + da.
Thus, Q(t) remains nonnegative for all ¢ > 0. Finally, for the last equation,

d
7? = m1I+ mQQ — le

Since m1I + mo@ > 0, it follows that

dR
S 4R
a = i

Therefore, the solution satisfies R(t) > R(0)e~%! > 0 with the initial condition
R(0) > 0.

Hence, under the initial conditions of Eq. (2.2), all the solutions remain
positive for every t > 0. [

3.2. Boundedness and invariant region

THEOREM 2 The system’s solutions residing within Ri, are uniformly bounded
and limited to the invariant region Q = {(S,1,Q,R) € R : 0 < W(t) < %} as

t — 00, where u = min{dy,ds}.

PRrROOF The total population’s rate of change over time is provided by

dW (t)
dt

=@ — (1S +diI 4+ d2Q + d1 R).

Introduction of a positive constant u and rearrangement of the equation, yields

dW (t
dt( ) +ulW =9 —(dy —u)S — (dy —u)] — (da —u)Q — (d1 — u)R.
. . . dW(t) . .
Setting v = min{d,, ds}, gives o +uW < . To derive the solution, we can
proceed as follows:
0<W(t) < %(1 — ) + W(0)e v,

As t — oo, we have the solution 0 < W(¢) < 2, Therefore, solutions starting
u

from the initial conditions of Eq. (2.2) within R% are uniformly bounded and
limited to the region

Q={(S,I,Q,R) €R: :0 < W(t) < %;u = min{dy, d>}}.
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Therefore, as a positively invariant set, {2 additionally includes uniformly bounded
solutions. [ ]

From a mathematical and biological perspective, the model represented by
Eq. (2.1) is well-posed under the initial conditions within the region Q. To-
gether, these basic properties of the model ensure that it provides a realistic
and biologically plausible representation of COVID-19 dynamics, keeping the
population states within meaningful bounds and accurately reflecting the natu-
ral constraints of disease transmission and population dynamics.

3.3. Equilibrium points and the BRN

The epidemic model’s equilibrium points are the disease-free equilibrium (DFE),
where no infection occurs in the entire population, and the endemic equilibrium
(EE), where infection remains at a constant level in the overall population. BRN
is the mean number of additional infections, resulting from an individual case
of a disease.

(i)The DFE point is given by N°(S% 1°, Q% R"), where S° = =, I° =0,
Q" =0, and R° = 0.

To determine the BRN, the dynamical model of Eq. (2.1) is subjected to the
next generation matrix method (NGM), see Van der Driessche and Watmough

(2002). Tt is a significant numerical threshold that provides insight into the
potential spread of a viral infection. Let z = (I,Q, R, S)T; then, the system of

d
equation Eq. (2.1) can be formulated as d—i = F —V, where

SI
11#[2 ijrlk Q
0 - 2
F(z) = 0 and V(z) = “oyd — maQ + dy R
0 —p+ 1ok +diS

At the DFE point N°, we have

%0 0 0 Ky 0 0 0
10 00 0 |l k0 0
F=14 00 ol V=10 —m d o0

0 00 0 @0 0 d

Y
diky

After computation, the NGM becomes FV~! =

o O O

O OO O
O OO O
o O O O
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Therefore, the spectral radius of the NGM at the DFE point N° is the BRN

for the system of Eq. (2.1), which is denoted by o = -

(ii) In order to determine, whether the system in Eq. (2.1) has a nontrivial
EE,letS>0,I>0,Q>0,R>Oand%:%:%:%=0. Using the
last two nullclines and solving for Q and R, the following expressions

L oonl o (kamy +mo)I”
Q"= ko B = diko

are obtained.
The following is the result of utilizing the second nullcline and @Q* and R*
ki + I*Zk‘lu

v
Using 5™, @*, and R* in the first nullcline, a fourth-degree polynomial in I*
is obtained as follows:

to obtain S* =

I' 4+ a1 I3 + aol*® + asI* 4+ ay = 0,
with

g2 Y d e
dlﬂ’ dlklji ’ d1/1,27

_ dlk‘l—’}/@ _ 1—§R0
dlkl,uz /1'2 ’

According to Descartes’s rule, the polynomial has at least one positive root if
and only if g > 1. Thus, the EE point N*(S*, I*, Q*, R*) occurs if and only if
3?0 > 1.

3.4. Stability assessment of equilibrium

To examine the behavior of the system in proximity to the equilibrium points,
this method involves the generation of the Jacobian matrix and the examination
of its eigenvalues. The Jacobian matrix can be evaluated for the given system
of Eq. (2.1) as follows:

1 S(1—pl?
- 143;&2 —d _7(15#51;;)2) 0 0
I S(1—pl?)
J = 143;;12 ’Y(1+,u/2)2 —ki 0 0
0 n —ko 0
0 mi mo —d1

Local behavior of DFE and EE:

THEOREM 3 The DFE N°(S°, 1° Q°, R®) of the system of Eq. (2.1) is LAS for
Ro < 1 and is unstable for $yg > 1.
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PROOF At DFE point N°(S%, 19 Q°, R?), the Eq. (2.1) system’s Jacobian matrix
J(N?) can be written as

—dy -2 0 0

di
0 12 — ky 0 0
J(N?) = d
WO=1o "y koo
0 mq mo —d1

—d - % 0 0
0 I8 — kg — A 0 0
N°) —AI| = d
T(N) = AT AT e o
0 mq mo 7d17)\

Solution of the characteristic polynomial gives the characteristic roots of the
matrix

J(NOY : Ay = —di, Ao = —di, Ay = ko, Aa = —hr (1— d?‘gl) =~k (1—Ro).

The first three roots are clearly negative, while the last root becomes negative
if ®y < 1 and turns positive when Ry > 1. According to the Hurwitz-Routh
Criterion, see Yildiz et al. (2022), the DFE point N° is therefore an LAS when
Ro < 1. Furthermore, the DFE point NV is unstable for Ry > 1. [

THEOREM 4 If all the conditions established in the proof are satisfied and the
BRN Rg exceeds 1, then the endemic equilibrium point N* of the model in
Eq.(2.1) is locally asymptotically stable within the feasible region (2.

PrROOF At the EE point N*, the Jacobian matrix of the system of Eq.(2.1)
becomes,

I* S*(1— 1*2)
“re —h e 000
I S*(1—pl*?)
J = 1J:u1*2 ’Y(1+u1it2)2 — ki 0 0
0 n —ko 0
0 mi mo —d1

The above matrix can be expressed as |J(N*) — AI| = 0. We have,
(A+d1) (A +k2) P(M) =0,
where

P(A) = A% 4+ b\ + by. (3.1)
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The obtained two roots of the characteristic polynomial are A = —d; < 0 and
A = —ko < 0. To analyze further roots, we obtain the coefficients of Eq.(3.1) as
follows:

_ S (=L I2p) + PRy (L4 17%0) + dika (14 172 p)°
(1+ 1% ’

Cdy kA Iy =SP4+ T (2(dy 4 Ky) + (4 S*)y) A T (dy + )
(1+ 12 p)? '

by

ba

In the case of a second-order polynomial, the Hurwitz-Routh criterion states
that all roots possess negative real parts if and only if the following constraints
are satisfied: b; > 0, i = 1,2. However, the EE point N* exists in Q if Ry > 1.
Under these conditions, N* is an LAS in . [

Global behavior of DFE:

The GAS of N? is analyzed in this section using the CCM, see Castillo-Chavez
et al. (2002), based on the value of Ry in the feasible region ; = {(S,I,Q, R) €
Q) : S < S°). First, the property of being positively invariant for the region €,
is proven.

THEOREM 5 The set Qy = {(S,I,Q,R) € Q: S < S°} exhibits the property of
positive invariance for the system in Eq. (2.1).

ySI1

PROOF By considering the system of Eq. (2.1), the inequality Cfi—f = o= T

d1S < ¢ —dyS is derived. If S(0) € Qy, then S(0) < S°. Hence,
S(t) < —(8° = S(0)e M+ £ < £ =50,

when the initial condition satisfies S(0) € €. Therefore, for all ¢ > 0, the
variable S(t) remains bounded by S°. Consequently, the solution of the model
of Eq. (2.1) in Ri is attracted to the positively invariant set ), establishing it
as a region that retains its properties over time. [ |

THEOREM 6 If %y < 1, DFE N° is GAS in €.

PROOF The given system of Eq. (2.1) is defined as follows, see Omorogie,
Owolabi and Olabode (2014):

¢ =K(e,¢), ¢ =L(c ). (3.2)

Here, ¢ and ¢ symbolize the derivatives of € and ¢, respectively, with regard to
t. We have € = (S, R)T, and ¢ = (I,Q)”. Then, we obtain

ST ST
0= 1m —diS oy — kil
K = 1+pl L = | 1+pl .
(67 C) (mﬂ + ma@Q) — d1R> ’ (67 C) ( nl — ko @Q
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Furthermore, from Tchoumi, Schwartz and Tchuenche (2024), we have

A= (7{ _‘;{2> i) = <[7(S° _69) + kl]l) |

p—diS
:(—dl_é)’ L<€a<)
1=0

where A = D;L(¢*,0), and L(e, ¢) = AT — L(e, ).
By solving the system %€ = K (¢, 0), we obtain S(t) = S°+ (S(0) — S%)e~%1,
and hence tlim S(t) = SY; similarly, from the other equation of % = K(e,0),
—00

K(eC)

1=0

which yields tlim R(t) = RY. Therefore, the solutions of the differential equa-
—00

tion % = K(e,0) are independent of the initial conditions (S(0), R(0)). The
asymptotic character of the solutions (S(t), R(t)) is also independent of the
initial conditions in €, ensuring that the GAS of the equilibrium point N =
(89,19 Q°, RY) = (2,0,0,0). Hence, the first condition of the CCM is satisfied.
Furthermore, in €7, S < S° hence, [y(S° — S) + k1] > 0. This indicates that
ﬁ(e, ¢) > 0, which fulfills the second requirement. As a result, N is the GAS if

Ry <1. n

4. Bifurcation analysis

A brief bifurcation analysis is carried out to understand how the system transi-
tions between the disease-free and endemic states as key parameters vary. The
model exhibits a forward bifurcation, demonstrating the smooth emergence of
a stable endemic equilibrium once the threshold condition is crossed.

THEOREM 7 The system of Eq. (2.1) experiences forward bifurcation at Ry = 1.

PROOF Let S = a1, [ = x3, Q = x3, and R = x4. Then, the model of Eq. (2.1)
becomes

. YL1T2

T1=p— —diz; = f1,
1= 1"‘#% 121 = f1

. YL1T2

Ty = —NTy —Mixy — d1T9 =
2 1"‘#33% UES) 172 122 f27

T3 = NTa — Max3 — dax3 = f3,
Ty = M1To + Max3 — d124 = f4.

Consider the bifurcation parameter -, the infection rate at which susceptible
individuals become sick without symptoms. When ;, = 1, the critical point
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is represented as y* = dtfl ,ki1 = n+ mqy + d;. The DFE point is given by
NO(29, 29, 29, 23), where 29 = T3 =0, z9 =0, 2§ = 0. The Jacobian matrix

J at the DFE point N° is determined as

—dy —% 0 0

0 X2k 0 0

J(N®) = 0 d : 1 e 0
0 miq mo —d1

as

0 0 0 0 0
J(N ) a 0 n —k’g 0
0 ma meo 7d1

To find the right eigenvector w = (w1, ws, w3, wy)T, solving J(N%).w = 0, we
obtain the right eigenvector

we (R ks tmay T
dl 2 2;k2 2, d1k2 2

The left eigenvector v = (v1,v2,v3,v4)T must satisfy vI.J(N°) = 0. Solving
this, we find v; = 0 and vy = 0. Additionally, the conditions imply that
vs = 0. Thus, the left eigenvector can be expressed in terms of vy as: v =
(0,v2,0,0)T, where v, is a free parameter. To find the components of the left
eigenvector v, we use the normalization condition v7'w = 1. Consequently, the

koo mlka+m2n>T
dy ko diks ’
1

and v = (0 - 0 O)T. The bifurcation coefficients are given by

w2

final forms of the eigenvectors are w = wsy (—

Z agfk(N077 )
VpWiWj — ",

i 0z;0z;
4
O? fr(N°, %)
b= ——
k;‘:l Ukt Ox;07

After simplification, we obtain the bifurcation coefficients

2(d1 +mq + 77)2’11}
¥

a = —
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and

If it is assumed that wo > 0, then a < 0; otherwise, a > 0.

This combination of @ < 0 and b > 0 corresponds to forward bifurcation,
meaning that the system undergoes a smooth switch from DFE to EE as the
bifurcation parameter crosses a critical threshold, see Cheng and Qiao (2025).
Biologically, this means that once the disease becomes established in the popu-
lation, it settles into a steady endemic level and does not disappear on its own.
This type of bifurcation indicates that controlling the disease after this point
becomes difficult, as the system naturally remains in an endemic state. [ ]

Figure 2 clearly illustrates the transition, bifurcation point, with the stable
endemic state branching out from the unstable disease-free state, thus confirm-
ing forward bifurcation.

%10 Bifurcation plot
T T T T

Bl ol Stable EE Branch -

Asymptomatic Infected |
T
1

Stable DFE Branch

BP  UnStable DFE Branch

1 1 1 1

0 05 1 15 2 25
¥ %1070

Figure 2: Bifurcation plot at Ry = 1 for infected population

The study explores how the infected population (I) responds by varying the
parameter -y, focusing on the transition at the threshold fy = 1. Using MAT-
CONT, the bifurcation parameter v was systematically varied, and a forward
bifurcation was observed, as shown in Fig. 2 using parameter values, provided
in Table 6. This phenomenon was theoretically anticipated and analytically
verified in a previous theorem. At the critical value of v = 1.9430 x 10710,
corresponding to Ry = 1, the DFE becomes unstable and EE emerges.
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Table 4: Estimated parameter values for three countries

Parameter Afghanistan  Austria Brazil
® 8.04x10% 7.26x10° 7.85x107
~y 2.9x10710 3.22x10710  2.37x10~ !
m 2.02 x10716  4.32x107*  2.05x10713
n 0.20 0.23 0.35
my 0.13 0.22 0.005
Mo 0.11 0.07 0.05
dy 6.02 x1075  6.95x10~*® 6.33x107 18
do 0.0003 0.001 8.64x 1017

5. Parameter estimation and model validation

In this section, we apply the model to examine the dynamics of COVID-19
transmission across three countries. Parameter estimation is a crucial step in
mathematical modeling, involving the adjustment of model parameters to fit
the real data. Subsequent validation of the model revealed strong agreement
between the estimated parameters and the actual disease trends. In this study,
we utilized real-time infected case data, see Mathieu et al. (2020), for three
countries, Afghanistan (22 July 2020 to 18 February 2023, 941 days), Austria
(28 August 2021 to 22 June 2022, 301 days), and Brazil (5 January 2020 to 4
August 2024, 1664 days), and fitted the model symptomatic infected population
Q, as shown in Fig. 3.

We used the Simulink Parameter Estimation tool to estimate key biologi-
cal parameters (Table 4) for the model, including the human recruitment rate
(), infection rate (7y), rate of symptom development (1), and recovery rates for
asymptomatic and symptomatic individuals (m; and ms, respectively). Each
unique epidemic trend requires adjusting the parameter values to accurately
reflect local transmission dynamics. For example, Brazil’s large dataset demon-
strated the model’s robustness over time, showing excellent validation even with
extended periods of data. This suggests that the parameter estimation process
is reliable and flexible for both short and long-term epidemic patterns.

In conclusion, parameter estimation and model validation definitely signifi-
cantly improve the reliability and predictive capacity of infectious disease mod-
els. This process not only enhances the accuracy of the model, but also offers
biological insights into disease progression, recovery, and mortality. Future re-
search should focus on extending these models to other regions and incorporating
new data to improve predictions and further inform public health strategies.
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Model Q(t) vs Measured COVID-19 infected cases of Afghanistan
T T T T T

I I I I
Time in Days

Model Q) vs Measured COVID-19 Infected Cases of Austria
T T T T

Time in Days

Figure 3: Model validation of three countries using real infected cases

6. Sensitivity analysis

The normalized forward sensitivity index (NFSI) is utilized to carry out the

sensitivity analysis of the BRN, which is denoted as . The NFSI measures

the sensitivity of Ry to changes in the model parameters and is defined as:
Oy m

?%O = a—om—, where m represents a model parameter. The NFSI values for
m Jig

each parameter are calculated as this is shown in Table 5.
The analysis revealed that the parameters ¢ (recruitment rate of individuals
susceptible to infection) and v (infection rate at which susceptible individuals

become sick without symptoms) have a positive influence on the transmission



Transitions between disease-free and endemic states in a controlled epidemic system 83

Table 5: NFSI of Ry relative to model parameters

Parameter NFSI of Ry
© 1
vy 1
dq e
77 ETEn
m RETE

of the virus, as indicated by their positive NFSI values. In contrast, the pa-
rameters d; (the natural death rate for individuals), n (the rate of symptom
progression), and m; (the rate of recovery from asymptomatic infection) neg-
atively influence disease spread, as indicated by their negative NFSI values.
Parameters i, mo, and dy do not affect Ry. Essential elements in managing the
spread of COVID-19 can be identified by recognizing the sensitivity of $( to
various parameters. Interventions that reduce v (e.g., improving the isolation
of asymptomatic cases and reducing contact rates) or increase n and m; (e.g.,
enhancing the detection and treatment rates of asymptomatic cases) effectively
reduce the spread. Public health authorities can focus on these areas for tar-
geted interventions. Additionally, measures that do not significantly impact Ry
(such as those affecting p, mo, and ds) may be deprioritized in favor of more
impactful strategies. By focusing on parameters with the highest sensitivity,
resources can be allocated to maximize the reduction in disease transmission,
ultimately assisting policymakers in designing effective intervention strategies
for controlling the pandemic.

7. Optimal control strategies
7.1. The setting
In this section, we analyze the model of Eq. (2.1) that includes time-dependent

control functions for the purpose of investigating the optimal control strategy.
The following provides the objective function:

ty
J(h1(t), ha(t), hs(t)) = / [C1I + Cohi + Cshj + Cyh3] dt,
0
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where C; for ¢ = 1,2,3,4 are weight factors used in the cost function. The

objective is to decrease the overall number of individuals exposed or infected, in

addition to reducing the associated costs related to the implementation of pro-

tective measures, vaccinations, and treatments. Since the symptomatic infected

population in a quarantined period (@) does not contribute to disease trans-

mission, it is excluded from the objective function J(hq(t), ha(t), hs(t)). The
*

purpose is to determine the set of control functions (h}, k%, k%) that optimize
the objective function, see Ben Cherif, Balatif and Kabiri (2024):

J( T, ;, h;) = min{J(hl, hg, hg) : (hl, hg, h3) S Uh}
The set of admissible controls is defined as
Uy, = {(h1, ha, h3) : h1, ha, hg are measurable functions, 0 < hy, ha, hy < 1}

and ¢ ranges from 0 to ¢¢. In optimal control theory, the PMP can be applied
to determine an effective control approach that minimizes the objective func-
tion while adhering to system dynamics and constraints. The resulting optimal
control measures can guide decision-making for effective intervention strategies
in managing the spread of disease.

7.2. Optimal control existence

THEOREM 8 For the system of Eq. (2.1) with initial conditions of Eq. (2.2),
3 a set (hi, h5, hE) such that J(hi, ki, k%) = min{J(hy, ha, h3) : (h1, h2, hg) €
Un} attains a minimum value. This optimal control set is obtained from Uy =
{(h1,h2,h3) : hy,ho, hy are measurable functions,0 < hy,ho,hy < 1} and t
ranging from 0 to ty.

PROOF The results from Ma et al. (2023), De Oliveira et al. (2023) can be
applied to show the optimum control existence. A linear system clearly bounds
the system of Eq. (2.1). The boundedness of the system of Eq. (2.1) solutions
over time is employed to show that there is optimum control. First, we analyze
the subsequent characteristics:

(a) The control function in the set and the related Eq. (2.1) system’s solution
set is nonempty.

(b) The control set Uy is convex and closed.

(¢) The right hand side of the system in Eq. (2.1) is bounded by a linear

function.

The integrand of J(hq(t), ha(t), hg(t)) is convex on Up,.

3 constants l1,ls > 0 and ¢ > 1, 3 C11 + Cah? + C3h3 + C4h3 fulfills the
3

condition C1I + Coh? 4 C3h3 + Cyh3 > ll(z |hi|2)% + Is.

i=1

—_
o~
~—
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The first requirement is that the control set, defined as Uy, along with the states,
must be nonempty. This gives condition (b) since the control set (hy, ha, hg)(t) is
closed and convex from the definition. Because the solutions are a priori limited,
the state system of Eq. (2.1) on the right-hand side follows the condition (c).
The integrand in the objective function, C11 + C’zhf + C’gh% + C4h§ is clearly
convex on Up. For some positive values l1,lo > 0, and ¢ > 1, the objective
function is J > Iy(|hy|?> + |ha|? + |hs|?)? + ;. Based on the requirements,
there exists an optimal control set (h}, h3, h%)(t), which minimizes the objective
function J. ]

Description of the optimal triple of controls:

By PMP, Lagrangian L can be framed as,
L<I7 hl7 h27 h3> = C'lI + C2h% + C3h§ + C4h§7

and H represents the Hamiltonian

4

H(57[7Q7Ra hlahQah3a6i7t) = L(Ivh17h27h3) + Zélgz
i=1

The variables g1, g2, g3, and g4 represent the right hand side of the equation
Eq. (2.1), whereas 61(t), 02(t), d5(t), and d4(t) refer to adjoint functions, which
are related to the system of equations, and whose values are to be determined
appropriately.
~vS1

H = C1l + Co + Csh3 + Cahd + 61 (0 — (1 - M)

~ ha(t)S — d15)

02 ((1 = Ia(O) s = o =l =)+ 8 (1] ~ ha(t)Q — d20Q)
+04 <m1[ +ha(H)Q — le). (7.1)

The transversality requirements and the form of the adjoint equations are
conventional effects of PMP. The following is the process used to acquire the
adjoint system:

041 . aiH _ (=14 h1)Iv(01 — 02)
ot~ o5 (ditha)o- 1+ 12,

I5):) oH

87152 = —W =-C|+ (dl —+ mq +77)(52 —mq1d4 — 37

n (=1 + h1)Sv(61 — b2) (=1 + I*p)
(1+I%p)?
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o) OH

aits == —% = (dg + h3)63 - h3(54
05,  OH

ot - or G

with the transversality condition 01(tf) = d2(ty) = d3(ts) = da(ty) = 0. Based
on the optimality criterion and together with % =0, at hl(t),i = 1,2,3, we

obtain
I* * _
hie) = L5001 —02) *252)7
202(1 + [ ,u)

As the maxima and minima are given by the bounds, we can characterize the
optimal control in the following way, see Abbasi et al. (2020):

. I S*y(81 — 02)
= 1
hi = min {max (O, 20501+ I2p) |’ ,
" . S*§
hs = min {max (O, 20;) , 1} ,
. Q(03 — 64)
hz = min {max (0’5044 ,1 0.

The optimality model is represented by

* * * 63—0
h(t) = $2¢, and hj(t) = L%,

ds . ST N

prin (1- h1(t))m —hy(t)S —diS

ar ) VST

G = Qi) I~

d *

CT? =nl —h5(t)Q — d2Q

dR x

= mil + h5(t)Q —diR

s, ) (=L +hi(0) (61 — d2)

E = (dl + hQ(t))51 - 1 +12N

d6, (=1 +77(1)Sy(01 — d2) (=1 + I*p)
E = 701 +(d1 + my +77)52 *m154*5377+ (1+I2M)2
dé

dTB = (da + h3(t))3 — hi(t)és

ds

a =

with the initial condition S(0) = So, I(0) = Iy, Q(0) = Qo, and R(0) = Ry.
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8. Numerical simulations

To validate our analytical conclusions, we utilized MATLAB to conduct the
necessary computations. The initial conditions were set within the invariant
region. The parameters were assumed as in Table 6 with v = 1.9 x 10710, so
that oy = 0.9778 < 1.

The selected parameter set corresponds to a controlled epidemic scenario,
in which the basic reproduction number remains slightly below unity, repre-
senting a situation where disease transmission gradually declines because of
implemented preventive measures and recovery mechanisms.
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x10° Time ion of

X o073
17 Y 1736120000 25

o

Susceptible (S,
S
Asymptomatic Infected (1)

99660.4
Y -4.446590812571226-323
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P
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°
o

05 1

o - X 99877.8

goaz:Y ¥ 180779005
¥ 7.112196-07
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o 2 4 6 8 10 0 2 4 6 8 10
Time(Days) x10* Time(Days) x10*

Figure 4: Time series of populations for J¢ < 1

When Ry = 0.9778, disease propagation slows and eventually stops, leading
to an increase in susceptible individuals as the illness dies out. Asymptomatic
individuals start at 3x10~%, reach and remain zero throughout evolution. Symp-
tomatic individuals are initially 2.8 x 10~ and immediately reach and then re-
main zero throughout the evolution because the average incidence of new cases
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Table 6: Parameters and their values

Para- ® Y n p mi Mg dy do
meters
Values | 70000 3x 1071 0.2 2x1071¢ 014 01 4x107° 10°*

is low. The recovered population first grows to 1 x 1073 as people recover from
illness. However, as new infections decrease, the number of recovered people
gradually drops to zero over time. As shown in Fig. 4, the system approaches
the DFE point N°(1.75 x 10%,0,0,0) as t — oo, validating the LAS and GAS
of the DFE point N as stated in Theorems 3 and 6.
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Y 605751000

2 4 6 8 10
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Figure 5: Time series of populations for $y > 1

The values of the input variables are expected to match those in Table 6,
which result in g = 1.5439 > 1. Susceptible individuals show early spikes from
1.133466 x 10° to 1.13347 x 10°, and the fluctuation gradually decreases until
it approaches the EE point, when the rate of transmission increases and the
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rate of inhibition declines. Asymptomatic individuals show an early rise from
7.251x10% to 7.254x 10* and the fluctuation gradually lowers until it approaches
N*. The number of symptomatic people initially climbs from 1x10° to 1.44 x 10°
and subsequently remains at 144 886 over the time period due to the high average
quantity of new infections. The number of recovered people continuously rises
from 80 000 000 to 605 807 000, with both asymptomatic and symptomatic
patients recovering. As shown in Fig. 5, the system approaches the EE point
N*(1.13347 x 10°, 72524.7, 144904, 6.16097 x 10%) as t — oco. Additionally,
the conditions specified in Theorem 4, namely, b; = 7.39841 x 1076 > 0 and
be = 0.0000624728 > 0, were satisfied, ensuring the LAS of the EE point. This
analysis numerically validates the analytical results, concerning the stability of
the DFE and EE points.

s 2.2
2
2 1.8
o o«
1.6
1
1.4
0 ‘ : : : 1.2
0 1 2 3 4 5 0.1 0.15 0.2 0.25
Y %1070 n
1.7+
o 1.6
15"

0.1 0.11 0.2 0.13 0.14 0.15
n11

Figure 6: Behavior of BRN R on the basis of 7,7, and m;

Figure 6(a) shows that an increase from 0 to 5 x 1071% in the transmission
rate of infection (7) regarding persons becoming infected without symptoms
increases BRN by 2.5. This means that each sick person transfers the infection
to at least one other person, causing the disease to become endemic. This
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transition signifies a shift towards the EE, where the disease affects all people
steadily. Figure 6(b) shows that increasing the rate of infection (n) from people
who exhibit no symptoms to those who experience symptoms leads to a relative
decrease in the basic reproduction number, BRN, from 2.2 in the BRN to 1.2.
When the BRN is less than one, it indicates that the disease cannot sustain
its spread within the population, implying progress toward disease eradication.
Figure 6(c) shows that increasing the recovery rate (mq) from 0.1 to 0.15 results
in a decrease in the BRN value to 1.5. This drop means that, on average, each
sick person transmits the virus to a maximum of one person, thereby decreasing
the transmission of infection.

Figure 7(a) illustrates the changes in the transmission rate () and asymp-
tomatic development rate (7), offering insights into disease dynamics, depend-
ing upon the behavior of %y slide. Figure 7(b) presents the variations in the
transmission rate and the rate of asymptomatic individuals moving to recovery
(mq) within a constant Ry slide, providing valuable insights for optimizing in-
tervention strategies. Figure 7(c) illustrates the changes in the asymptomatic
development rate (1) and the rate of asymptomatic individuals moving to recov-
ery (my) within a constant R slide, offering insights into targeted interventions
to control disease spread. These contour plots enhance the understanding of
how adjustments in key parameters impact disease transmission and control
measures, aiding in the development of effective public health strategies.

Figure 8(a) shows that the number of asymptomatic persons increases to
1.7x107 and 2.2x 107, in turn, when psychological effects 3x 10716 and 1x 10716,
respectively, and then declines with time. Figure 8(b) demonstrate that the rate
of the psychological effect 1210716 provides for a progressive increase of 42107
in the overall number of people in quarantine and treatment. The number of
symptomatic persons increases to 3.1 x 107 and 3.4 x 107 when the inhibitory
effect is 3 x 10716 and 2 x 10716, respectively. These trends suggest that higher
levels of psychological vigilance or adherence to preventive measures lead to
a reduction in both asymptomatic and symptomatic infected cases, ultimately
contributing to the prevention of virus spread.

From Figs. 9(a) and (b), it can be deduced that as < increases at the
rates of 30 x 10711, 32 x 107!, 34 x 10~ !!, we observe the concurrent rise in
numbers of both the infected people who are showing symptoms and not showing
symptoms. As time passes, the numbers of reported cases start decreasing, in
spite of the increase in the transmission rates. Epidemiologically, higher values
of v can indicate factors such as increased viral infection, decreased effectiveness
of preventive measures, or higher contact rates among individuals, all of which
contribute to the faster spread of disease.

From Fig. 10(a), we can infer that as n increases at the rates of 0.16, 0.2,
and 0.24, respectively, indicating faster progression from asymptomatic to symp-
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Figure 7: Contour plots illustrating the variations in v, 7, and m; on constant
Ko slides

tomatic infection, there is a corresponding increase of 0.6 x 107, 1.7 x 107 and
3.1 x 107, respectively, in the number of individuals infected with no symptoms
(I) and corresponding decrease in the asymptomatic persons as time progresses.
Figure 10(b) shows that as 7 increases at the rates of 0.16, 0.2, and 0.24, re-
spectively, indicating faster progression from asymptomatic to symptomatic in-
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Figure 8: Time series of infected populations (a) I, (b) Q, with variations in the
parameter controlling the inhibitory effect of high infection on transmission, u

fection, there are increases of 1.5 x 107, 3.4 x 107 and 4.4 x 107, respectively, in
the number of individuals infected with symptoms and in quarantine, respec-
tively, and corresponding decreases in symptomatic individuals over time. This
trend can be attributed to the fact that as more symptomatic infected indi-
viduals show symptoms of the disease and move to quarantine (@), there is a
diminishing number of asymptomatic infected individuals (I). Understanding
the impact of n on disease progression is vital for assessing the dynamics of
COVID-19 transmission and designing effective intervention strategies to miti-
gate its spread.

Figure 11(a) demonstrates that when recovery from asymptomatic infection
increases at the rates of 0.1, 0.12, and 0.14, respectively, suggesting quicker
recovery, the numbers of asymptomatic patients also increase. The number of
people who get sick without symptoms decreases over time, from 3.1 x 107 to
1.8 x 107. Figure 11(b) demonstrates that as recovery from asymptomatic infec-
tion increases at the rates of 0.1,0.12, and 0.14, there is a concurrent increase in
the numbers of infected cases with symptoms and in quarantine (Q) of 3.4 x 107,
4.4 x 107, and 5.5 x 107, respectively. The total number of people who become
sick with symptoms decreases with time. This trend suggests that a greater
recovery from asymptomatic infection is associated with a shorter duration of
infection in both asymptomatic and symptomatic patients. Understanding the
impact of m, on disease recovery is essential for optimizing recovery and quar-
antine strategies and minimizing disease transmission within the population.

After computing the optimal controls using PMP, the functions h;(t) for
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Figure 9: Time series of infected populations (a) I, (b) Q, with variation in the
rate, at which susceptible people get sick without symptoms, -

i =1,2,and 3 are plotted individually in Figs. 12(a), (b), and (c), respectively.
The control prevention measures and vaccination functions should be imple-
mented at high intensities of 0.05 and 0.013, respectively, and then gradually
reduced. This strategy helps to quickly curb the virus spread and build im-
munity in the population, thereby limiting the need for sustained high-intensity
measures over time. In contrast, the treatment function, as shown in Fig. 12(c),
indicates that the treatment rate of symptomatic individuals should start at a
moderate intensity of 1 x 1073, increase to 6 x 1073, and then decrease. By im-
plementing treatment functions, healthcare resources can be utilized optimally,
and treatment capacity can be adjusted according to the fluctuating number of
symptomatic cases.

The weight constants in the objective function were assumed to be C =
1x1077, 0y =1x1077, C3 = 1x10%, Oy = 1 x 10%, and C5 = 1 x 10, and the
initial values S(0) = 14 x 108, I(0) = 2 x 103, Q(0) = 2 x 105, R(0) = 15 x 10°.
The susceptible population of the size of 1.4 x 10° remains throughout the early
stage of disease propagation, and then gradually decreases to 1.08 x 10%, due to
inadequate preventive and immunization measures implementation. The blue
line in Fig. 13 (a) shows how the control function measures significantly reduce
the susceptible population. The number of asymptomatic persons increases sig-
nificantly to 1.8 x 107 when the transmission rate is 3 x 1071%, and subsequently
decreases. The blue line in Fig. 13 (b) shows that immunization and preventive
measures significantly reduce the number of asymptomatic people.

The numbers of symptomatic individuals remains near zero of infection cases
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Figure 11: Time series of infected populations (a) I, (b) Q, with variation in the
rate of recovery from asymptomatic infection m4

with the help of vaccinations and prevention, which can be plotted by the blue

line in Fig. 13(c).

As the disease progresses, the symptomatic infected indi-

viduals recover slowly to 12.8 x 107. People are recovering as the supply of
vaccinations and treatments develops, as depicted in Fig. 13(d). Compared to
scenarios without the implementation of control measures, the concurrent one
displays a more substantial reduction in the number of infected individuals. The
success of these combined strategies underscores the importance of coordinated
public health efforts in effectively managing and controlling the outbreak.
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Figure 12: Trajectories of control functions (a) hq(t), (b) ha(t), and (c) hs(t).
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Figure 13: Time series of populations (a) S, (b) I, (¢) Q, and (d) R, with
implementation of all controls and without control

9. Conclusion and future scope of work

The study demonstrated the effectiveness of various control strategies in man-
aging infection dynamics through an infection model, incorporating a non-
monotonic incidence function. The BRN model was derived and utilized to
determine the conditions for stability equilibria. The results indicate that when
Ry = 0.9778, i.e. less than 1, the disease propagation slows down and ultimately
converges to DFE. Conversely, for the reproduction number Ry = 1.5439, i.e.
above 1, the spread of disease increases, leading to the EE. The findings provide
biologically meaningful insights into how the interplay between infection rate,
recovery, and control measures governs the overall epidemic trend. The study
establishes a clear connection between theoretical predictions and realistic epi-
demic responses, emphasizing that timely and well-calibrated control policies
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can significantly reduce the disease burden. Furthermore, the integration of
sensitivity and optimal control analysis offers a comprehensive understanding
of the system behavior under multiple intervention scenarios.

In future extensions, the model framework can also be adapted to study
the combined impact of vaccination hesitancy, environmental factors, and virus
mutation rates on long-term epidemic outcomes. Moreover, integrating socio-
behavioral parameters and optimal resource allocation strategies will make the
model more realistic and beneficial for policymakers in designing targeted inter-
vention programs.

Appendix:

COVID-19 | Coronavirus Disease 2019
BRN Basic Reproduction Number
DFE Disease-free Equilibrium

EE Endemic Equilibrium
NGM Next Generation Matrix
LAS Locally Asymptotic stable

GAS Globally Asymptotic stable

CCM Castillo-Chavez method

NFSI Normalized Forward Sensitivity Index
PMP Pontryagin’s Maximum principle

SIR Susceptible, Infected, Recovered

SEIR Susceptible, Exposed, Infected, Recovered
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