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Abstract: Applying a general theorem developed by BaSar
(1981), providing a set of sufficient conditions for a triple of strate-
gies to be in hierarchical equilibrium, to games in normal (strategic)
form, we study three-player Stackelberg games for linear quadratic
discrete-time descriptor systems with three levels of hierarchy in
decision making. We derive explicitly sufficient conditions for the
existence of the memoryless hierarchical equilibrium strategies for
the player (called Pi) at the top of the hierarchy, and for the player
(called A) at the second level of the hierarchy. Since the resulting
hierarchical equilibrium strategies do not depend on the memory
information, Pi's original optimal team cost remains the tight (at-
tainable) lower bound for Pi's cost function no matter whether the
players at the lower levels of hierarchy act or not at the last two (or
one) stages. Moreover, the resulting strategies have the advantages
of simpler structure and higher credibility. A numerical example is
solved to illustrate the validity of the results.
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1. Introduction

Memory strategy concept is fundamental to the study of Stackelberg dynamic
game problems with multi-levels of hierarchy in state space systems (BaSar and
Olsder, 1982). Within the context of linear-quadratic dynamic games defined
in discrete time, two kinds of the closed-loop Stackelberg strategies have been
obtained in (BaSar and Helbuz, 1979; Tolwinski, 1981). Since the essential
structure of those strategies contains the memory information on state vector,
different team optimal control problems have been introduced depending on
whether the follower acts at the last stage of the game or not. For the latter case,
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the tight lower bound for the leader's Stackelberg cost in the dynamic game will
be determined completely by the related leader's team optimal control problem.
Otherwise, the original game must be changed to a new game with transformed
cost functions for the leader and the follower in order that the method developed
for the case when the follower does not act at the last stage can be applied to
solve the problem. Moreover, the closed-loop Stackelberg strategy obtained in
Ba$§ar and Helbuz (1979) is the linear or affine one-step memory strategy which,
as indicated by Tolwinski (1981), is rather ill-suited for the possible nonoptimal
behavior of the pl, ,ers at some stages of the game. In other words, if the follower
plays nonoptimally at one stage, then the role of the leader's strategy in the
remaining stages is to penalize the follower for his nonoptimal behavior. The
leader's strategy is in no sense optimal when considered in the remaining stages.
On the other hand, the closed-loop Stackelberg strategy proposed by Tolwinski
(1981) is the nonlinear memory strategy which has the property of penalizing the
follower's one stage nonoptimal behavior only at the next stage. The results of
BaSar and Helbuz (1979) is further extended to the three-pl, jer dynamic game
with three levels of hierarchy in decision making BaSar (1981), in which the
so-called hierarchical equilibrium solution concept is defined. Conceptually, the
method of Tolwinski (1981) can also be extended to the three-level Stackelberg
games. However, such an extension seems not be an easy work because of the
complicated structure of the proposed strategies.

With the properties stated above in mind, we now consider the Stackelberg
game for discrete-time descriptor systems. In a recent paper (Xu and Mizukami,
1995), the team-optimal closed-loop Stackelberg game for two-player descriptor
systems has been studied. An important feature has been found that the closed-
loop memoryless information on descriptor vector is sufficient for the leader to
construct the team-optimal closed-loop Stackelberg strategy for a large class
of discrete-time descriptor systems. Moreover, since the resulting strategy for
the leader dose not involve the memory information on descriptor vector, it
is not necessary to assume that the follower does not act at the last stage of
the game. In this paper, we extend the results of Xu and Mizukami (1995) to
the three-pl, ,er Stackelberg games for linear quadratic discrete-time descriptor
systems with three levels of hierarchy in decision making. Applying a general
theorem developed by Ba$ar (1981), which provides a set of sufficient conditions
for a triple of strategies to be in hierarchical equilibrium to games in normal
(strategic) form, we derive explicitly the memoryless hierarchical equilibrium
strategies for the pl, er (called A) at the top of the hierarchy, and for the
plyyer (called P2) at the second level of the hierarchy. Since the resulting hier-
archical equilibrium strategies do not depend on the memory information, A 's
original optimal team cost remains the tight (attainable) lower bound for A 's
cost function no matter whether the pl,,ers at the lower levels of hierarchy
act or not at the last two (or one) stages. Moreover, the resulting strategies
have the advantages of the simpler structure and the higher credibility. More
precisely, the hierarchical equilibrium strategies are realized in linear feedback
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form. And, any nonoptimal behavior (at one stage) of the players at the lower
levels of hierarchy is penalized only at that stage. In consequence, the original
hierarchical equilibrium strategies still constitute the hierarchical equilibrium
strategies for the remaining game starting at the next stage.

The paper is organized as follows. In Section 2, the three-player Stackelberg
games for linear quadratic discrete-time descriptor systems with three levels of
hierarchy in decision making are formulated. A related team optimal solutions
for P;'s cost function are given. Section 3 is devoted to the derivations of the
sufficient conditions such that the memoryless hierarchical equilibrium strategies
for P; and P; exist. A numerical example is included in Section 4 to illustrate the
results of the paper. The advantages of the memoryless hierarchical equilibrium
strategies over the memory strategies are also discussed in the same section.
Section 5 contains some conclusions.

2. Problem formulation

Consider a linear discrete-time descriptor system

Ezpy; = Axk T Buk T Cvk T Dwk, XeO = xo, 1)
k=012..."N-1

where Xk E R" is the descriptor vector, Lk E R™, Vk ER* and wk E Rq are the
control vectors of player 1 (Pi), player 2 (P,) and player 3 (Ps), respectively. £
is a square matrix of rank r :Sn. The pencil (sE -A ) is assumed to be regular
(i.e., 1(sE-A)I "L0). Each player is assumed to have a quadratic cost function,
respectively,

S = éxgETQII\IEXN
Ng-1
_HL{x[lek+u[Ruuk+V[R1z\/k+w[R13Wk}, (2a)
IO
Jo = ;XI{ETQI%IEXN
N1
_'_11{X[szk+u[R21uk+v[Rszk+w[R23wk}, (2b)
=0
J3 = §X§ETQ%\1EXN
N1
—H%O{X[Q3Xk+ufR31Uk+VfR32Vk+WfR33Wk}, (20)

where R;,; >0, iJ = 1,23, iS4 and all other weighting matrices being
nonnegative definite. We assume that each player has access to memoryless
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information on Xi and can utilize it in constructing his strategy. The typical
strategies for player i, i=1,2,3, at stage k, k= 0,1, .-, N - 1, are denoted by
y, ] Erl,1' ET and I' E rt respectively; their open-loop realizations are
U E Uc' W E vk and W, E w ' respectively. The strategy spaces It of player i,
i=1,2,3, are restricted in the class of linear feedback strategies of X . Uy, Vi and
Wk are the decision spaces of Py, P> and P;, respectively. Moreover, we denote
the entire collection {,'b, I'L "y 1%hr-1} as r'' Er! for all the game. Finally, we
denote the value of Ji, i=1,2,3, given by (2) for a triple of strategies (1'!,,,2,1%)
by Ji(,', 12 1%).

Within the framework of the dynamic game described above, it is further
stipulated that (a) pl,,er 1 (A) announces his strategy ahead of time and
enforce it on the other two players, and (b) player 2, in view of the announced
strategy of pl, yer 1, announces his strategy to pl, er 3, then (c) pl, ,er 3 decides
his optimal strategy after knowing the announced strategies of player 1 and
pl.yer 2. The game ordered in this w,, is called a three-level hierarchical
dynamic game.

Before introducing the hierarchical equilibrium solution concept for three-
player dynamic games with three levels of hierarchy, let us first define the ad-
missible strategy concepts for P and P, respectively. Define two strategy sets.

R, (I := {(.;2,e) EF2XT3:
12 2,6 ) = 2t 11, yat, 1) Ex? x v’y 3)

ay

and

R3 (,'1”'2) = {e Er3 3]3(,'1n'2;e ) - 13(9‘1>)‘2>)'3)’ \ﬁy3 E r3} (4)

Since the open-loop solution of the linear-quadratic optimal control problem
for discrete-time descriptor systems is not necessarily unique, the open-loop
realization of the above responding strategies m, y not be unique too.

DEFINITION 1 R, (1'") (similarly, R3(,'',,"?)) is called the realization singleton
if the strategy pair (strategy) in R, (1'") (R3(1'%,,"?)) admits a unique open-loop
realization pair (open-loop realization).

DEFINITION 2 A strategy ,,' £ I ¢ T is called an admissible strategy of Pi if
Ra('Y) is the realization singleton. T is called the admissible strategy space of

A-

DEFINITION 3 For an admissible strategy ,'' E T, a strategy ,"* E Y5 C r2 is
called an admissible strategy of P2 ifR;(1'1,,'?) is the realization singleton. Y3
is called the admissible strateqy space of P».

We will show in the sequel whether a strategy is admissible, or not, can be
determined by analyzing the regularity of appropriate matrices. Moreover, we
stipulate that T is composed of those strategies 1° E I such that the triplet
a',,,%,1%), where, ,,! Er; and ,,> E r;, leads to a unique solution of the
descriptor system (1).
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DEFINITION 4 For the dynamic game posed above, an admissible strategy I''* E
T constitutes a hierarchical equilibrium strategy for Pi if

Ji = sup sup  Ji(v"*,7% ) =
Y2ER2 (v1*) y3€Rs (v1*,72)
min  sup sup  Ji(v',7%,9%), 5
7 €TS 42€Ry(v1) v3€Rs (71 v2) .
where
R,(1"):={ Er : sup  h(,-yl,,1'°)
YO ERs ()1 e)
< sup (17 1%1°%), I Er } ©)
')'3 ER3@y! ,72)
and
Rs(1",17):={ Er : ;" 17, ) n(1",1%,1°), i1”° Er }- 7)

Any strategy 1°* E R, (1'"*) is a corresponding equilibrium strategy for P,, and
any 1°* E R;(1'"*,1?*) is an equilibrium strategy for P; corresponding to the
strategy pair (1'% 1°%).

- The foregoing definition of the hierarchical equilibrium strategies also takes
into account possible nonunique responses of the pl, jers at the lower levels of
the hierarchy. An important feature of descriptor systems is that the sets R, (1)
and R; (I'',1?) are not singletons even if the admissible strategies are restricted
in the class of the linear feedback strategies.

The hierarchical equilibrium strategies concept was initially introduced in a
general framework of games in normal (strategic) form. Corresponding to the
general definition of the hierarchical equilibrium strategies, BaSar (1981) has
developed atheorem which provided a set of sufficient conditions for a triple of
strategies to be in hierarchical equilibrium. In order to introduce that theorem,
we need some preliminary notations.

For each I'' Er, define the subsets S;(I') ¢ r; xr and S;(I"')c r; xr
by

sia’) .= {6, 6) ET xT i1, €, 6)

=i R = C
and introduce a subset 5,(1") C S>(1'") by

8:(1") = {(1°,1°) ES>(11) : 1" ERs(I", 1)}, ©)

THEOREM 1 Let there exist a I''* ET such that:
() 82(1''*) is nonempty and for every pair (e, e) E 8>(1'"*)
sup - J2(1" e ,17) =h(1"e e ). (10)

7PER; ()" e?)
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(i) 82(,'*) ¢ Si(y'*), and
(iii) for every (e,e) E S1(,'*)
arg min J1 CJ, €, e) =* (11)

Then, '* is a hierarchical equilibrium strategy for Pi, and given any pair
(I'**, %) E 8,'*), +* is a corresponding equilibrium strategy for P,, and
+* is an equilibrium strategy for P; corresponding to the pair (y'*,*)’

Since the general framework of Theorem 1 pertains to games in normal
(strategic) form, it can be applied to some specific hierarchical dynamic game
problems. In the following, we will apply Theorem 1 to the dynamic game for
multilevel discrete-time descriptor systems. Towards this end, we first provide
team-optimal solution to the related team-optimal control problem

min min min J;(y',9%,~%) = Jf, (12)
Y€l y2€TZ v3€rs
subject to the descriptor system (1).

Without loss of generality, we make use of some transformations on the
system matrices throughout the paper. It is well-known that there always exist
two nonsingular matrices M and H such that

MEH = [Ig 01, r=rank E (13)

Using (13), we have

zl |1 Zé -1
© A= H ~xx 2 | = H "zo, (14)
zl 20
MAH=[An A12]’MB=[B1]‘
A21 A22 B2
me= 1§ [ymp=1 1, (15)
and
M-TO\ M- = { Qv Qlan ],
O Dy Qhaw
i i
HTQ'H=| X} .12],2':1,2,3. 16
@ [Q{‘E Qi (16)
Furthermore, let us define
Sn = B1R1}Bf+ C1R1}Cf+DI1R;}Df, (17a)

S12=BI1R'i}B[ + C1R1}C[ + DIR'1}D!, (17b)
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Sao = ByRi7' B + CoR;,;'CF + DoRyy DY, (17¢)
Au -Su] T A2 -S12
Ti- [Ql A - 1QL g ],
(18)

A S/ AR
T.)):[_Q]]FZP _Afz]) T4:[_Q](f' _Afz]

and calculate

_S'
[‘gz AOO ] = T - T2T4-1T,, (19)
[ o ﬁ; ] = -T4-1T,. (20)

In above, T is invertible if and only if the matrices [A22, B2, 02, D2] and
[Af2, €N are of full row rank respectively, where Q2 = cca. Suppose that
vk = Coxp is the output of the system (1). Then, the existence ofI'4-1 also means
causal controllability and observability of the descriptor system (1), which guar-
antees the existence of the unique solution to the team-optimal control problem
(12).

It is worth to note that the matrix (19) is a Hamiltonian matrix. A discrete
matrix Riccati equation

P = Qo+ AT PL [T+ SoPiyy] ™ A, Py = Qiin, (21)
can be obtained from the Hamiltonian matrix (19).

LEMMA 1 Suppose that T4 is invertible and the discrete matrix Riccati equation

(21) admits a unique nonnegative definite solution P1,. Then,

(i) the team-optimal control problem (12) admits uncountably many team op-
timal strategies in linear feedback form, with the family of the strategies

given by
w'= - Ry BTK],, (22a)
m = - R eTKZ v (22b)
i = - RYDTKZ (220)
for O:; k::; N - 1, Wheré:‘,
kk=MT] 12 —Lé;lZ% Fo}% } H, (23a)
Ksz mMT [ L%( _Lé%z% FO% } H—1> (23b)
Li 0 _
K H-1
=M o mn B 239
and

Zi = My + MyoLi, (24a)



& HUA XU, KOICHI MIZUKAMI ad MICHIHIKO KOBARA

126 M2; + M22Le, (24b)

Lt=pyr 1l + sarf, - 14,. .z

F{, F] and Ff are arbitrary three (n - r) X (n - r) matrices making
Az2- BZK;}B'JFl, - C2R1}C!F] - D,H1ID'JFf invertible.

(i) The open-loop realizations of Yft, Yt and Yit are unique respectively, given

y

ok = - Ry [BTL] 4 BTLZ). [, (25a)
k= - Rytlerly ey LiLy (250)
wk= - RIAIDTL] + DFLZ] ;" (25¢)
where, zIt is the unique solution of
1 _zl 1 1 _ 1
Zk+1 =" kzk, =0 = Zo, (26)
Zl = [1+sarf, - Ao, 27)
and Zit satisfies the algebraic equation :
_z2zIt
ZRt C k k - Qg)

Proof. For the proof of Lemma 1, the reader is referred to the proof of
Theorem 3 in Appendix A, where, instead of the three-pl, er team optimal
control problem, we have provided a standard technique to solve the general
s.ingle—plé yer optimal regulator problem. Lemma 1 is obtained in a similar way.

3. Derivations of memoryless equilibrium strategies for Pi

and A

In contrast to the unique team solution in linear feedback form for state space
systems, we have obtained the sets of the linear feedback team strategies for
each pl, yer from (22a,b,c) respectively. We denote them by rit c 1, i= 1,23,
respectively, where, the superscript 't' represents the terms related to the team
optimal control problem (12). A

The following result is obvious and little different from Proposition 2 in
BaSar (1981).

PROPOSITION 1 Jfy! is restricted to I''t, then S;(Y') = I'2t (Y1) X I3t (y1) C
th X r3t.

The set S;(y?) defined in (8) depends on the strategy y' since each strategy
set rtt, 0 5 k5 N - 1, i=1,2,3, is parameterized by the matrix Fr respectively.
Whether the matrix A22- B2K;}B'JFl;,-C2Ry/ C'JF]- D,H11D'JF f in Lemma
1is invertible or not depends on the combined roles of Fl,, F] and Ff.

In order to apply Theorem 1 to find the hierarchical equilibrium strategy,
we have to find a specific strategy Y?* E r 1t such that S (¥**) C 1'%t x r3t. The
sufficient conditions under which such a strategy exists will be given later in
Lemma 2 through the following derivations.
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Substituting (22a) into (1) and (2b) yields a team-optimal control problem
to be faced by P2 and P;, that is,

{1 }"VET

/2 (xk[Q* +Kt"BHi}R,1K;} BTKt]xiv[ R2Vi +w[R23wi)} , (29)

mm EM\H
IR N

subject to
Ex,4+] = [A - BK;}BTKf]Xk + Cvi + Dwi, Xk=0= Xo, (30)
(29),(30) can be further transformed to

N A
1 1T 2T Q7 Q Zl
min mln{ 2F Q2 N2k + 3 E (22" 2 X1k 312k 2

y2el'Z v3erd 12k Q22k
+’U;Z1R22’Uk + U);{Rgg’wk)}, (31)
subject to
at] = Allezy + AlezE + Clvk + Dlwk, Zh_o = 25, (32a)
0 = A21kz} + A2\ 78 + C2vi + D2wi, (32b)

by using (13), where, the corresponding terms are defined in Appendix B.
Similar to the derivations in Appendix A, define

Su = C1R;;/cr + D1R2IDi, (332)
Bl> = C1R2/c'[ + DIR;ID'[, (33b)
B22 = C2Ry/ ¢'[ + D2R2ID'[, (33¢)
and
Fe [A'uk -811] ", - Ak -§12
. Qli Aﬁk szk A (34)

T3k

Ask - 8 22
! T kK = ! ! ]
Q‘% A 2k ] ! [' Qlx -A gzk
And then, calculate

I\fux MI2k | = T-

'I3 , 35
M2lk Maz2k 4k Dk (35)

[

Ao -Sox ' I
' = Tl - T2 T, k- 36
[Q)k Aérk ] k klgk k ( )
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REMARK 1 From Appendix B, we know that the corresponding terms in (34)
contain the unknown parameter matrix g1, Therefore, calculating {35) and
{36) is not a simple numerical computation. We need the help of some computer
algebra system {for example, REDUCE, Copyright of The RAND Corporation
1985, 1993) to ‘"calculate” {35) and {36).

From the Hamiltonian matrix (36), we can arrive at a discrete matrix Riccati
equation

P? = Qox + Ang£+1[I + gokPl?H]—lAOka P} = Q3w (37)
Moreover, we have

Ze=Muk+M2iLy,  Lx=w2ik+M24Ly, (39)

Zli =[I+ S'Okplgﬂ]_lflol;a ‘z’llc = PI?+1[I + gOkPI?—!—l]_lAOk: (39)

PROPOSITION 2 A stragegy JET It is admissible if the matrix T is invertible
a each stage k, 0 5 k eedy ~ L

Proof. It can be deduced from Appendix A that the regularity of the matrix
Tk at each stage k, 0 =5 k 5 N -1, means that the team optimal control problem
(29),(30) admits a unique open-loop solution. Therefore, 1'' E f! is admissible
according to Definition 2. |

Solving the team optimal control problem (29), (30), we have

PROPOSITION 3 Suppose that Tk is invertible at each stage k, 0 = k ::2‘; -1,

and that the discrete matrix Riccciti equation {37} admits a unique nonnegative

definite solution Pf. Then,

@) the team optimal control problem formulated by {29), (30) admits uncount-
ably many team optimal strategies in linear feedback form, with the family
of the strategies given by

V' = - Rpl c"Kix, (40a)
% = - RxID"K Pxi, (40b)
forOz ks N - where,
kf=m"|', ti,', 9,7H-1 (41a)
L “FhZ Fi!
kt=m7 |, i, 9 1H-1, (41b
Li “Fizi gl )
Ff and Ff are arbitrary two - r) X (n- r) matrices making a2z -

B2Ki}B'[F, —c2Ri}C'[Ff - D2Ri}D"ljFf invertible.
(i) The open-loop realizau'_ons ofift and ift are unique, given by
Vt = -Ril[c1] +cf .tnz!", (42a)
wt=-Rr;i[D[1]l + D%z, (42b)
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respectively, where, zlt is the unique solution of

Zhtl ==heke  zke0= 20 (43)
and Z I satisfies the algebraic equation
Z'i(t = Z,ﬁz-}(t. (44)

For an arbitrary admissible strategy 1" E r !, we have obtained the respond-
ing strategy set Sx(, '), which is described by (40). The next problem is to find
the conditions for a specific strategy , '* to exist such that S,(,*) C r2xri,

CONDITION 1 There exists at least one matrix sequence {EJ:/ . F]7_5,--- FJ*},
such that

Zl' — .Zlg*' (453)
R'Ii(C[Li,+ CfL) = Ry (Ti}*+t DIz, (45b)
RYii(C[L; T CfL) = Ry (DTLTDIL2% (45¢)

Where, the matrices with the superscript '*' represent the corresponding matrices
obtained when FI, 0 = k= N - 1, in {23a) is substituted by F{*

LEMMA 2 Let Condition 1 ke satisfied and the obtained strateqy 1'* ke an ad-
missible strateqy. Then, we have

Sa(y') =T#(y"*) x D% (™) c T x T* (46)
by choosing
J¥ — .R1}BTKi*xk, 0s ks N - 1, (47)
with
L} 0 _
Ix __ T k 1
B =M pezp R } o )

Moreover, Sa(y**) = Sy (v1*).

Proof. From Proposition 3, the set S,(, 1*) can be described by the strate-
gies

"B - R CTKEX (492)
"gh _ -Ro D TK Bk (49b)

where 0::5 &y V- 1 Since 1 is admissible, the set S2(, 1*) is the realization
singleton with the open-loop realization pair described uniquely by

i - -Rag[clbl T gijgy, (50a)

Wi = —Ry3 [DTLi* + DT L) 4, (50b)
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where z!h is the solution of
Zhp1 = 2"y *O: 7B (51)

Similar to the statement in Condition 1, the terms with the superscript "*'
denote the corresponding ones obtained in Proposition 3 when 1''* is substituted
into (1) and (2b). Comparing (51) with (26) and (50a,b) with (25b,c) yields
the relations z!™* = 21t, i{* = Vi and ut* = WL hence z ** = ; !, because of
Condition 1, which implies that the strategy triplet (I''**,i '*,i '*) is equivalent
to the strategy triplet (I''*,1' \ . *). Therefore, we have S, (I''"*) = r2'(,""*) x
r3t("") C r?t x r3* according to Proposition 1. S,(I'**) = S;(1''*) because
81(1'1*)= rth 1*)xr3‘b 1*)‘ [ ]

Similar to Ba§ar (1981), the next step in the derivation now is to determine
a )2* Er2t(1'"") such that R5(,,™,,),*) Cr3t@'¥), and {1'>*} x Ry (1'*,.,*) C
S>(I''™). The basic derivation is similar to the above.

Substituting (47) and (22b) into (1) and (2c¢) and making a transformation
using (13) yields a optimal control problem to be faced by P;, that is,

min | ARSI

Ve U1 di [] wiowan

subject to
7hil = AUKZR + A12KZR + D1k 2y =22, (53a)
0: A2kl A2k : Dawk, (53b)

where, the corresponding terms are defined in Appendix C.
Similar to the derivations in Appendix A, define

S11 = D1R3;I DY, (54a)
S12 = D1R33 D], (54b)
Syo = DyR3I DY (54c)
and
H‘F : [ t A'“ T2k= [ Al2k —~§12 :}
r lo ) ] Q32k Aglk~ ’ (55)
T | A2k SEiy o, o A O ] ‘
Qb - ALk SQuk —Afy
Then, calculate (see also Remark 1)
Mk Mizk r~- 11,
~ - _ ) N 56
[Mm e | T TE DK (56)
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- g ) o
[Ad( O 1 = Tup — Ton Ty T (57)
ak A
From the Hamiltonian matrix (57), we can arrive at a discrete matrix Riccati
equation

P/? = QOk + Ag}cpl?—i-l[-[ + golcplg-i-l]_l/iom P13v = Q?lN- (58)
Moreover, we have

ZI% = Mllk -} Mlgkf,,lc, .Z/z = lek + MQZ’CI:J]:E:? (59)

Zp =T+ gOkPI?H]_lAOku Ly =P I+ gOkPI?+1]_1AOka (60)

PROPOSITION 4 Corresponding to the strategy 1'*, a strategy ,2 E T2 (1'*) is
admissible if the matrix Ty is invertible at each stage k, 0 Sk SN - 1L

Proof. The result follows from the same reasoning as in the proof of Propo-
sition 2. |

PROPOSITION 5 Suppose that Tk is invertible at each stage k, 0 SkSN- 1,
and that the discrete matrix Riccati equation (58) admits a unique nonnegative
definite solution Ff. Then,

(@) the optimal control problem formulated by (52), (53) admits uncountably
many optimal strategies in linear feedback form, with the family of the
strategies given by

%' = - RIDTK- 0Sk:SN=1, (61)
where, 1]
@)
RE - MT[ L2 _F3z} F;jH ’ ©)
Ff are any (n - r) x (n.- r) matrices making Ay, - BaRj BLF{* -
C2R1IC!F;, - D2H3ID ! Ff invertible.
(i) The open loop realization of yft is given by
- R I [DfLl + DfL%/, (63)

where, Zl t is the unzque solution of

1 _ 1

Zk+l =), =0 = Zo, (64)
and Z T satisfies the algebraic equation

# =l (©)

From Proposition 5, we can obtain the responding strategy set R; (I'*,1?),
which is described by (61), for a fixed strategy I''* and an arbitrary strategy
»2 E r2'(I''%). The problem now is to find a specific strategy 1°* E r?' (I'1*)
such that R; (I''* 1?*) Cr3t(1*) Crit_
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CONDITION 2 There exists at least one matrix sequence {ER*_,, FR* _,---, F5*},
such that,

Zy = Z}, (66a)
Ry (CTLy + CTL}) = Ry (DT LY + DY LYY, (66b)

where, the matrices with the superscript '*' represent the corresponding matrices

LEMMA 3 Let Condition 2 be satisfied and the obtained strategy y>* be an ad-
missible strategy. Then, we have

R3 (n11>+'rr/2><-) Cr3t(71>+) Cr3t (6'7)
by choosing (47) and

"2t - _R-,'BTK Z*xy ©9)
with

I 0

K2* — MT . .
CM| g fen B

HL. (69)

Moreover, {¥**} x Rg(y"*,7**) C Sa(v**).

Proof. When Condition 2 is satisfied, the fact that the strategy triplet
(17%,12%,13) E {1} X {17} X R ("!**, 1°*) minimizes J ; and J 5 simultaneously
is easy to prove in a similar way to the proof of Lemma 2. Hence, we have
R (1", ¥?¥) ¢ r3(Y™). Furthermore, since S ;(7*) =S(7" ) (Lemma 2), we
arrive at {12} X R3("I"*,¥?*) C § (1) = S5(1™). |

Summarizing the results of Lemma 2 and Lemma 3, we finally have

THEOREM 2 For the three-player Stackelberg games of linear quadratic discrete-

time descriptor systems formulated in Section 2, suppose that Conditions 1 and

2 are satisfied. Then,

(@) 7' as defined by (47) provides a memoryless hierarchical equilibrium strategy
for Pi, 12*, as defined by (68), is a corresponding memoryless equilibrium
strategy for P2, and any 13 E R; ("1™, 1%%) is a memoryless equilibrium

strategy for P3.
(i) The obtained game values for Pi, Py and P; are given, respectively, by
Jio JFTRIE (700)
I3 = D 8 (70b)
RS (709

2
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Proof. Condition (i) of Theorem 1 is fulfilled since {1'**} x R; (y'*,32%) C
S2(;y'*). Condition (i) is also fulfilled since S'2(1*) C S2(-,1*) = S;(y"*).
Finally, Condition (iii) is fulfilled by noting Proposition 1. Therefore, (i) of this
theorem follows directly from Theorem 1. (ii) follows directly from Lemma 1
and Propositions 3 and 5. |

4. An illustrative example

Consider a linear discrete-time descriptor system
1 n.lL. -
[nu, + [ : 2

=k N-1F

ﬁ
—_—_=-0 O OO

The cost functions are given as

5 1N 1 1
(zl) + 5 L {xf 1 ] x,*2u/+v/+wl), (72a)
0 0
3 1 V- 1 0
5 (21 )Y+ 5 L {Xf 2 [ x, tu(+2vl twl), (72b)
0
1 N-, 1 0
37 ,(1) +, L{xf 1 ] x, +ul +v/+ 2wi}, (72¢)
k=0 0 0

where x f = [2fT, kT, 2¢T]. In the following, we make use of a computer algebra
system called REDUCE as stated in Remark 1 to solve the example. The
relevant terms in Lemma 1 are determined from

Zy = 12/(11Pf+i +e),
Ly = 12Pf+i/(11Pf+i +6),
7 TZkl ] -1 (-5Pf+i+6)/(1IP{+] +6) .
Zk> (-12Pf+i +6)/(11Pf+i + 6)
o= [L%1 |- 10Pk+i./(11P{t1+6) ]
Ik, -  -16Pi/(11P, | +6)
Py = 24Pf+,/(11Pf+, +6), Pf =5

for O k N - 1. Their numerical results are given in Table 1.
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k Iy Lf, Lf, L] Zf, Zf,

N 5 - - - - -
N1 | 196721 | 0.81967 | -1.31148 | 0.98361 | -0.98361 | -0.50820
N2 | 170819 | 0.71174 | -1.13876 | 0.85409 | -0.85409 | -0.57295
N3 | 1.65375 | 0.68906 | -1.10250 | 0.82687 | -0.82687 | -0.58656
N4 | 1.64068 | 0.68361 | -1.09378 | 0.82034 | -0.82034 | -0.58983
N5 | 1.63744 | 0.68227 | -1.09163 | 0.81872 | -0.81872 | -0.59064
N6 | 163663 | 0.68193 | -1.09169 | 0.81832 | -0.81832 | -0.59084
N7 | 163643 | 0.68165 | -1.09095 | 0.81822 | -0.81822 | -0.59089
N8 | 1.63638 | 0.68183 | -1.09092 | 0.81819 | -0.81819 | -0.59090
N9 | 1.63637 | 0.68182 | -1.09091 | 0.81818 | -0.81818 | -0.59091
N-10 | 1.63636 | 0.68182 | -1.09091 | 0.81818 | -0.81818 | -0.59091
N-11 | 1.63636 | 0.68182 | -1.09091 | 0.81818 | -0.81818 | -0.59091
N-12 | 1.63636 | 0.68182 | -1.09091 | 0.81818 | -0.81818 | -0.59091

Table 1 The numerical values of the relevant terms in Lemma 1

A matrix sequence {FJ;*, 0 @ k @ N - |1} which satisfies Condition 1 is

I [lellk 3 73)
where,
Fif, = 2(Pl+, + 3Pf+1 + 3)/(3(PI+l - Pf+,)),
Pf* = (3(133(P{+,)” + 84Pf+i +48Pf+, +36))/(IIPf+i + 6, Pf/ =3
The numerical values of Pf* and Fi{, are given in Table 2 Herfe weT
I;r , (74)

L
’ﬁ* = ——iZ o 1 Ikl- le- 2212
Lk - Flien - 276 2y hk :

alinear feedback strategy. Furthermore, amatrix sequence {Ff*,0 ¢k N_ 13}
which satisfies Condition 2 is

2% 2 1]
b — [F%k L | (75)
where, .
Flfk = -(37(Pl+,)* +27Pf+1Pf+, . 48Pf+1Pf+, + 30Pf+l + I8Pf+1
-36Pf+1)/ (24(Pl+1 - Pf+1)pl+1),
P = (2(269(Pf+i)* + 96Pf+i + 72Pf+, +36))/(1IPf+i + 6)%,

P,/ L
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k PR P Fi{k Fi{k ITL1 1tl:1
N 3 1 - - -
N-1 | 3.16447 | 3.93066 | 5.66667 | -5.39167 | 18.04167 | 77.00569
N2 | 3.40805 | 4.05499 | -8.05208 | 099222 | 30.31347 | 42.98485
N3 | 356924 | 4.15546 | -5.85628 | 0.64939 | 18.86102 | 27.32615
N4 | 3.63957 | 420234 | -534639 | 058612 | 16.71896 | 24.10948
N-5 | 3.66533 | 422001 | -5.18933 | 0.56680 | 16.09842 | 23.13807
N6 | 3.67388 | 422597 | -5.13947 | 056053 | 1590531 | 22.82934
N7 | 367656 | 422785 | -5.12399 | 0.55855 | 15.84573 | 22.73292
N-8 | 3.67736 | 422842 | -5.11933 | 0.55794 | 15.82781 | 22.70369
N9 | 367759 | 4.22858 | -5.11796 | 0.55776 | 15.82255 | 22.69507
N-10 | 3.67766 | 4.22863 | -5.11756 | 0.55771 | 15.82104 | 22.69258
N-11 | 3.67768 | 4.22864 | -5.11745 | 055770 | 15.82062 | 22.69187
N-12 | 3.67768 | 422865 | -5.11742 | 055769 | 15.82050 | 22.69168

Table 2. The numerical values of the terms related to the equilibrium strategies

The numerical values of Pf+1 and Ff{k are also given in Table 2. Therefore, we
have

L,lc 0 0 z
w=-ion| Ih-azh-zh 2 1|l 09
Liyn — FstwZiq — Zis Fofy, 1 2

It is worthy to noting that the numerical values of the relevant terms above can
be computed recursively (Xu and Mizukami, 1995).

Moreover, 1.l =-0 and ITJd <-0 in Table 2 verify that the obtained
hierarchical equilibrium strategies are admissible (Propositions 2 and 4).

REMARK 2 In contrast to the memory equilibrium strategies in state space sys-
tems BaSar {1981), the resulting equilibrium strategies for descriptor systems
in this paper are linear strategies involving only memoryless information on
xk. Therefore, the equilibrium strategies obtained in this paper have the ad-
vantages of the less information and the simpler structure. Moreover, Condi-
tion 1 and Condition 2, and thereby the equilibrium strategies (47), {68) and
+ E R; (&, %) do not depend on the initial state xo. For this reason, the
obtained equilibrium strategies are less sensitive to unintentional nonoptimal
actions of the players at the lower levels of the hierarchy. For example, sup-
pose that P takes a nonoptimal strategy outside the set R; (y*,=#*) at stage s.
Then, the obtained state X, ; will deviates from the optimal state X;, ;, which
may affect the cost values of all the players for the total game. However, con-
sidering a subgame starting at stage s + 1, the original equilibrium strategies
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obtained for the total game still constitute the equilibrium strategies for the re-
maining subgame on the interval [s + 1, s + 2, eee,N - 1]. This property, as
stated in Introduction, makes the equilibrium strategies have the higher credibil-
ity (Tolwinski, 1981).

5. Conclusions

In this paper, we have considered the three-player Stackelberg games for linear
quadratic discrete-time descriptor systems with three levels of hierarchy in de-
cision making. We have derived explicitly sufficient conditions for the existence
of the memoryless hierarchical equilibrium strategies for the player (called A)
at the top of the hierarchy, and for the player (called P2) at the second level
of the hierarchy. Since the resulting hierarchical equilibrium strategies do not
depend on the memory information, A 's original optimal team cost remains
the tight (attainable) lower bound for A 's cost function no matter whether
the players at the lower levels of hierarchy act or not at the last two (or one)
stages. The resulting strategies have the advantages of the simpler structure
and the higher credibility. Moreover, the method developed in this paper is
easy to be extended to general M(M > 3) player dynamic games with M-level
of hierarchy in decision making. The equilibrium strategies can be determined
sequentially by calculating parameter matrix sequence {Fj.;_,,Fj;_,, - -,Fd*},
i = 1,2 eee, M from the top of the hierarchy. At each level of the hierarchy,
the similar procedure is adopted to determine the equilibrium strategy.
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Appendix A

We provide below a useful technique for finding the solution of the linear
quadratic optimal regulator problem for discrete-time descriptor systems, that
is,

N-1
1 1
mu}cn{ix%ETQNEmN + 3 Z ($£Q$k + u{Ruk)}, (77)
k=0
subject to
Exk, 1= Axk + B uk, %D = xo. (78)

This technique is different from the well-known ones (Bender and Laub, 1987;
Mantas and Krikelis, 1989), and has been applied to solve the main problem of
this paper.

The necessary conditions for uk, 0 :; k3 N - 1, to be the optimal solution
are (Bender and Laub, 1987; Mantas and Krikelis, 1989)

Exk,1 = Axk + B uk, (79a)
ET)k=AT >k 1+ Qxk, (79b)
0= Ruk +57 ) k4], (79¢)

with boundary conditions
XD =xo0, ET).N=ET QNEXN- (80)

The above necessary conditions are also sufficient for the linear-quadratic prob-
lem, and can be transformed as

Z&,1=Anz! +Al2z +38 [uk, (81a)
0= A7k + A22z +8 2uk, (81b)
). = Afl >4 + Afl 3%+ + Qnzk + Q12zt (81¢)
0= AR> +1 + AR>%+1 + Q1Zk + Q22zt (81d)
0=Ruk T8 f>+1 TB [ >9%4 (81e)

by using (13). From (81e), we obtain

U;: _R_IB'{"‘ﬁ'f'l' R_IBE“ﬁ‘f'l' (82)
Substituting (82) into (81a,b) yields

21 . Ann —Su zI}: [A].2 -S12 ’ '
[ g\kl :| = [ Qll A{l :| { )‘i-l-l ]+ o1 AEI ] [ )_1(_'_1 ] (83&)
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Aoy —5;2 :| Z;ﬁ } l: Ago —Sa2 :I ]: Z,% :l
0= + : 83b
[ ’\11c+1 —Q22 —Agz ’\%H ( )

-Qf, -AfL
where
S11 = B1R-1Bf, S12 =BIR-1B{, $2 =B2R-1B{. (84)

Define the matrices in (83) as

Au Al AQr -2
Ty - , T, = 85
Lpoan M LT g 2 (85)
T, - | A1 -S§T, ] T,4_ [ A2 S22 1.
- -QL -AL - -Q22 -A12

In above, [I4 =f 0 if and only if the system (78) is causally controllable and
observable (Bender and Laab, 1987; Mantas and Krikelis, 1989). Hence, we

have
2 1 1
25 el 2y, | Myy My ] [ 2, ]
=TT = , 86
[ )‘%+1 ] 4 [ /\11b+1 ] [ Mz Ma )‘Ilc—f-l (86)

and

zItl § _ 1 'l ]_ Ao -0 ] ]
= _Dr, T = . 87
[>k] (Il _ 120y 3)[>1(+1 [Qo Ao][>.k+l s (87)
from (83). (87) provides a two-point boundary value problem with the boundary
conditions z]_, = zJ and SN = Q11Nzi. Let 5] = Pkzk, a matrix Riccati
equation can be obtained from (87)

Pk = Q@ + A Pk+i[I+ SoPk+li-1Ao0, PN = QuN- (88)
Using the solution of (88), we arrive at the following equations

z,iﬂ = Z,%z,i, (89)

Net1 = Lizr, (90)
where

Z1 = [+ SoPkt1]- 1 Ao, (91a)

Li = PKH [ +$ Pk 1]- Ao (91b)

Furthermore, substituting > j4] into (86) yields

# = Al (92)

)‘%-H = L% ZI}:) (93)
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where,
Z = My + Mz Ly, (94a)
L% = My, + My, L} (94b)
Based on the derivations given above, we arrive at the following conclusion.

THEOREM 3 Suppose that the system (78} is causally controllable and observ-
able and the discrete matrix Riccati equation (88} admits a unique nonnegative
definite solution Py. Then,

(i) the optimal regulator problem defined above admits uncountably many lin-
ear feedback solutions given by
Uk=-R- 'B"KiX, 0 k N- 1, (95)
where,

Li . o, -1
Ke=MT[ [ “Azi F 1u (%)
and Fy is any (n-r) x (n-r) matrix making A,>- B,R- /B'[Fy invertible;
(ii) the open-loop control of uk is ypique, given by
tk =-R-'Bf B!] [llq]zl*,o k N-1, (97)
where zf* is the unique solution of (89) with the initial condition zf_ =
).
Proof. The proof follows the derivations prior to the statements of the

theorem and the reasoning similar to the one employed in the implementation
of the optimal feedback control (Wang et al, 1988). u

Appendix B
[ Q%lk Q%% ] — [ 1 Qb J
2T '

12k fgmc Q%g Q%2
£IT 2T _ 72T 1T 1
+ L %ff" Ee S’_%“ 5 2 Lkl 2 01 )

S; = BiR;{ Ry R BY, Sy = BiR;}' R R BY, S3 = ByR;'Ro1 Ry BY,
A = An - BiRi{ (BT Li + B (L}, - Fi 2})),

Aygx = Ayy — B1Ry BT F},

Agip = Agy — BzRﬁl[B?Li + BS (L — F; Z})),

Ao = Ay — BoRy BT FY,
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6. Appendix C

L Q%g}c Qg2k Q?g Q%Q
(S S L} 0
& &) ntha ]
(LT LT -ZTRT 7S S, L}

o T g 5 lln ke

H = BIHI}R31HI] Bf, & = BIKI]R31HI] Bf,

& = B2K1]R31K1] Bf,

81 =CIHIIR32K;}cf, & =CIH;}R32R1)cf,

8 = C2RI}R32H1)c'f,

Auk = Au - BIRI}[BfLI+Bf(L - Ff<Zk)]
-cir1/crLl +cf@ - Frzi),

Aqgr = Ay — BiR[} BT F* — C, R, CT FE,

A2k = A2 - B2Ril[BfLI +Bi(L - F//zi)l
-C2RI}[C[LI +Ci(L - Ffzm,

Agoy = Agy — BoR BT FY* — CoR}FCT F2.

[ :?Uc Q:?% — 9 32 LkT LIQcT Z,%Tl I%T*
. 1T %
0 F}

|






