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Abstract: This paper studies the robust finite-time H., state
feedback control problem of continuous-time Markov jump systems
(MJSs) subject to norm bounded uncertainties. Transition proba-
bilities are allowed to be known, uncertain with known bounds or un-
known. Based on the continuous transition probability property and
the developed slack variable technique, Lyapunov variables are sep-
arated from unknown transition probabilities and system matrices.
With these separations, a relaxed method for robust finite-time H
controller design is proposed in terms of linear matrix inequalities
(LMIs). Numerical examples are given to illustrate the effectiveness
of and the benefit from the proposed method.
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1. Introduction

Over the last few years, a lot of attention has been attracted to stochastic hybrid
systems with Markov jump parameters, since the model can be effectively used
to describe the plants whose structure is subject to random abrupt changes due
to, for instance, failures or repairs, sudden environment changes, modification of
the operating point of a nonlinear system, etc. The results related to this class
of systems have found wide applications in various practical problems, such as
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target tracking, manufacturing processes and fault-tolerant control systems (see
Mariton, 1990; Costa, Fragoso and Marques, 2005). Meanwhile, Markov jump
systems (MJSs) theory has been extensively investigated and important results
have been obtained, associated with problems such as stability and stabilization
(see Ji, 1990; Feng, Loparo, Ji and Chizeck, 1992; Yue and Han, 2005; Xiong and
Lam, 2005; Bolzern, Colaneri and De Nicolao, 2013; Huang and Shi, 2012; Ma,
Boukas and Chinniah, 2010; Zhang, Boukas and Lam, 2008; Zhang and Boukas,
2009a; Shen and Yang, 2012a; Zhang, Cui, Liu and Zhao, 2011; Zhang, Gao
and Kaynak, 2013; Zhang, Zhuang and Shi, 2015), H,, and Hs control (see De
Farias, Geromel, Do Val and Costa, 2000; Dong and Yang, 2007, 2008; Shen and
Ye, 2013), or Ho, and Hs filtering (see He and Liu, 2010a; Zhang and Boukas,
2009b; Shen and Yang, 2012b; Wang, Zhang and Sreeram, 2010; Wu, Su and
Chu, 2014; Zong and Yang, 2014); synchronization of Markovian jump neural
networks with time-varying delays is discussed in Wu, Shi, Su and Chu (2013),
passivity analysis for discrete-time stochastic Markovian jump neural networks
with mixed time-delays is presented in Wu, Shi, Su and Chu (2011), model
reduction is considered in Sun, Lam, Xu and Shu (2012), or Zhang, Boukas and
Shi (2009), and so on.

As it is known, stability plays a crucial role in systems analysis, systems
theory and control engineering. Concerning the above results on MJSs, most
of them are devoted to the stochastic stability over an infinite time interval.
While this type of stability is often sufficient for practical applications, there
exist some cases where large values of the state are not acceptable, for instance
in the presence of saturations. In order to avoid the unacceptable state values,
finite-time stability is considered. A system is said to be finite-time stable
if, given a bound on the initial condition, its state does not exceed a certain
threshold during a specified time interval (see Amato, Ariola and Dorate, 2001;
Amato and Ariola, 2005; Amato, Ariola and Cosentino, 2011). Recently, some
appealing results related to finite-time control of MJSs have been obtained (see
He and Liu, 2010b, 2012; Zuo, Li, Liu and Wang, 2012; Luan, Liu and Shi,
2010, 2011). Specifically, He and Liu (2010b) provide an observer-based finite-
time control of time-delayed MJSs. Based on a fuzzy Lyapunov-Krasovskii
functional approach, the finite-time H., control of time-delay nonlinear MJSs
via dynamic observer-based state feedback is presented (see He and Liu, 2012).
Considering the transition probabilities as being partially known, the finite-time
stochastic stability and stabilization problem is studied (see Zuo, Li, Liu and
Wang, 2012). On the other hand, because of the difficulty of measuring various
parameters, and the environmental noise in practical engineering, it is difficult to
establish an exact mathematical model. The type of norm bounded uncertainties
is deemed as a common and effective tool to describe system uncertainty (see
Shi, Boukas and Agarwal, 1999). Regarding this topic, under the assumption
that the transition probabilities are unknown, but belong to fixed finite intervals,
the robust finite-time filtering and controller design for MJSs were studied (see
Luan, Liu and Shi, 2010, 2011). However, when the transition probabilities are
unknown, the proposed methods cannot be applied.
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This paper extends the consideration of the robust finite-time H,, control
of continuous-time MJSs with norm-bounded parameter uncertainties. Here,
the transition probabilities may be known, uncertain with known lower and
upper bounds, and unknown. Based on the property of continuous transition
proba-bilities and a matrix transformation technique, Lyapunov variables are
separated from unknown transition probabilities and system matrices, respec-
tively. Based on these separations, sufficient conditions are established in the
framework of linear matrix inequality (LMI), which guarantee that the closed-
loop system is finite-time stochastic stable with the prescribed H., performance
index. Two numerical examples are also given to illustrate the effectiveness of
and the benefits from the proposed method.

Notation: Throughout this paper, M’ represents the transpose of ma-
trix M. The notation X <Y (X < Y) means that X — Y is negative semi-
definite (negative definite), where X and Y are symmetric matrices. Apin(P)
and A\jqz(P) are the minimal eigenvalue and the maximal eigenvalue of a sym-
metric matrix P, respectively. I and 0 represent the identity matrix and the zero
matrix, respectively. Lo denotes the space of square integrable vector functions
of a given dimension over [0, +oc0) with norm ||z|[3 = [~ E{z(t)Tz(t)dt} < oo,
where E{-} stands for the mathematical expectation. * denotes the entries of
matrices implied by symmetry. Matrices, if not explicitly stated, are assumed
to have appropriate dimensions. Finally, the symbol He(X) is used to represent
X+ X7

2. Preliminaries and problem statement

Consider the following continuous-time MJS with parameter uncertainties:

a(t) = [A(r(t)) + AA(r())(t) + [B(r(t) + AB(r(t))]u(t)
+ By (r(t))w(t), (1)
2(t) = Cr®)z(t) + D(r(#))u(t) + Du(r(t))w(t),

where x(t) is the state variable, w(t) € R™ is the disturbance input, which
belongs to L3[0, + o0), z(t) € RP is the regulated output. A(r(t)), B(r(t)),
By(r(t)), C(r(t)), D(r(t)) and D, (r(t)) are known mode-dependent constant
matrices having appropriate dimensions. AA(r(t)) and AB(r(t)) are the time-
varying but norm bounded uncertainties satisfying

[AA(r(t))  AB(r(t)] = G(r(t)) Fy@ (1) [Hi(r(t))  Ha(r(1))],

where G(r(t)), Hy1(r(t)) and Ha(r(t)) are known mode-dependent matrices hav-
ing appropriate dimensions, and F. () is a time-varying unknown matrix func-
tion with Lebesgue norm measurable elements satisfying F. (t)TFT(t) (t) < I
r(t) is a time-homogeneous Markov process with right continuous trajectories,
taking values on the finite set Z = {1,2,---, S} with stationary transition prob-
abilities

Privte+at) = jirtt) =iy = { o0 i
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o(dt)

where dt > 0 and dltimo =5~ = 0. m;; is the jump rate from mode i to mode j
—
satisfying
7Tij20, VZ#]EI,
S
Z Tij = — T4, = 1,...,8. (2)
J=Li#j

Hence, the Markov process transition probability matrix II is given by

T T2 ot TS

21 T22 o T28
H:

Ts1 Ts2 ottt T8S

In distinction from the studies to date, the transition probabilities of the
jumping process {r(t),t > 0} in this paper are allowed to be known, uncertain
with known lower and upper bounds, or completely unknown (see Shen and Ye,
2013). For example, for system (1) with four operation modes, the transition
probability matrix may be:

pi1 7 piz 7
? 2
_ ! P22 ! P24
=14 " p3z 7
7 7 B2

where 77”7 represents the unaccessible elements, a and [ are uncertain with
known lower and upper bounds (i.e, « < a < @ and 8 < 8 < ), and p;; means
that m;; is completely known with m;; = p;;. N

Therefore, the following three sets can be adopted to describe all the possible
cases that the transition probabilities may belong to

¢ 2 {j:myj is known},
i = {j : lower and upper bounds of m;; are known}, (3)

Rito = {j : there is no information available for m;;}.

Although the elements in R, are unknown, their upper and lower bounds
can be utilized. So, we rewrite the above sets as follows:

i 2 R U R,
i A i @)
uk — Rqu'

For any m;; € R, we denote the lower and upper bounds as x,;; and 7;;,

respectively. For m;; € R};, we let m;; = Ti; = m;. Meanwhile, we employ
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Li (L!,) to represent the index set of the known (unknown) elements in the ith
row of matrix II:

3 2 {m|m € I} and m # i}, L, 2 {m|m € T\, and m # i}.

Moveover, the set E}; can be expressed as E}; = {mj1, - ,Mia}, where 1 <
my < - - < myg < 5. Our aim is to design a state feedback controller

u(t) = K(r(t))x(t), (5)

such that the resulting closed-loop system

{ at) = (4 ((t))+AA(( )2(t) + Buy (r(t))w(t) (6)
2(t) = Clr@)z(t) + Du(r(t))w(t)

is finite-time stochastic bounded and satisfies

By / (1)t} < +2B] / (1)t} (7)
under zero initial conditions for any non-zero w(k), where

fl( (t)) = A(r(t)) + B(r() K (r(t)),
AA(r(t)) = AA(r(1) + AB(r(t) K (r(t)),
r(t)) + D(r(t)) K (r(t).

For simplicity, system matrices are abbreviated as A;, B;, Bwi, Ci, Di, Dy,
Ki, AA;, AB;, G;, Hy;, Hy; and Fi(t) when r(t) =i (i € Z), denoting also

Remark 1 There exist some results related to MJSs with partly known tran-
sition probabilities in the literature. All transition probabilities m;; are either
assumed to be uncertain with known bounds (see Luan, Liu and Shi, 2011),
or they must be known or completely unknown (see Zuo, Li, Liu and Wang,
2012). Actually, these cases may happen simultaneously in practice. Obviously,
the method of Luan, Liu and Shi (2011) is not applicable to the completely un-
known case, and the method of Zuo, Li, Liu and Wang (2012) may lead to
conservative result since the uncertain case is treated as completely unknown.

Before discussing the finite-time H, controller design problem, some neces-
sary assumption, definitions and lemmas are brought in as follows
Assumption 1. For any given positive number d, the external disturbance
w(t) is time-varying and satisfies

By / (1)dt} < d. (8)



216 S.YAN, M. SHEN, S. FEI AND G. ZHANG

Definition 1 (Finite-time stochastic stability (FTSS)) For a given constant
N > 0, the continuous-time MJSs (1) with w(t) = 0 is said to be FTSS with
respect to (c1,ca, Ri, N) if

E{z"(0)R;z(0)} < ¢ — E{aT (t)Riz(t)} < 2, Vt€[0,N], 9)
where 0 < ¢ < ¢o and R; > 0.
Definition 2 (Finite-time stochastic boundedness (FTSB)) For a given con-

stant N > 0, the continuous-time MJSs (1) is said to be FTSB with respect to
(c1,¢2,Ri, N,d) if (9) holds, where 0 < ¢1 < c2, R; >0 and w(t) satisfies (8).

Lemma 1 LetT, M, W andY be real matrices of appropriate dimensions with
WTW < I, then for any positive scalar 3, we have

T+MWY +(MWY)" <T+MM” +57'YTY. (10)

Recently, some methods for finite-time stochastic stability analysis and robust
H ., control of continuous-time MJSs were proposed: see Zuo, Li, Liu and Wang
(2012) and Luan, Liu and Shi (2011), respectively, where the transition prob-
abilities of visited modes were also assumed to be partly known or uncertain
with known lower and upper bounds. For convenience of comparison, the main
results from Zuo, Li, Liu and Wang (2012) and Luan, Liu and Shi (2011) are
quoted as the following lemmas.

Lemma 2 (Zuo, Li, Liu and Wang, 2012) For a given time-constant u > 0,
MJSs (1) is FTSS with respect to (c1,ce, R;, N), if there exist matrices P; > 0,

W, =W (v=1,2,---,9) and two positive scalars Ay and Ay such that
He(ATP) — P+ Y mij (P — W,) <0 (11)

JET}
Py =W, <0,Yj € Thy,i #j
Pj—W,>0Vje€Tl,, i=3j
MI < Py < oI
Cl)\geuT — oA\ <0
where P; = R%PZR%.

Lemma 3 (Luan, Liu and Shi, 2011) MJSs (1) is FTSB with respect to
(c1,¢2, Riy N,d) and has Ho, performance index vy via state feedback controller
(5), if there exist matrices P; > 0 such that

He (Pl (Az + AAz)) - (Sz - 1)Wmin,iﬂ + Tmaz,i Z Pj * *

J#i 0
BL.P; -2 % |<U
C; Dyi -1
(16)
. 5 1 —e rN N N
Clgmaz(Pi) + Y dT S (& K CQQmin(Pi)v (17)
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where S; is the number of modes visited from mode i including the mode i itself,
Tmin,i ONA Tmaz,i are known parameters for each mode or may represent the

. _1 1
lower and upper bounds when all the jump rates are known. P; = R, > PR, *,
Qmin and 2 denote the minimal and mazimal eigenvalues of the augment,
respectively.

3. Main results

In this section, the general method for stability analysis of system (1) with
general transition probabilities is first presented. Then, the finite-time robust
H, controller design method is also proposed in terms of LMIs.

Theorem 1 For given (c1,cq2, Ri, N,d) and p > 0, the closed-loop system (6)
is robustly FTSB with Hy performance index v if there exist Q; > 0, V; and
T, (i=1, 2, ---, S) such that the following inequalities hold:

(l) fO’l“ T € I}C

[ He(-V;) = * * *
21‘21 21‘22 * * * *
0 B:*Zi —721 * * *
Clm 0 Dwi —I * * * < 07 (l c ﬁ;k)
Vi 0 0 0 =T * *
€ 0 0 0 -7 «
PYAA 0 0 0 0 —-Q
(18)
(lZ) for T € I;k
He(-V;) = * * * *
Eigl Eigg * * * *
0 BT, v % * * <0
ClV; 0 Dwi -1 * * ’ (19)
Vi 0 0 0 -1 *
€ 0 o 0 0 -9
Qi S Qlu (l € E;k)
. 5 1 —e rN N .
Cl)\maw (H) + Y dT S € " 02)\min (P) (20)
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where P; = R;%QflRi % and

Sio1 = (Ai + AA)V; + Qi
- TiuQi + T; — 2Qi — pQi, i € I,
P -8Qi+ T —2Q — pQi, €T,
i = = T
(gk = [ (\/ ﬂ—mﬂ‘/i)T e (\/m‘/l)T } )

9li:diag{ Qmil’ T Qmia }7
A = —my — Tijs
JeLy
_2 = Z -
JeLy

PROOF We first show that if (18) and (19) hold, then the following inequal-
ities hold:

€L} ' . .
J(P:Bwi)T 2T« <0(GeZ,leLl,)
éi Dwi -1
(21)
N <0
(BiBui)" I % T (22)

Oi Dwi -1
P <P (i€, leLll)

where P;Q; = 1.

By pre- and post-multiplying both sides of (21) by diag { Qi I, I } and
its transpose, respectively, we get

He(A;Qi) + (Fii — n)Q; * *

BT, -2 * *
N 0 23
CiQ; Dyi =1 x =Y 23)
ELQ; 0 0 -9

where

. — T
G=| VEmal - Emad NI
9]2 = diag{ Qmil ) Qmm Ql } .



Robust finite-time Ho, control of Markov jump systems

219

From the continuity of LMI, there always exists a set of sufficiently small positive

scalars ¢; satisfying

He(AQi) + (i — 11)Qi * * * A,
T 2

Fwi Y I * * + € 9

CiQ; Dyi -1  x i

0, 0o 0 - &

After direct algebraic manipulations, (24) can be rewritten as

—6,'Qi+ (T — 1)Qi * * *

Qi

BUT”- —’yQI * *
0 Dwi -1 *7
0 0 0 -9
(eidi +1)Q; (eidi + 1)Qi
0 1 0
A~ /L /L ~ < O.
* €CiQ; (6Q:) €:CiQ;
€ElQi €&lQ;
From the Schur complement, (25) is equivalent to
—€;,Q; * * * *
(6di + NQi  —¢;'Qi+ (Fis — p)Qi * ok
0 Bgi —721 * *
EZCA'lQl O Dwi -1 >i<_
€6lQ; 0 0 0 -9
Let V; = €;Q;, (26) is then further rewritten as
[ He(-V;) * * * *
AVi+ Qi —€,'Qi+ (T — Qi * *
0 B2TZ- —721 * *
Cz‘/z 0 Dgi -1 *
Vi 0 0 0 —€Q;
&V 0 0o 0 0

w%{E))O Em

<0.

S

Note that ¢; — 2 > —¢; ', it is known that (27) can be guaranteed if

He(-V;) * * *
AVi+ Qi (66 —2)Qi + (7is — 11)Qi * *
0 BT, e
CiVi 0 Dy —I
Vi 0 0 0
EVi 0 0 0

EEE S

(26)

< 0.
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which is just (18) by letting T; = €;@;. This means that if (18) holds, then (21),
as well, holds. Along the lines similar to the above procedure, we can prove
that if (19) holds, then (22) also holds.

Choose a candidate stochastic Lyapunov function as

V(z(t),r(t) =i) = V(z,i) = 2T Px

with P; > 0. Along the trajectories of the system (6), the corresponding time
derivative of V(x(t),1) is given by

IV (a(t),i) = lim ﬁ [E{V(z(t + At),i + At)|z(t),r} — V(z(t), )]

s
=T | He (PA) + Y miiPy | o+ 2" BB, (29)
i=1
1) For the case of m;; € Z;, one has

IV(x(t),i) =27 | He (R-/L) + Y 7P+ Y P | @+ 22" PiBuw.
JEL] leTi,
(30)

In such a situation, according to (3) and (4), there is

Liy =T and £} U{i} = T}.

Note that
> mit ) ™y =0,
jeLt, JjeL;

we further have the fact that
Z il = AZ}?
leLt,

where

i
E= — T — E Tig -

JeLy
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Since the transition probabilities are partly known, so A} > 0 and this yields

IV(z(t),i) = 27 | He (Pifli) + Y 7P+ Y mabi | @+ 20" BBy
JET} leTi,

> T

lec? .
_— eAi’; He (Pi;) +Zv miPy| + Y wali|at 20" PBuw
JET] leci,
1 . .
= )\—2 Z mu |2 | He (PiAi) + Z TPy + Ni Py | @ 4 227 PBiw
leL;,, JETZ;,
(31)
Therefore, from (21), it one can easily see that
I'V(z(t),i) + E{z®)"2(t) — Yw®) wt)} < uV(2(t),1). (32)

2) For the case of m;; € I, , there is £} = 7} and L£!, U {i} = T¢,. From

7Tu‘=—§ Tij — E il

jeLy leLi,
(29) can be rewritten as follows
IV ((t),i) =a”| He (PA) + Y myPy+ Y mali+ P, |o + 207 PBygw
jEL] leci,

= :ET He (PZAZ) + Z Wij(Pj — Pz) + Z T4 (B - R) x + 2$TP1'BMZ"LU
JELY, leLi,

— 27| He (PiAi) + 3 7P~ P) | e+ 22" PByw+ Y maa” (P - P)a.

JELE lect,
(33)
Similarly, from (22) one can derive that I'V(z(t),7) < 0 holds.
Subsequently, it is easy to see that
DV (@(t),) < Y (2(8),) + 7 w(t) w(?) (34)

if (18) and (19) hold.
By multiplying (34) by e #*, we obtain

I e "V (2(t),1)] < y*w(t) w(t)e . (35)
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Integration of (35) over 0 to ¢, gives

Y (a(8), 1) — V(2(0), i) < /0 2@ w(@)e . (36)
Then, (36) is equivalent to

V(z(t),i) < e"V(z(0),i0) + y2et /Ot w(w) w(w)e " dw

t
< eV (2(0),i0) + 72de“t/ e ' dw
0

1—e Ht
=Mt [V(:C(O), io) + 72d7] . (37)

Moreover, by choosing P = R;%PiRi %, one has

. 1—e Kt
V(x(t),q) < et [clAmaI(Pi) + 72d7} . (38)

I
On the other hand, the following condition holds
V((t),i) > Apin (By)2" Rz, (39)
By combining (38) and (39), we obtain

e {1 Aman (B7) + 720122

E{z"Riz} < . : (40)

Thus, according to the condition (20), fulfillment of condition E {z” R;z} < ¢z
can be guaranteed for V¢ € [0, N|, which also signifies that the MJSs (1) with
incomplete transition probabilities are FTSB with respect to (c1,co, Ri, N, d).
Next, we consider the H., performance problem of MJSs (1) in the frame-
work of FTSS.
From (18) and (19), one obtains

IV (x(t),i) — pV(z(t),i) < E{yw(t) w(t) — z(t)"2(t)} . (41)
Upon multiplying (41) by e™#!, the following is obtained:
Tle "V (x(t),9)] < e “E {y*wt) w(t) — z(t)"2(t)} . (42)

Integration of (42) over 0 to ¢ with the zero initial condition, leads to the fol-
lowing inequality:

e MV (x(t),i) < E {/O e 1 (v*w(o) w(o) — 2(0)" 2(0)) dQ} : (43)
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Therefore, for t € [0, N], the following inequality holds

N N
E{/o Z(Q)TZ(Q)dQ} < 72E{/0 w(@)Tw(@)d@}, (44)

which is just (7) with ¥ = ve=#N~. This completes the proof. O

Remark 2 Due to the unknown transition probabilities 7y (I € I, ), there
exists a nonlinear relationship between m; and P;. In order to linearize this
nonlinearity, the property of transition probabilities is made full use of in this
theorem.

Remark 3 By employing a matriz transformation, two sets of slack variables
are introduced to separate the Lyapunov variables from system matrices. With
this separation, conditions (18) and (19) of Theorem 1 are expressed in the form
of LMIs even if system matrices have norm bounded uncertainties. However, a
nonlinear inequality (20), accompanied by (18) and (19), is difficult to be solved
by means of the convex optimization methods. To overcome this difficulty, the
subsequent theorem with an extra constraint on Q; is presented below to give a
controller design method.

Based on the conditions given in Theorem 1, an LMI-based method for
dealing with the robust finite-time controller design is given in the following
theorem.

Theorem 2 Considering M.JSs (1) with incomplete transition probabilities, given
(c1,¢2, Riy N), if there exist Q; > 0, V;, T; , v and B; such that the following
inequalities hold:

(i) for mi € I

He(-V;) * * * * * * * *
i1 Yoo * * * * * * *
0 BT, —4%T  x o« * * * *
CiVi+ D;L; 0 Dyi —I % * * * %
‘/i. 0 0 0 -T; * * * * <0,
€ 0 0 0 0 -9, «x * *
NV 0 0 0 0 0 —-Q = *
0 B:GT 0 0 0 0 0 —piI *
| H1iVi + Hai Ly 0 0 0 0 0 0 0 —Bil |
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(ii) for my; € T!,

He(-V;) * * * * * * x
Y21 Yio2 * * * * * *
0 BT, 42T * * * *
C;V; +D;L; 0 D, -1 % * * * 0
V; 0 0 0 -7, = * « | <
& 0 0 0 0 -7 @« *
0 B;GT 0 0 0 0 =Bl =
| HuiVi+ Ha Ly 0 0 0 0 0 0 —Bil |
Qi< Qr (L€ Ly,
(46)
elR; ' < Qi <R, (47)
,_Y2d1—e"‘N _ Cgei'u‘N \/a
" . <0, (48)

then the closed-loop system (6) is robustly FTSB with Hy, performance index
v.

Moreover, the controller is given by

K; =LV " (49)

Proor Let L; = K;V; and Aiigl = AAl‘/l + ABlLZ + QZ Then, (18) is equiv—
alent to

Z; = 21+ 29 <0,
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where

2y =

He(-V) *
i1 Yi2
0 B
CiVi+DyuL; 0
Vi 0
GV, 0
Zoi =
[0
G;
0
He 0
0
0
0

According to Lemma 1, one can deduce

Zoi < Py

coococoo

<.

coococo o

=

1T

+8;7

[ (H1;V; + Ho; L)1 |

OO OO OO

*
*
*
*
~T;
0
0
x % %
0 * =
0 0 =
0 0 O
0 0 O
0 0 O
0 0 O

@**%%%

o

O OO ¥ * X ¥

(H1;Vi + Ho;

OO OO oo

*
*
*
*
*
0
0
L))"

9T

[ (H1;V; + Hoi L)1 ]

OO OO OO

Thus, from the Schur complement, (45) is obtained, and (46) can be derived
from (18) by taking the similar approach.

On the other hand, it is easy to check that condition (20) is guaranteed by
imposing the conditions (47) and (48).

O

Remark 4 In order to solve the finite-time Ho, control problem by means of
Matlab LMI toolbox, an extra constraint is imposed on Q;, which may cause
some conservatism. An open problem, which is left for our future research, is
the development of a procedure to reduce such potential conservatism.
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Remark 5 A strict LMI-based method is proposed in Theorem 2 for fired
(c1,¢2, Riy N). To obtain an optimised finite-time stabilised controller, set
o =72 and minimize o subject to (45) -(48), namely,

min o (50)
‘/»L,Ti,Xi,ﬂi S.t.(45)—(48)

Then, the optimal H, performance index v = v/o*, as well as the corresponding

controller gains, can be obtained by (49).

4. Numerical examples

In this section, two numerical examples are provided in order to illustrate the
effectiveness of the proposed method.

Example 1 Consider the unforced system (1) with four operation modes and
the following data:

Al_{O.S _2'3}/12— -1.3 2.7 ],Ag_[0'2 —0.8}/14_{—0.5 —0.2}

15 —0.9 |23 —1.9 0.7 —0.9 -1 02
[—13 02 7 2

[-05 —02] .| ? ? 03 03

-1 02| 2 7 —15 2

0.4 ? ? ?
c1=2,c=18T=15 p=1

where 7?7 denotes the completely unknown transition probabilities.

First, we use Lemma 2, Lemma 3 and Theorem 1 for finite time stochastic
stability analysis. On the one hand, the LMIs in Lemma 2 are infeasible. On
the other hand, from the transition probability matrix II, it is difficult to obtain
the boundary information of some unknown elements (such as in the fourth
row) which leads to the conclusion that the conditions given in Lemma 3 are
infeasible. However, the method proposed in this paper can give a solution to
the partly known transition probabilities as follows:

P - [ 32.3539  —9.4587 ] Py [ 32,9689 —9.5457 ]

—9.4587 35.8116 |’ —9.5457  37.0462

P — 29.1767 —7.9654 P, — 34.9333 —10.8484
571 —7.9654 25.0810 |'T* T | —10.8484  39.0734

According to the above example, it can be seen that the results proposed in
this paper are less conservative than the existing ones.

Another example for robust H., control of MJS (1) is given below to show
the effectiveness and benefit of the proposed method.
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Example 2 Consider the MJS (1) with parameters given by as in Luan, Liu
and Shi (2011):

0 1 0 1 0 1 01 0 02 0
—n _ _ _ _
Al_{"l 2]"42_{2 1]"43_[3 2}’G1_{ 0 0.1}’%_[0 0.3]’
03 0 0 0 0 12
G3 - |: O 02 :| 7Bl - |: 1 :| 7B2 - |: 2 :| 7B3 - |: 3 :| 7H11 - |: O 3 :| )
0 0 0 01 2 0.1 02
Bwl_{m]’Bw%[o.z}Bw%[0.3]’H12_[ 0 0.3}’H13_[ 0.3}’

0
1 1 1 0.1 0.2 0.3
Cl_|:2:|502_|:1:|7C3_|:3:|;H21_|: 0 :|;H22_|: 0 :|7H23_|: 0 :|7

D1 =Dy =0.1,D9 = Do =0.2,D3 = D,3 = 0.3.
The switching between the modes is described by

0 mo mi3
H: o1 O 93
m31 w32 0

The parameters m;; for all i,j € I are assumed to satisfy 1.3 < m3 < 2.8,
1.5 S 721 S 2.5 and 1.4 S 732 S 2.9.

With introduction of the initial values for ¢; = 0.5, co =4 , N =5,d =4
and p = 0.5, and application of Lemma 3 and Theorem 2, one obtains the
optimal values of v*, which are listed in Table 1.

Table 1. v* values for different methods

Lemma 3 | Theorem 2
2.2074 1.7458

According to Table 1, it can be seen that the proposed method is more effective
than the existing result.

Furthermore, corresponding to the obtained v*, the controller gains obtained
from the respective solution, are given below:

Ky =[ —38.4169 —22.1939 |
Ky = —13.8180 —5.5900 |
Ky=[ —17.8749 —6.4380 |.

With the obtained controller gains, along with the initial condition xo= [ 0.5—-0.3 }T,
the systems state response curves and the trace of x(t)T R;z(t) are shown in Fig.1
and Fig.2, respectively.
According to these figures, it can be seen that the designed controllers render
the closed-loop system finite-time stochastic stable.
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0.5
1

Figure 2. The dynamic trace of 27 (t)R;z(t)

5. Conclusions

This paper considers the robust finite-time H., control problem of continuous-
time MJSs with incomplete transition probabilities. A relaxed H,, controller
design procedure is proposed in terms of LMIs. Numerical examples are given
to illustrate the effectiveness and the benefits of the proposed method.
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