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Abstract: We consider a steady-state heat conduction problem
P for the Poisson equation with mixed boundary conditions in a
bounded multidimensional domain 2. We also consider a family of
problems P, for the same Poisson equation with mixed boundary
conditions, a > 0 being the heat transfer coefficient defined on a
portion I'y of the boundary. We formulate simultaneous distributed
and Neumann boundary optimal control problems on the internal
energy g within () and the heat flux ¢, defined on the complementary
portion I's of the boundary of €2 for quadratic cost functional. Here,
the control variable is the vector (g,q). We prove existence and

uniqueness of the optimal control (g,q) for the system state of P, and
(G.,q,) for the system state of P,, for each o > 0, and we give the
corresponding optimality conditions. We prove strong convergence,
in suitable Sobolev spaces, of the vectorial optimal controls, system
and adjoint states governed by the problems P, to the corresponding
vectorial optimal control, system and adjoint states governed by the
problem P, when the parameter o goes to infinity. We also obtain
estimations between the solutions of these vectorial optimal control
problems and the solution of two scalar optimal control problems
characterized by fixed g (with boundary optimal control ) and fixed
q (with distributed optimal control g), respectively, for cases both
of >0 and o = oc.
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1. Introduction

We consider a bounded domain 2 in R™, whose regular boundary I" consist of
the union of the two disjoint portions I'y and 'y with med(T';) > 0 for i = 1, 2.
We consider the following steady-state heat conduction problems P and P, (for
each parameter value o > 0) respectively, with mixed boundary conditions:

. ou

—Au =g in Q u’rl =b —%’m:q (1)
) ou ou

—Au =g in Q —%|F1:a(u—b) —%‘Fzzq (2)

where ¢ is the internal energy in €, b > 0 is the temperature on I'y for (1)
and the temperature of the external neighborhood of T'; for (2), ¢ is the heat
flux on I'y and a > 0 is the heat transfer coefficient on I'y (Newton law or
Robin condition on I'1). The following hypothesis: g € L*(Q2), ¢ € L*(I'2), and
be Hz(I) is assumed to hold. Problems (1) and (2) can be considered as the
steady-state Stefan problem for suitable data ¢, g and b, see Tarzia (1979), or
Tabacman and Tarzia (1989).

We denote by uy q) and u(,,g,4) the unique solutions of the elliptic prob-
lems (1) and (2), respectively, whose variational formulations are given, as in
Kinderlehrer and Stampacchia (1980), by:

a(u(gﬁq),v) = L(g,q) (’U), Yv € VQ, U(g,q) c K (3)

aa(u(aﬁgﬁq),v) = L(ayqu) (U), Yv € V, U(e,g,q) eV (4)

where

V=H'(Q), Vo={veV/v|[, =0}, K=uw+W,

R=1L*Ty), H=1L*%), Q=L*Iy)

for vg € V given, with v0’F1 = b and
(9,h)m = / ghdz;  (¢,m)q = / qdy, (b,v)r = / bv dry
Q T's I'y

a(u,v) = ) Vu.Vude;  ag(u,v) = a(u,v) + a (u,v)r

Ligq(v) = (9,0)n = (¢,v)Q;  Lia,g.q)(v) = Ligq () +a (b,v)r.

The bilinear form a is coercive on Vj, with coerciveness constant A > 0
and the bilinear form a, is coercive on V with coerciveness constant A\, =
A1min(1l, «), where A\; > 0 is the coerciveness constant for the bilinear form aq,
see Kinderlehrer and Stampacchia (1980), or Tabacman and Tarzia (1989).
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We formulate the following simultaneous distributed and Neumann boundary
optimal control problems, see Lions (1968) or Troltzsch (2010):

Find (9,9) € H x Uyq  such that  J(g,q) = min  J(g,q) (5)
9gEH,q€Uqa

Find (9,,q,) € H x Uga such that Jo(9,,9,) = min_ Ju(g,q) (6)
geEH,qeU,q4

with Usq = {¢ € Q : ¢ > 0 on T's} and the cost functionals J : H x Q—R{ and
Jo : H x Q—R{ being given by:

1 2 M, 2 | My o

J(9:9) = 5wy = 2ally + = ol + = lallg (7)
1 2 M 2 Ma o

Ja(gaq) = 5 Hu(a,g,q) - ZdHH + 7 HgHH + 7 HQHQ (8)

where 24 € H, u(g,q) and u(q,q,4) are the unique solutions of the elliptic varia-
tional equalities (3) and (4) respectively, and the positive constants M; and My
are given. We remark that we denote the control variables by ¢g and ¢, these
two variables corresponding usually to the internal energy and the heat flux
respectively, in heat transfer problems.

The use of the variational equality theory in connection with optimization
and optimal control problems was done in Belgacem, El Fekih and Metoui
(2003), Bensoussan (1974), Casas (1986), Casas and Raymond (2006), Kirchner,
Meidner and Vexler (2011), Mignot and Puel (1984).

In Section 2, we obtain the existence and uniqueness of the vectorial optimal
control (g,q) of the problem (5) and of the vectorial optimal control (g,,3,)
of the problem (6), for each a > 0. We also give the optimality conditions in
relation to the adjoint state pg g for (5) and p(, 5 7  for (6).

In Section 3, we obtain estimations between the first component of the simul-
taneous optimal control § and the scalar optimal control g studied in Gariboldi
and Tarzia (2003) (see the optimization problem (18)), and the second compo-
nent of the simultaneous optimal control § and the scalar optimal control g stud-
ied in Gariboldi and Tarzia (2008) (see the optimization problem (19)). In the
optimal control problems (5) and (6) we have considered two control variables
simultaneously, that is, the solution is a vectorial optimal control, while in the
optimal control problems, given in Gariboldi and Tarzia (2003) and Gariboldi
and Tarzia (2008), respectively, we have considered only one control variable,
namely the solutions are scalar optimal controls. Moreover, we characterize the
optimal control (g,q) as a fixed point on H x @) for a suitable operator W. In a
similar way, we obtain estimations for the optimal controls of the problems P,,
for each o > 0, and we characterize the optimal control (g,,q,,) as a fixed point
on H x @ for a suitable operator W,.

In Section 4, we prove the strong convergence, in suitable Sobolev spaces, of
the optimal controls (g,,,q,) of the problems (6) to the optimal control (g, q) of
the problem (5), of the system states U5 5.y tO the system state u =), and
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of the adjoint states Pia3F. 7)) to the adjoint state PG3), when the parameter
a goes to infinity. We also prove the convergence of the corresponding cost
functional when « goes to infinity.

This asymptotic behavior can be considered to be very important in the
optimal control of heat transfer problems, because the Dirichlet boundary con-
dition, given in (1), can be approximated by the relevant physical condition
given by the Newton law or the Robin boundary condition given in (2), see
Carslaw and Jaeger (1959). Therefore, the goal of this paper is to approximate
a Dirichlet boundary condition in a vectorial optimal control problem, governed
by an elliptic variational equality, by a Robin boundary condition in a family of
vectorial optimal control problems, governed also by elliptic variational equali-
ties, for a large positive coeflicient .. As the particular cases of our results can
be considered the ones given in Gariboldi and Tarzia (2003) when the scalar
control variable is the internal energy g for both state systems (1) and (2), and
in Gariboldi and Tarzia (2008) when the scalar control variable is the heat flux
q on the boundary T'y for both state systems (1) and (2). In Belgacem, El Fekih
and Metoui (2003) the control variable is the temperature b on the boundary
I'y for the state system (1), and the temperature of the external neighborhood
b on the boundary I'; for the state systems (2), this being essentially different
with respect to the present vectorial optimal control problems.

2. Existence and uniqueness of optimal controls
2.1. Problem P and its optimal control problem

Let C': H x Q — Vj be the application defined by C(g, q) = wu(g,q) — u(0,0), Where
(0,0 is the solution of the problem (1) for g = 0 and ¢ = 0. We define, in the
way similar to that in Gariboldi and Tarzia (2003, 2008), and Lions (1968), the
applications IT: (H x Q) x (H x Q) =R, and L : H x Q—R as follows:

1((g,9), (h,n)) = (C(g,9),C(h; ) + Mi(g, h)m + M2(g,m)q

L((g,9)) = (C(9,4), 2a — wo,0))m, Y(9,9),(h,n) € HxQ.

For each (g,q) € H x @, we define the adjoint state p(, 4 corresponding to
the problem (1), as the unique solution of the mixed elliptic problem

o

—Ap=u—2z4 in Q, p}rl =0, 8n’r2 =0 9)
whose variational formulation is given by
a(p(g,q)vv) = (u(g,q) - Zd;v)Hv Yo € W, P(g.q) € Vo (10)

and we have the following properties.

THEOREM 1 a) J is a coercive and strictly convex functional on H X Q.
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b) The adjoint state pg 4y satisfy, V(h,n) € H x Q:
a(p(g.q), C(h 1)) = (C(h,m), Ugq) — 2a)rr = (B, P(g.9))H — (1, P(g,9))@

¢) J is Gateaur differentiable and J' is given by, V(h,n) € H X Q:
J(g.)h—gn—q) =1(g.9),(h—g.n—q) —Lh—g.n—q)  (11)

d) There exists a unique solution (g,q) € H X Uuq of the vectorial optimal
control problem (5) and its optimality condition is given by, ¥(h,n) € H X Uyq:

(h=9,p55 +Mig)u + (-7 MG —pz535)e = 0.

PROOF (a) It is sufficient to prove that, ¥(gz, ¢2), (g1, ¢1) € HxQ and ¥Vt € [0, 1],
we have, see Lions (1968), Boukrouche and Tarzia (2007), or Troltzsch (2010):

U((1—t)ga+tgr,(1—t)ga+tqr) — (1 - t)u(.(n,qz) + tu(!]th) (12)
and
(1 =1)J(92,q2) +tJ(91,q1) — J((1 = t) (92, g2) + t(g1,q1)) =
1 —1)
== [1t(g2,02) — U(gr,a) |77 + Millgz — g1ll7r + Mallg2 — 1113] =
Mi(1—1t)
2 f”(gQ—glach_‘h)”%Ian (13)
and
a(P(g.q), C(h 1) = (=AP(g,q)s U(g,q) — U(0,0)) 1 =
= (hap(g,q)>H - (nap(g,q))Q (14)
where
1(g: )rxo = lgllE + lallgy, M = Min(My, My) > 0. O

2.2. Problem P, and its optimal control problem

Let Co : H x Q—V be the application defined by Cu(g,q) = t(a,g,q) = U(a,0,0)s
where u(q,0,0) is the solution of the problem (2) for g = 0 and ¢ = 0. We define
the applications I, : (H X Q) x (H x Q)—R and L, : H x @—R by the following
expressions, V (g,q), (h,n) € H x Q:

o ((9,9), (h,n)) = (Calg: @); Calh, ) + Mi(g, h)r + M2(g,m)q,

La(‘]) = (Ca (9, (J)7 Zd — U(a,o,o))H-
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For each (g,q) € H x Q and a > 0, we define the adjoint state p(q,g.q),
corresponding to the problem (2), as the unique solution of the mixed elliptic
problem

: Ip 9p
—Ap=u—2zg in Q, _%|F1 = ap, %‘FQ =0, (15)
whose variational formulation is given by
aa(P(a,g,q), V) = (U(a,g,q) = 2a:V)H, YV EV, Pla,g.q €V (16)

We can obtain similar properties to Theorem 2.1, following Boukrouche and
Tarzia (2007), Kinderlehrer and Stampacchia (1980), Lions (1968), or Troltzsch
(2010).

THEOREM 2 We have, for each o > 0, the following properties:
a) Jo is a coercive and strictly convex functional on H x Q.
b) The adjoint state p(q.q.q) satisfies, ¥(h,n) € H x Q:

Qg (p(a,g,q)u Ca (hu 77)) = (Ca(h7 77)7 U(a,g,q) _Zd)H = (h,p(ayqu))H— (nap(a,g,q))Q'
¢) Jo is Gateaux differentiable and J), is given by, V(h,n) € H X Q:
Jalg @) (h—g,n = q) =Ta((9, ), (h — 9,0 = q)) = La(h — g,n — q). (17)

d) There exists a unique solution (g,,q,) € H X Uaq of the vectorial optimal
control problem (6) and its optimality condition is given by, ¥(h,n) € H X Uyq:

(h=GaPag, 7. T MiTa)m + (1 = oy M2la — P35, 3,))0 2 0

3. Estimations
3.1. Estimations with respect to the problem P
We consider the scalar distributed optimal control problem:

Find ge H suchthat Ji1(g)= nélg Ji(g), for fixed g € @, (18)
9

and the scalar Neumann boundary optimal control problem:

Find & Uy suchthat Jo(q) = réllljn Ja2(q), for fixed g € H, (19)
q ad

where Jp is the cost functional given in Gariboldi and Tarzia (2003) plus the
constant 242 ||q|\é, and Js is the functional given in Gariboldi and Tarzia (2008)

plus the constant % Hg||§{7 that is, J; : H—RJ and Jo : Q—R{, are given by:

1 M,y My

Ji(g) = 3 lug — zall 3 + =3 lgll7 + 5 lally . (fixed g € Q) (20)
1 Mo M,y

Ja(q) = 3 lug — 2all 7 + 5 HQH2Q t5 lgll3;, (fixed g € H) (21)

where u, and u, are the unique solutions of the problem (1) for fixed ¢ and ¢
data, respectively.
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REMARK 1 The functionals J, Ji and Jo satisfy the elemental estimations
J(9:9) < 1(9), Vg€ Q and J(g,9) < J2(q), Vg € H.

In the next theorem we will obtain estimations between the solution of the
scalar distributed optimal control problem (18) with the first component of the
solution of the vectorial distributed and Neumann boundary optimal control
problem (5), and between the solution of the scalar Neumann boundary optimal
control problem (19) with the second component of the solution of the vectorial
distributed and Neumann boundary optimal control problem (5).

THEOREM 3 If (§,q) € H x Uqaq is the unique solution of the vectorial optimal
control problem (5), and § and G are the unique solutions of the scalar optimal
control problems (18) and (19) respectively, then:

= H”Yo||

where vy s the trace opemtor.

PRroor For g = g, from the optimality condition for g, see Gariboldi and Tarzia
(2008), we have

(M2 = pGg,1— D@ 20, Vn € Uaa- (24)
If we take h =G € H in the optimality condition for (g,q), we obtain

(M2 —pG7,1— D@ 20, V€ Uaa (25)
Now, taking n =q € Uuq in (24) and n =G € U,q in (25), we obtain

(M2(7-7)+ (P57 —PEg)d— e =0,
and by using [[pg7 — PEqllv < AHu(g ) — UG, |l we deduce

IhoH < Il
||p =

17 —1llg < G5 —PGalv < <\ lugz) — ugql:

therefore the estimation (22) holds. Similarly, the estimation (23) holds. U

When we consider the vectorial distributed and Neumann boundary optimal
control problem (5) without restrictions, i.e. U,q = @, then we can characterize
the solution of (5) by using the fixed point theory.

Let W: H x Q — H x @ be the operator defined by

1 1
Wi(g,q) = (—Mp(g,q>, Emg,q))- (26)
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THEOREM 4 There exists a positive constant Co = Co(\, vo, My, Ms) such that,
V(glaql)v (925q2) € H x Q

W (g2, 42) = W(g1,q1) [ xq < Coll(92,42) = (91, a1) [ xe (27)

and W is a contraction operator if and only if data satisfy the following condi-
tion:

V21 el
2\ Mz M2

Co (L+ [l < 1. (28)

PROOF By using the estimations, ¥(g1,q1), (92,¢2) € H X Q:

lgn00) ~ gmamllv < 5 (g2 = a1l + ollas — a1 l) (29)
1P(g1.01) = Plgzaa) IV = %Huwl,ql) ~ U(ga,ga) | (30)

we obtain
1 [70ll?| 1 12

2
W (g2, a2) =W (g1, a1)ltrxq < (Miﬁ E; )yalllez=gillm+lolllez—alle

Then (27) holds and the operator W is a contraction if and only if data satisfy
inequality (28). O

COROLLARY 1 If data satisfy inequality (28) then the unique solution (g,q) €
H x @Q of the vectorial optimal control problem (5) can be obtained as the unique
fized point of the operator W, that is:

il 1 1 il
W(g,9) = (—Mp@@, Ep@@) = (9,9)

3.2. Estimations with respect to the problem P,

For each o > 0, we consider the scalar optimal control problems:

Find g, € H suchthat J14(g,) = Hélg J1a(9), (31)
9
Find G, € Usg such that  J2,(3,) = r€n[1]n J20.(q), (32)
q ad

where Ji, : H—)]Rar and Joq, : Q—)RSF are given by:
1 2, My 2 Mo oo
Jialg) = 3 wag — 2all5 + B3 gl + 53 lallg, (ixedge @)  (33)

1 o My o My oo
Toa@) = g — zally + 252 lally + S5 gl (ixed g € H) (34
where Ji, is the functional studied in Gariboldi and Tarzia (2003) plus the
constant % ||q|\é, Jaq is the functional studied in Gariboldi and Tarzia (2008)

plus the constant % I g||§{, and the system states ung and uqg are the unique
solutions of the problem (2) for fixed data g and g, respectively.
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REMARK 2 The functionals Jo, J1a and Joo, satisfy the estimations

Ja(?aaﬁa) < Jla(ga)5 Vq € Q and Ja(?avﬁa) < JQQ(aa)a Vg € H.

Estimations between the solution of the scalar distributed optimal control
problem (31) with respect to the first component of the solution of the vectorial
distributed and Neumann boundary optimal control problem (6), and estima-
tions between the solution of the scalar Neumann boundary optimal control
problem (32) with respect to the second component of the solution of the vecto-
rial distributed and Neumann boundary optimal control problem (6) are given
in the next theorem whose proof is omitted.

THEOREM 5 If (G,,d,) € H x Ugq is the unique solution of the vectorial opti-
mal control problem (6), and g, and G, are the unique solutions of the scalar
optimal control problems (31) and (32), respectively, then we have the following
estimations

[Ioll

— _: < LA
170 — ulle < M,

105, 7.~ Uaga,an

190 — Tallu < 3L Mg, 7.0 ~ Yeg. gl

In the way similar to Theorem 4, we can now characterize the solution of
the vectorial distributed and Neumann boundary optimal control problem (6),
without restrictions, proving that a suitable operator W,, is a contraction. It is
presented in the next theorem and the proof is omitted. We define the operator
Wao: H X Q — H x @, for each a > 0, by the expression

1 1
Wa(gv Q) = (_Mp(a,g,q)v Ep(a,g,q))- (35)

THEOREM 6 W, is a Lipschitz operator over H X @Q, that is, there exists a
positive constant Coo, = Coo(Aa, Y0, M1, M3), such that:

[Wa(g2,92) = Walgr, a1)llxq < Coall(g92 — 91,92 — @1)l|mxq (36)

and Wy, is a contraction operator if and only if data satisfy the following in-
equality:

o V21l
T\ s

(L4 llvoll) < 1. (37)

COROLLARY 2 If data satisfy inequality Coo < 1, then the unique solution
(9.,q,) € H xQ of the vectorial optimal control problem (6) can be obtained as
the unique fized point of the operator Wy, that is:

Wa(gaaqa) = (_Mp(ajaja)a Ep(aﬁaja)) = (gom(I(l)'
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4. Convergence when a — 400

LEMMA 1 For each o >0, (g,q) € H x Q, b € H'/?(T'y), we have the following
limats:

i) im luga,g,q) —ugallv =0 i) m {|p@.gq = Peqlv =0- (38)

a—r 00

PROOF We proceed in a similar way to the one given in Gariboldi and Tarzia
(2003) and in Gariboldi and Tarzia (2008).

THEOREM 7 i) Ifu G and U5, 7. are the unique system states, correspond-

ing of the vectorial optimal control problems (5) and (6), respectively, then:

Jim flug, 7.~ ugmllv =0

(39)

ii) pr(__ and P(ag. 5. @re the unique adjoint states, corresponding to the
vectorial optimal control problems (5) and (6), respectively, then:

Jim |p3, 5. ~ Paallv =0 (40)

iii) If (g,q) and (9,,q,) are the unique solutions of the simultaneous dis-
tributed and Neumann boundary optimal control problems (5) and (6), respec-
tively, then:

T (@ T.) — @ Dl =0 (41)

PROOF The proof is given in two steps:

Step 1. From the optimal control problem (6) we deduce that there exist
positive constants C, Cy, and Cs5, independent of «, such that

s 5.y~ 2dle <C1 9.l <C2 Talle < Cs. (42)

Now, if we take v = U,3 )" uGs €V in the variational equality (4), follow-
ing Gariboldi and Tarzia (2003) or Gariboldi and Tarzia (2008), we obtain, for
a>1, [lu,z = llv < Cy where Cy = C4(C2, Cs, 70, uG 3, A1) is independent
of . Therefore, ‘

Jpu € K such that u, 7 =7y — p weakly in V, when oo — +o0. (43)
Taking v = Poz.5.) PG5 €V in the variational equality (16), we ob-
tain that there exists a positive constant C5 = C5(Cl, )\1) such that

”p(aﬁaia)HV < (5 and next
35 S ‘/0 such that p(a,ﬁ 3 ) 45 Weakly in ‘/7 when o —s . (44)

Moreover, from (42), we deduce that there exist f € @ and h € H such that
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g, — [ weakly in @), when a@ — 400 (45)

9, — h weakly in H, when o — +oc. (46)
For v € Vp, taking into account (43), (45), (46) and taking the limit as « goes
to infinity, we have that

a(p,v) = (h,v)g — (f,v)q, Yve Vo,ne K (47)

and by the uniqueness of the solution of (3), we get u = .
Now, for v € Vj, taking into account (44), with the parameter v going to infinity
in the variational equality (16), we have that

a(§,v) = (uny — 24,v)m, Yv € Vo,§ € W (48)
and from the uniqueness of the solution of (10), we get & = pps. Next,

J(h, f) <liminf J,(3,,q,) < liminf J, (1, f') =
—r 00 —r 00
= lim J (W, f)y=JH, ), VY, f)e HxQ,
—r 00

and from the uniqueness of the solution to the problem (5), we have that h =g
and f = g. Therefore, we have proved that

U3, 5. — UG7 Weakly in V, when a — +oo (49)

P(ag,7.) — P@G7 weakly in V, when a — +o0. (50)

Step 2. Taking h = 0 and i = g in the optimality condition for the vectorial
optimal control problem (6), h = 0 and n = g, in the optimality condition for
the vectorial optimal control problem (5), we have

(aa - 57 MQ(E - Ea) + (p(aiaﬁa) _p(jﬁ)))g 2 O’
then, we deduce that

= = ol

7~ Talla < T2 IPs,3.) ~ Pam V- (51)
Next, in a similar way, taking h = g and 7 = 0 in the optimality condition

for the problem (6) and h =g, and 7 = 0 in the optimality condition for the
problem (5), we prove that

= = 1
15— Gallar < Ellpm@@) —pGalv- (52)

Now, from (49) and the following inequalities, for o > 1,
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Mz, 7. —vGalv + (@ = Dlvws, 5. —vGalk <
<9 Uag, ) ~ e ~ (G %ag,a) T vE)e

(UG 7 Uag, 7. ~ UGa)

we get that the result (39) holds. In a similar way, from (50) and the inequality
Mlpog, 7.0 ~Paali <

< (Uag,7.) ~ 2 P0g.a.) ~ PGa)H
—(PG7) Pg.d) ~Paa) — “PGa) Peg.d.) ~PGa)R

we obtain the limit (40). Finally, from (39), (40), and the estimations (51) and
(52), we deduce that the limit (41) holds. O

CoroLLARY 3 If (3,9) and (§,,q,) are the unique solutions of the simultane-
ous distributed and Neumann boundary optimal control problems (5) and (6),
respectively, then we have:

QILH;O |Ja(§a7§a> - J(§7 ﬁ)l =0.

PrROOF The conclusion follows from the definition of .J, J, and the last theo-
rem. O
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