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Abstract: We analyze the convergence of discretization schemes
for the adjoint equation arising in the adjoint-based derivative com-
putation for optimal control problems governed by entropy solutions
of conservation laws. The difficulties arise from the fact that the cor-
rect adjoint state is the reversible solution of a transport equation
with discontinuous coefficient and discontinuous end data. We de-
rive the discrete adjoint scheme for monotone difference schemes in
conservation form. It is known that convergence of the discrete ad-
joint can only be expected if the numerical scheme has viscosity of
order O(h®) with appropriate 0 < o < 1, which leads to quite vis-
cous shock profiles. We show that by a slight modification of the
end data of the discrete adjoint scheme, convergence to the correct
reversible solution can be obtained also for numerical schemes with
viscosity of order O(h) and with sharp shock resolution. The theo-
retical findings are confirmed by numerical results.

Keywords: conservation laws, adjoint state, linear transport
equation, discontinuous coefficients, finite difference schemes

1. Introduction

We consider optimal control problems for entropy solutions of scalar conserva-
tion laws

w+f@.=0, (tz)€Qr=(0,T)xR,
, T €R,

y(0,z) = u(x (1)

where f € C%(R) is a strongly convex flux function, i.e.,

FECAR), [ >mpm>0 (2)
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with a contant ms» > 0. Here, u € L*(R) N BV (R), where BV (R) denotes the
space of functions of bounded variation.
The objective function is of the form

T(y) / 7 (@) Yy (), ya(w)) de (3)

with a weighting function v € CL(R), ¥ € C'llo’c1 (R) and data yq € C*(I). Often,
a continuously differentiable regularization term R(u) is added, but we focus
only on the differentiability properties and the numerical approximation of the
state dependent part (3).

The developments in this paper can also be extended to problems (1) with
source terms. This leads to additional technical complications and we prefer to
confine our study to conservation laws.

It is well known that, in general, the weak solutions of (1) develop dis-
continuities after finite time and that uniqueness holds only in the class of
entropy solutions. We recall that for given u € L'(R) N BV(R) a function
y =y(u) € L>®(Qr) is an entropy solution of (1) in the sense of Kruzkov (1970)
if it satisfies for all convex functions (entropies) n € Cloo’cl (R) with corresponding

Yy

entropy fluxes q(y) = [, n'(s) f'(s) ds the entropy inequality

nW)e+q(y)z <0

in the sense of distributions and the initial condition in the sense

ests\lém ly(t,-) —ull, g =0 VK CCR.

As we will recall in Section 2, it is known that under a generic nondegeneracy
assumption the mapping

u € PCY(R; zy,...,2n) = J(y(u)) (4)

is Fréchet differentiable, where PC!(R; z1,...,2x) denotes the space of piece-
wise C! functions with possible discontinuities at z,..., 2y, see Pfaff and Ul-
brich (2015), Ulbrich (2002, 2003). Moreover, the derivative admits the adjoint
representation

d

ST () 5u= [ p(0.2)bu(a) da. )
du R

where p is a reversible solution, according to Definition 1 and Theorem 3 of the
adjoint equation, a transport equation with possibly discontinuous coefficient

Dt + fl(y)pw =0, (t7 .’L‘) €y, (6)

) - - t,x),yqa(x iy
() [w(y([y(f),;l)?( )] i

) is continuous at
z € R.

(7)

if y(¢,-) is discontinuous at x’
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Here, for a function v € BV (R), we denote by [v(z)] the jump [v(x)] := v(z+) —
v(z—) at . As we will recall in Section 2, the coefficient f/(y) satisfies a one-
sided Lipschitz condition. As a consequence, the solution of (6), (7) is not
unique if the state y contains shocks. The correct solution of (6), (7) is the
unique reversible solution and can be characterized by a monotonicity criterion,
see Definition 1. Equivalently, the reversible solution can be defined along the
generalized backward characteristics, see Remark 1.

While the convergence of numerical schemes for the conservation law (1) is
very well studied, there exist only few results on the convergence of discretiza-
tion schemes for the adjoint equation (6), (7), see Bardos and Pironneau (2005),
Castro, Palacios and Zuazua (2008), Giles and Ulbrich (2010a,b), Gosse and
James (2000), Hajian, Hintermiiller and Ulbrich (2019), Homescu and Navon
(2003), Ulbrich (2001). However, this is of importance for obtaining convergent
approximations for the derivative (5) of the objective functional. In this paper,
we will analyze the convergence of numerical schemes for the state equation,
the adjoint equation and the resulting discrete approximation of the gradient
representation (5). The difficulties result from the fact that the end data p(%, z)
of (6), (7) are discontinuous at shock locations and have to be propagated in an
appropriate fashion by the discrete adjoint scheme to obtain convergence to the
correct, reversible solution according to Theorem 3. So far, convergence results
for the adjoint schemes have only been considered for Lipschitz-continuous end
data (see Gosse and James, 2000; Hajian, Hintermiiller and Ulbrich, 2019; Ul-
brich, 2001) or for schemes with increased numerical viscosity of order O(h?)
for 8 < 1 (Giles and Ulbrich, 2010a,b).

We will consider monotone finite difference schemes in conservation form for
the state equation (1) and the corresponding discrete adjoint scheme for the
adjoint equation (6), (7). Variants, where the state is computed by other con-
vergent schemes, ensuring a discrete one-sided Lipschitz condition for the state,
are possible. As observed in Giles and Ulbrich (2010a,b) the convergence of the
discrete adjoint to the correct adjoint state is in general not ensured. In Giles
and Ulbrich (2010a,b) it is shown that a modified Lax-Friedrichs scheme with
numerical viscosity of order O(h?) for appropriate 0 < 3 < 1 yields convergent
adjoint approximations. However, the increased numerical viscosity reduces the
accuracy of the numerical scheme in smooth regions, as well as the resolution
of shocks. In this paper we propose another approach that is inspired by the
continuous adjoint equation (6), (7) and does not require an increased numerical
viscosity. Numerical results underline the advantages of the approach.

The paper is organized as follows. In Section 2 we recall the known fact
on the state equation, the differentiability of objective functionals, the adjoint
euqation and an adjoint based derivative represenstation. In Section 3 we de-
rive for monotone difference schemes the corresponding sensitivity scheme and
adjoint scheme. We prove convergence of the adjoint scheme for Lipschitz end
data to the rversible solution and extend this result subsequently to discontinu-
ous end data as they arise in adjoint based derivative represenstation. This will
be achieved by a novel choice of the end data, which we propose in this paper.



348 P. SCHAFER ACGUILAR, J.M. SCHMITT, S. ULBRICH AND M. Mo0Os

In Section 4 we apply the general results to the Engquist-Osher scheme and
the modified Lax-Friedrichs scheme and their adjoint schemes. The theoretical
findings are illustrated in Section 5 by numerical results.

2. Continuous problem

We summarize known results on entropy solutions of (1), the differentiability
properties of the objective function (3), (4) and the adjoint equation (6), (7) to
obtain the gradient representation (5).

PROPOSITION 1 Let (2) hold. Then, for any u € L>®(R) there exists a unique
entropy solution y = y(u) € L>°(Qr). After modification on a set of measure
zero, one has y € C([0,T]; L*(=R, R)) for all R > 0. Moreover, let u,i €
L*(R) be arbitrary and My = maxXs|<max(|u| _,Jal ) |['(s)]- Then

1yt )l < ull. Ve e[0T

2. |ly(t, 5 u) —y(t, ﬁ)Hl,[a,b] < u— ﬁ’”l,[afth/,lH»th/] vt e[0,T]

3. If u € BV(R) and uy < M, with M, € [0,00] then y(u) satisfies the

one-sided Lipschitz condition (OSLC)

1
Yz (tv ) <

w T M

Moreover,
[y, 5 W)lrvjap < [Ulrvia—in, pren,) V€ [0,T]

PROOF  See, for example, Brenier and Osher (1988), Maélek et al. (1996),
and Oleinik (1963). O

The differentiability properties of the objective function (3), (4) have been
studied in Ulbrich (2002, 2003), see also Pfaff and Ulbrich (2015).

THEOREM 1 Let (2) hold, let u € PCY(R;z1,...,2x) be arbitrary and let
t € (0,T] be such that y(t,-;u) has on supp(y) no shock generation points and
finitely many nondegenerate shocks at ©1 < o < ... < xg that are all no shock
interaction points. Then, the objective function (3), (4) is Fréchet differentiable
at u and the derivative is given by (5), where p is the reversible solution of (6),
(7), see Definition 1 and Theorem 3.

Moreover, y(t,-;u) is piecewise C1 and the shock locations x1 < w3 < ... <
xi depend differentially on u.

PROOF  See Ulbrich (2002, 2003). O
To introduce reversible solutions we note that (6), (7) has the form
pt+apw :Oa (t,.’I]) S Qfa
t, ®)

p(t,z) =p".
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If u € PCY(R;z21,...,2x) then a = f/(y) satisfies, by Proposition, 1 the OSLC

1
1/|| max(0, ug)|| o, + mypnt

oult) =t ) < (| s 17(6))

For simplicity, u € PC'(R;zy,...,zy) is assumed in the rest of the paper
with u, < M, < o0, i.e. u can only have down-jumps generating shocks. Then
there exists a € L'(0,7T) such that

az(t,") < at) for a.a. te|0,. 9)

The case of u having up-jumps generating rarefaction waves can also be handled,
see Ulbrich (2001), but this gives rise to some technical complications that are
not the focus of this paper. )

Reversible solutions for (8) in the case of p* € C%1(R) have been introduced
and analyzed in Bouchut and James (1998) and has been extended to the case of
inhomogeneous right hand side and of discontinuous end data in Ulbrich (2002,
2003).

DEFINITION 1 Consider (8) with a satisfying (9) and pt € CO*(R). Denote by
L the space of Lipschitz continuous solutions of p + ap, = 0. Then, p € L is
called reversible solution of (8) if there exist p1,p2 € L such that p = p1 — po

and (p1)z >0, (p2)s > 0.

The following existence and uniqueness result has been shown in Bouchut and
James (1998).

THEOREM 2 Let a € L™(%) satisfy the OSLC (9). Then, for any p* € C%'(R)
there exists a unique reversible solution p € C*H(QE') of (8) with
Pt Moo,y < 1P oo, 1y (10)
1pa(t, Moo s, < €' “IPEllc 1,

where Q%l denotes the closure of Qg, Iy = (x1,x9) is arbitrary and Iy = (z1 —
lall oo (= 1)), 22 + [la]l o (= 1)).

REMARK 1 It can be shown that the unique reversible solution can also be de-
fined along generalized characteristics, see Bouchut and James (1998), Ulbrich
(2002,2003). In fact, let for arbitrary (t,x) € Qf the generalized forward char-
acteristic s € [t,t] — X (s;t,x) be defined by

%X(s; t,x) € [a(s, X (s;t,x)+), a(s, X (s;t,2)—)].

By the OSLC (9), it can be shown that X (-;t,x) is unique. Now, the reversible
solution of (8) is uniquely defined by

p(s, X (sit,2)) = p' (X (;t, ).
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Hence, the value pg(z) is propagated along all backward characteristics, emanat-
ing through (t,z), i.e., all X (:;t,2) with z = X (4;t,x). )

As a consequence, if z is a shock location of y(t,-;u), then p(t,x) = p'(2)
for all (t,z) in the shock funnel confined by the mazimal and minimal backward
characteristic through (i, z).

For discontinuous data p? we use the following stability property to define a
reversible solution.

THEOREM 3 Let a € L>®(8;) satisfy the OSLC (9). Denote by B(R) the Ba-
nach space of bounded functions, equipped with the sup-norm, and define
Brip(R) = {w € BR): I(w,) C C¥(R), (wy) bounded in C(R) N WL (R)

such that w, — w pointwise everywhere}. (11)

Let pt € Brip(R) and let (p;) C Qo’l(R) be any sequence with (pl,) bounded in
C(R) AW bt (R) such that pt, — p* pointwise everywhere. Then, the correspond-

loc
ing reversible solution p, € Co’l(le) satisfies

pn —p in C([0,1]; L}, .(R)) and boundedly everywhere on Q<.

loc

Here,
p € B(Q§') N C¥H([0,1]; Li,o(R)) N BVioe (") N B((0,; BVioe(R)),

satisfies (10) and is independent of the particular sequence (pi) p is called
reversible solution of (8).

PROOF See Ulbrich (2003). O

3. Discrete approximation

3.1. Finite difference schemes for state, sensitivity and adjoint equa-
tion

For the discretization of the state equation (1) we consider conservative finite
difference schemes. Let A > 0 be fixed and set for a grid size h > 0

At = A, t, S nAt, a2 jh, Ry [y, wp01), QF F [tn,tagr) X Ry,
Given grid values y;! at (tn,7;), n € No, j € Z, we define the difference operators

APy = (o —yl), ANyl =y —yly)

and it will be convenient to use this notation also for functions ¢ € L}, .(Qr) by
setting

Aot x) = (t, x4+ h) — o(t,z), A ¢t x) = ¢(t, x) — ¢(t,x — h).
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Moreover, we associate with grid values (y7');» and (v;); the piecewise constant
functions ys, yi, and vy, by setting

yn(t,z) = Zy?lg;z(t,x), Y (2) = ynltn, ), on(z) = Zvlej (),

and use the convention (y»)} =y}, (vi); = ¥}, (vn); = v;. Finally, given a
function v € L}, (R), we obtain a grid function Tjv by the averaging operator

Tho(z) = %/R v(€)d¢ for z € R;.

J

Let Nz such that T € [tn,, tn,+1) (analogously, we define Ny for ¢ € (0, 7).
To discretize the state equation (1) we consider conservative finite difference
schemes of the form

— thyn de .
y;l+1:y;l_)\A f]_;,_’r%d:fH(ynyvay;EkK)a J GZa TLZO,...,NT—l,

o _ (12)
yj = Uz, J € Za
where
h, h — ¢h, h, h,

fJJrn% :f (y_;L—K-i-l"")y_;L-‘rK)? A fJJrn% = JJ:; _fJ,n%
with a consistent numerical flux f", i.e.,

e CLE®M), iy, y) = f(y) forallyeR. (13)
We will sometimes assume that the scheme (12) is monotone, i.e.,

H(y} .- yj k) is nondecreasing in each argument. (14)

The grid function y;, corresponding to yj' is an approximation of the entropy
solution y. For concreteness, the control v € L*°(R) is approximated by the cell
averages

uj = (Thu);. (15)

In terms of the associated piecewise constant functions the discrete control-to-
state mapping is thus

Up — Yh- (16)

As discrete approximation of the objective functional (3) we choose, for
example

e 7)), (@) = 3D hy 0] ). (17

J
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where v; = (Th7y); and ya,; = (Thya); with associated grid-functions vp, yd n-

The assumptions ensure that the discrete control-to-state mapping (16) and,
consequently, also the discrete objective functional (17) is continuously differ-
entiable. Obviously, we have

duhyh . (5uh = Uh, (18)

where p, is the discrete sensitivity and the corresponding grid values uj solve
the discrete sensitivity equation obtained by linearizing the scheme (12)

n+1 Y Z A 1M )
j+k/s
k=1-K yk J+ (19)
h,
where fykz-i-l = ;‘k(yjH_K, .., Yj+x) and fﬁk, k=1-K,..., K, denotes the
partial derivative of f"(y1_x,...,yx) with respect to the (k+ K)-th argument
Yk-
If we set
_ ¢hmn
Gk = T (20)

then the discrete sensitivity equation (19) reads

it = = Z A (a1 kHien)

KoK (21)

ujo- = du;.

Using (18), it becomes obvious that the action of the derivative of the discrete
objective functional (17) is given by

o T an)) B = =) "
22
= [ @ ) ) ) o = S e g )

x;el

with the sensitivities u7 according to (19) (or equivalently (21)) and associated
grid function pp,.

To derive the discrete adjoint scheme for (12), we introduce the discrete
Lagrangian

L(yhvuhvph)

Ni—1
= J"(yn(un)) = 0> ( ) —uy) Z Pyttt -y + AA_f;T;)) :

J
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Then, by standard adjoint calculus we obtain

d

Mjh(yh(uh)) ~0up = L, (Yn, un, pn) - dup = hzj:p%%, (23)

where pj, solves the discrete adjoint equation

Ly, (Yn, un,pn) =0,
which is equivalent to
Ly;l(yh,uh,ph) =0 VjeZ, n=0,...,N;.

This yields by using the linearization (21) the discrete adjoint scheme

K
Py =0T A D a i AT GEZ, m=0,.. Ni—1, (24)
k=1-K

p;\fg = ’de}y(ijga yd,j>a .] € Z. (25)

It is well known that monotone finite difference schemes converge to the
unique entropy solution.

THEOREM 4 Consider a scheme (12)—(13) that is monotone, see (14). Then
for any u, @ € L N L*(R) the corresponding grid function yy, satisfies

1 gt 30l < llunllg < Jullg Vo€ 0,7)

2. nlteun) =yl an)ll, < lun — anll, < Jlu—dl, Vee[0,7]

3. If u € BV(R) then

lyn(t, s un)|rv < |unlry < Julry Vit e [0,T)

4. yn — y in L*°(0,T; L}, (R)) as h ~\, 0, where y = y(u) is the entropy
solution of (1).
5. There exists a constant C(t) > 0 such that

Iy (8, 5 un) = y(t, 5 u)lly < C@) [ulrvh!? Ve [0,T], 0<h < ho.
PROOF  See, for example, Crandall and Majda (1980), point 5 is demonstrated
in Kuznetsov (1976). O

REMARK 2 For piecewise smooth solutions there exist improved versions of
point 5., see, for example, Teng and Zhang (1997).

Analogously to the OSLC (9) for entropy solutions, many standard schemes,
such as the (modified) Lax-Friedrichs scheme and Engquist-Osher scheme satisfy
for initial data u" = Tju, u € BV(R), u, < M, a discrete OSLC of the form
—+,n
ATy; < 1
h = M,'+ BnAt
with a constant 8 > 0, see Nessyahu and Tadmor (1992) and point 4 of Theorem

4. Using an interpolation inequality between the one-sided Lipschitz norm and
the L'-norm, one can show the following.

Vj€Z n=0,...,Np—1, (26)
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THEOREM 5 Let the assumptions of Theorem 4 hold and let (12)—(13) satisfy
the discrete OSLC (26). Then, for any t > 0 and x € R there exists a constant
C(t) > 0 such that

y(t,x) — yu(t2)] < O(1) (1+ max |yz<t,5>|>h1/3
le—x|<h1/3

PrROOF See Nessyahu and Tadmor (1992). O

3.2. Convergence of the adjoint scheme for Lipschitz continuous end
data

We study now the convergence properties of the discrete adjoint scheme (24).
Instead of the end condition (25), we consider first the case of

P =pl = (Thp'); (27)

for pt € COL(R).

The analysis in this subsection is similar to that in Gosse and James (2000),
where only the case of Lipschitz end data is considered. We will provide all
estimates that are necessary to extend the convergence analysis later to the
case of discontinuous end data, which is not considered in Gosse and James
(2000).

To carry out the convergence analysis it will be convenient to associate with
the grid values aiiq 2.k the functions

def

app(t,z) = Zagﬁr%)le? (t,x),  ap, (@)= app(tn, ). (28)
Jn

Moreover, we introduce for a grid function y, and an interval I the discrete
Lipschitz semi-norm

e yht,(E—f—h _yhtux
lyn(t; )| Lip,, (1) = Slél;' ( ZL t,2)

and recall that for ¢ € [t,,,t,+1) there holds

lyn(t, rve = lyplove = > [ATy?), (29)

wj+%61

as long as I N A1 does not contain some /5.
To ensure consistency with the continuous problem, we will need the follow-
ing properties of the coefficients a7 .

ASSUMPTION 1 There are constants M, hg > 0 such that for allh = At/\ < hg

”akxh”oo <M, -K<k<K, (30)
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and

K
T Z akn — a in L (Q9) as h — 0. (31)
k=1-K

Moreover, there exist a function o € L*(0,T) and some ho > 0 such that for all
h = At/X < hg the discrete OSLC holds

K h tn+1
kz N“?*H%vkgﬂ/t a(s)ds VjeZ n=0,...,Ni—1. (32)
=1-K n

In Assumption 2 further on in this section, we state the properties of the nu-
merical flux function f" that ensure Assumption 1.

We start by deriving a priori estimates for the adjoint scheme (24), (27). In
order to derive the L>°-stability we note that (24) can be written in the form

K
vy =Y Bt (33)
k=—K
where with the Kronecker-symbol dg j there is

B} = dox + )\(a;'lfkfé,kJrl - a}thr%’k), -K<k<K,

Bj k=M g 14 i Bix =i e ke (34)
It is easy to check that
K
> Bi=1 (35)
k=—K

To derive bounds for the total variation of the associated grid function p, we
note that the difference of (24) for j + 1 and j can be written as

K
1
Atpp = Y CRATt, (36)
k=—K
where

n __ n n
Cly = 0ok + )\(aj_k+%7k+l - aj_k+%7k), -K<k<K,

n _ n n o n
ij—K - /\ajJrKJr%,l—K? 5K = _Aaj7K+%,K' (37)

We observe that

K
> Gl =1 (38)
k=—K
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and the following relation between B}, and C7') holds

C;fk:B;fk—l—)\A*a?kar%ka, -K<k<K (39)
jx = Bjc
LEMMA 1 If the coefficients BY) in (3.2) satisfy
>0, —K<k<K, foral jeZ, 0<n<N;—1, (40)
then the solution of the adjoint scheme (24), (27) satisfies
951 = Ioloogy < 1Pl
where I} = [x; — K(N; — n)h,z; + K(N; — n)h]. In particular, we have
IPnlloo, 0zt < 1Pl oo < 197llcc- (41)
PrROOF This follows directly from (33), (35) and (40). O

We will need the following discrete Gronwall inequality.

ProrosiTIiON 2 Let b,, M,, > 0, n € Ny, with
M1 < (14 Atby) M,, n>0.

Then

Mn+1 S MO exp <Z At bn/> .

n’=0

PrROOF Denote by M,b the piecewise constant functions with M(t) = M,
b(t) = by, for t € [tn,tni1), tn = nAt. Then, for ¢ € [t,,ty41] there holds

M(t) < M(t,) + /t bs)M(s) ds

n

and summing over n gives
t
M(t) < My —|—/ b(s)M(s)ds Yt >0.
0

Now, the classical Gronwall lemma yields
M(t) S Moef(; b(s) ds

and inserting ¢t = t,,4+1 concludes the proof. O
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LEMMA 2 Assume that the discrete OSLC (32) holds. If the coefficients B},
C7y in (3.2) and (3.2) satisfy
B!, Cl >0, —K<k<K, VjeZ 0<n<N—1,

then the solution of the adjoint scheme (24), (27) satisfies

| At Y| 7 N7
- J < |pi}EL|Liph(I]n) eftn ta(s) ds,

I" <= [z, — K(N; — n)h,z; + K(N; — n)h].
In particular, we have for all0 <n < Nr—1 and t € [tn, tnt1)
t 'tN'Tas s t 'tN'Tas s
P (t; ) Lip, (r) < |PZ|Liph,(R) elen " o) ds < 195 1o efin " ) ds

PROOF We use the abbreviation N = N;. By (36) and the nonnegativity of
the coefficients Cj’fk, we conclude that

3" —dl<K

K K
|ATp| < Z C;—fk|A+p?fé| < ( Z C?k) sup |A+p;?,+1,
k=-K k=—K

By inserting (39) and using (35), we derive

K—-1
Atp? < (1 AL =g Atprtt
|ATpI < [ 1+ AT} 1 | osup [ATPET

j— Lo
k=— K h l7"—jI<K

: - n _ + n
Since A T il = A CERIVERNETE L have

K—1 K

— n _ + n
Z AT e = Z ATaj jy1 ke
k=—K k=1-K

Thus, we conclude, by (32), that

tnt1
|ATp] < <1+/ a(s) ds) sup |A+p?,+1|.
tn 7' —3l<K

As in the proof of Lemma 1, we fix some (t,,2), 0 <n' < N — 1, and set
I"= [z — K(n—n')h,z+ K(n—n')h).

After dividing by At the last estimate gives for alln =n/,...,N —1

1 tnt1 .
hlumnr < (1480 (5 [ a)85) ) 1 g, v
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Thus, the discrete Gronwall lemma in Proposition 2 yields forn =n’,..., N —1

tNOt S S
|ph(tn7')|lziph([") < (|th|Liph,(IN)) el @) ds,

From this the assertions of the Lemma follow immediately. O
The next Lemma estimates the discrete Lipschitz constant of py, with respect
to ¢ in terms of the discrete Lipschitz constant with respect to x.

LEMMA 3 The solution of the adjoint scheme (24) satisfies

Pt = pr| 5 jatpty

Tkl > —= (42)

At T _K<k<K

If, in addition, (30) holds then we have in particular
Iyt =y
At

PrROOF From (24) we see that

< 2K M, |pn(tn+t1, ')|Liph,(R)'

K
n+1 n n + n+l1
|pj _pj| <A E |aj7k+%1k||A P gl
k=1-K
Now the lemma is obvious. O

LEMMA 4 Let for the coefficients C7, in (3.2) hold
>0, —K<k<K, foral jeZ, 0<n<Np—1.

Then, for anyn =0,...,N;r— 1 and any open interval I = (z1,z2) the solution
of the adjoint scheme (24), (27) satisfies

lpn(t", )|Tv,r < |P2|TV,1H < |pE|TV,1”+[—h,h]a
where

I" = (21 — K(N; — n)h, 22 + K(N; — n)h).
Moreover, if, in addition, (30) holds then one has for any 0 <n' <n < Ng

o (t", ) = o™, Mg < (6 = 2K Mol o gy (43)
where I < (21 — Kh, 2o+ Kh).

PROOF We use the abbreviation N = N;. By (36) and the nonnegativity of
the coefficients C';, we obtain, as before

K
[AFp < D CFlATpI.
k=K



On the numerical discretization of optimal control problems for conservation laws 359

Let an open interval I = (21, 22) be given, fix some ¢,/, 0 <n’ < N —1, and set
I"= (21 — K(n—n)h, 20 + K(n —n')h).

Let n € {n’,..., N — 1} be arbitrary. Summing the last inequality for all j with
Tjp1/2 € I" yields, by (29)

Phlrvin <Y Z TRl ATPETLL

+%EI k=—K

Using the nonnegativity of C7; together with (38), we obtain the estimate

lphlrv,m < Z Z Tl AT pi ] = Z Z Ol A

J+1€I k=-K J+k+161

< Z < Z Tk, k) |A+pn+1 = Z |A+pn+1| = |pj, [ |7V, 1n+1.

@y €I 2y, €10
Hereby, we have used, besides (29), that for any k = — K, ..., K there holds

{J @ Tjrhpr2 €Y CH{I : @jyrp € 1M}

This proves the first assertion. Now let, in addition, (30) hold. Using Lemma
3, the weighted sum of (42) for {j : R; NI # 0} ={j : zj41/2 € (21,22 + D)}
with weights A1(R; NI) (= h if R; C I, A; is the Lebesgue measure on R)
yields, by (29)

[T

pﬂl I K
et <M Y Yo AT < 2K Mulpp gy
k=1-K zj+%€(z1,Z2+h)

Summing over n and applying the triangle inequality on the left hand side yields
(43). The proof is complete. O

THEOREM 6 Let a € L®(Qz), pt € C¥Y(R) and assume that (30), (31), and
(32) hold (then a satisfies automatically the OSLC (9)). Moreover, let the coef-
ficients BY ., C7y in (3.2) and (3.2) satisfy

Jk,Ck>O —K<Ek<K, foral jeZ, 0<n<N;—1.

Then, the solution of the adjoint scheme (24)—(27) converges locally uniformly
to the unique reversible solution p € C%1(Q<') of (8), i.e.,

pn —p in B([0,] X [-R, R]) for all R >0 as h=At/\ — 0.
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REMARK 3 Note that Theorem 6 does not require that the state y be generated
by the scheme, to which the adjoint scheme belongs, it is only important that yp,
ensures (30), (31), and (32). Hence, also an optimize-then-discretize approach
18 covered.

We show first the following auxiliary result.

LEMMA 5 Under the assumptions of Theorem 6 any sequence h; — 0 contains
a subsequence hl; — 0 such that the corresponding solutions Dht of the adjoint
scheme (24), (27) satisfy with I = [-R, R] for all R > 0

pu = p in B0,0 x D), (44)
where

p € CU1([0,4] x R) (45)
is a solution of (8).

Proor By Lemmas 1, 2 we find a constant M, > 0 such that for h < h¢ there
holds

th”B(Qg) < M. (46)

Moreover, by Lemma 2 there exists a constant L, with

PalB(0.8;Lip, (®)) < La- (47)

Using (47), Lemma 3 yields for all ¢ € [o,t) the discrete Lipschitz estimate in
time

h t/a ') — Ph tu : o
sup Hp ( /) p ( )HB(R) < 9KM,L, def L;. (48)
t/e(t,ﬂ |t - t| + At

We show next, by an Arzela-Ascoli type argument, that any sequence h; — 0
contains a subsequence (h}) such that with I = [~ R, R] for all R > 0 (44) holds,
where p € C%(Qy).

In fact, we choose a countable dense subset () of Q¢ and may by (46) select
a diagonal subsequence (h!) such that pp(2;) converges for all z;.

Now, let R > 0 be arbitrary but fixed and set Dy < [0,] x [~R, R]. For
every 0 > 0 we then find an Ls, such that the §-balls (Bs(z;))1<i<r, cover the

compact set Dg. Then, we find N such that

sup |pp;(21) —pu(21)] <6 forall i,j > Ns
1<I<Ls

and may choose Ns without restriction such that (At');, (h'); < ¢ for i > Ni.
Then, for any (t,z) € Dg there is 1 <1 < Ls with (t,z) € Dg N Bs(z;) and
(47)—(48) yield

lpn (8, @) = pus (8, 2)[ < 64 (Lo + Li)26 Vi, j > Ns.
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This shows that
Pr — P in B(DR) (49)

Moreover, since the choice of the dense set (z;) and the diagonal sequence (h})
does not depend on R, this holds on Dp, for all R > 0. The regularity properties
(45) of the limit p are by the convergence (49) inherited from the properties (46),
(47) and (48) of py,.

In the next step we show that p solves (8). Clearly, p satisfies the end
condition, since by (27) and (44) we have for all I = [-R, R], R > 0,

Ip(£,-) — pt”B(I) < Zliglo [(p — pr) (&, ')HB(I) + [lpn. (¢, ) _ptHB(I) =0.
In the following it will be convenient to recall for any ¢ € B(Q;) the notation

A+¢(ta I) d:ef (b(tv T+ h) - ¢(ta I)a A_¢(ta I) d:ef (b(tv .I) - (b(tv € — h)
Using (28), the adjoint scheme (24) can be written down as

pr(t,x) — pr(t — At, )
At

ANtpp(t,z — kh)

=0.
h

K
+ Z a;“h(t — At,x — kh)
k=1-K

For convenience, we write in the sequel h instead of h;. It is obvious that
ph(t7 JI) — ph(t — Atv JI)

At
since for all ¢ € D(Qz) and h < dist(supp ¢, 0Q;) there holds

pr(t,z) — pr(t — At, x) B o(t,x) — P(t + At, x)
o, 1) AL dz dt = o, AL

—p inD(Qf) as h — 0,

pp dx dt

— — [ ¢¢pdxdt as h— 0.
Qf
Hereby, we have used (44) and the fact that the difference quotient of ¢ converges

boundedly everywhere to ¢;. Moreover, we have for all ¢ € D(Q;) and with ay,
defined in (31)

K + —
/¢ 3 ak,h(t—At,x—kh)Mdmdt
QF

k=1-K
K
_ S 6(t,x + kh)ag(t — At,x) palt e + h}z —onhT)
Q p=1-K
= [ ¢, x)an(t — At, :v)ph(t’ s hf)L — ot 2) dx dt
Qg
K Ntpp(t, )
+ / > (¢t x4 kh) — @(t, ))arn(t — At x) =" dxdt
Qf p=1-K
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Now choose R > 0 large enough such that supp¢ C [0,] x [-R, R] = Dg. I
tends to zero, since (30) and (47) yield

K
L| < MyLy Y |l¢(t,z+kh) — ¢(t,2)||l, o, — 0 ash—0.
k=1-K

To analyze the first term, we note that, as above

ph(tv'r + h) _ph(ta I)
h

= pe inD'(Q)

and also in L*°(Dpg)-weak*, since its absolute value is on Dg bounded by L,.
On the other hand, (31) yields

pan(-—At, ) = pa+¢((a(-— At,-)—a)+ (an—a)(- — At,-)) = ¢a in L' ()

as h — 0 and has support in Dg. Therefore, we obtain

lim I) + I = ¢ap,dxdt.
h»;—}O QE

This shows that the limit p of py,; satisfies (8) in the sense of distributions, where
p; and p, are the distributional derivatives. Using the local Lipschitz-continuity
of p on Qg, p is by Rademacher’s theorem almost everywhere differentiable in the
classical sense with partial derivatives p; and p,. Thus, p is a classical solution
of (8) and has the regularity (45). The lemma is proven. O

As a quite immediate consequence we can now prove Theorem 6, since re-
versible solutions can be characterized by the monotonicity property of Defini-
tion 1.

PROOF  (of Theorem 6) It is obvious, by (31) and (32), that the limit
coefficient a satisfies the OSLC (9). Thus, (8) has, by Theorem 2, a unique
reversible solution p € C%!(Q;). We know from Bouchut and James (1998),
see Definition 1, that a Lipschitz continuous solution p of (8) on 7 is the
unique reversible solution, if and only if there exist Lipschitz solutions pi, ps of
pt + ap, = 0 with

(P1)z, (P2)z >0, p=p1—p2 on Q. (50)

Now, given the sequence of end data p’,i, we easily find by collecting only up
jumps or down jumps, respectively, monotone increasing end data (p;)}, 1 = 1,2,
with discrete Lipschitz constant L, such that p} = (p1)} — (p2)}. Hence, we
find a sequence h; — 0 with (p)j,, — p; € Lip(R) in Bie(R) as i — oo,
where (pf)z >0,1=1,2 and p' = pi — pg. Using Lemma 5, we can choose a
subsequence h; such that for i — oo the corresponding solutions py; and (pi)n;
of (24)—(25) converge in B([0,?] x [-R, R]) for all R > 0 to Lipschitz solutions
p, pi of (8) for end data p', p, respectively. In particular, we have p = p1 — po.
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It remains to show that (p;), > 0, I = 1,2. But (36) yields, together with
x> 0, the monotonicity of the adjoint scheme (24). Thus, the monotonicity

properties of the end data (pl)’,i, Il = 1,2, are preserved. Hence, p = p1 — ps is
the unique reversible solution of (8).

Therefore, we have shown that any sequence h; — 0 contains a subsequence
h; with py; — p in the sense of (44), where p is the unique reversible solution
of (8). Thus, p, — p in the sense of (44) holds generally for h — 0 by a

subsequence-subsequence-argument. The proof is complete. O
We recall that the coefficient in the adjoint scheme (24) is defined by
_ ¢hmn
a;'zr%vk - fyk7j+%' (20)

Moreover, the adjoint equation (6), (7) can be written in the form (8) with the
coefficient

a=f'(y). (51)

In order to apply the convergence results of the previous section we have to
verify Assumption 1 as well as

;-fk, ;-kaO, —K<Ek<K, forall jeZ, 0<n<N;—1. (52)

For convenience, we recall that by (3.2), (20)

n o _ h,n _ h,n _
Bj’k =do+ )\(fywrl,j—k—% fyk,j—k-‘r%)’ K <k <K, (53)
n o h,n n o__ h,n
Bj’_K - Af’yl—K,j“rK*%’ Bij - _/\ny,ijJr%’
and by (3.2), (20)
n h,n _ rhn .
Cj’k - 6O’k + )\(fyk+17j—k+% fymj—k-i—%)’ K<k <K, (54)

Ci_k =Bk, Cjix=Bjk.
We need the following properties of the numerical flux function.

ASSUMPTION 2 f" € C1N(R?K) and is consistent with f, i.e., (13) holds.
With constants ho, My > 0 and the entropy solution y = y(u) of (1) for all
h = At/X < hg there holds

Iyl < My, yn(t,-) = y(t,-) in LL.(R) for allt € [0,T) as h — 0,
(55)

fyh]C are on [—M,, My|** nondecreasing in each argument. (56)
With a function v € LY(0,T) and some hg > 0 for all h = At/\ < hg the
discrete OSLC holds

o[t
Aer;LSE/ ~#)dt VjeZ, n=0,...,Np—1. (57)

in
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We show now that Assumption 2 implies Assumption 1.

LEMMA 6 (i) If (13) holds for f* and yy, satisfies (55), then the coefficients

a% 1o = Sy jr1/2 satisfy (30) and (31) and we can choose
My=  sup |fy(y)l. (58)
ye[_Mvay]zK
—K<k<K

(i) If (56) holds for f" and y; satisfies (55), (57) then the coefficients

fn satisfy the discrete OSLC (32).

a’ =
J+1/2,k Yr,J+1/2

PROOF  (i): By (55) we have |[ynllo, [|ylloo < My for h < hg. Moreover, f
are continuous on [— M, My)*! by (13). Thus, M, in (58) is bounded and is
obviously an upper bound for |a§‘+1/27k| = |f,, )j+1/2| if h < hg. This yields (30).
It remains to show (31). Since (13) ensures f"(y,...,y) = f(y), we have

K
Sty = f ).

k=1-K

Therefore, we obtain for (t,z) € Qr

(59)
i (n(tw = (K = DR), syt + Kh)) ) |

(55) yields for all I = [~R, R], R > 0, and all h = At/A < hg

||yh('7 : + kh) - yH17(01T)><] S Hyh - yH17(01T)><(7R717R+1)
+Hy('7'+kh)_yH17(01T)XI—>O a.Sh—>O.

Since f' are by (13) Lipschitz continuous on [—M,, M,]**, we see that the

right hand side of (59) tends to zero in L}, (Q%), which shows (31).

loc

(ii): Let yp satisfy (55) and (57). By (13), f}! has a Lipschitz constant Ly on
[—M,, M,]?. We use the notation aV 8 := max(c, ). Then the monotonicity
of fI' in all arguments on [—M,, M,]**, ensured by (56), yields, by (57), where
we assume without restriction that v > 0

+ ph,n h h,n
Tyvgmrry S FoWimkmraV¥ieorans ) = fy 05y
K - h tni1
< Ly max(A"y? 4, 0) < AL Lyv(t) dt.
t

I=1-K n
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Therefore, (32) holds with o = (L1_g +. ..+ Lk)y, and (57) yields a € L1(0,T).
O

The previous lemma shows that the convergence results of Theorem 6 can
be applied if the coefficients B, in (53) and C7 in (54) satisfy (52). This
condition is examined in the following lemma.

LEMMA 7 Let (13) hold.
(i) The condition

B}y, >0 forally} € [—M,, M,

with BYy in (53) is satisfied if and only if the finite difference scheme (12)
is monotone on [—M,, M,] in the sense of (14)

(i) If llynlle < My and the coefficients BTy in (53) satisfy B}, > B > 0,
—K <k < K then the coefficients CT, m (54) satisfy automatically C7) >
0 under the Courant-Friedrichs-Lewy (CFL) condition

At
A= 5 = 2]@ M, as in (58).
PROOF (i): It is easy to check that the partial derivative of the scheme (12) is
given by BY,, ;. Hence, (i) is obvious.
(ii): Now assume that B}, > 3> 0, —K < k < K. Then we have, by (3.2),
(3.2), C7x = B} g > 0 and C’LK = B}, _x >0, and by (39)

f= Bl A M 2 B—2\M,, —K <k<K

with M, from (58). Therefore, C7; > 0 is ensured under the CFL condition
A<2M,/8. O

REMARK 4 In the case of a monotone three-point scheme, i.e., K =1, one has
only to check C7y > 0.

3.3. Convergence of the adjoint scheme for discontinuous end data

Consider the situation of Theorem 1, where y(t,-;u) is piecewise C' and has
finitely many shocks at 7 < z2 < ... < xx. Then, the end data of the
adjoint equation (6), (7) for the adjoint-based derivative representation (5) of
the objective functional (3) are given by

x),ya(x)) ifxé{r,...,zx}

v =1 o
T R

x €R. (60)

and are thus discontinuous and contained in Br;,(R), see (11). Even more, they
have particular values at the points z € {x1,...,xk }, which are propagated in
the whole shock funnel, see Remark 1.
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It has been demonstrated in Giles and Ulbrich (2010a,b) that the conver-
gence of the discrete adjoint, given by (24), (25), is not ensured within the shock
funnels if the numerical scheme has numerical viscosity O(h). However, conver-
gence was proven in Giles and Ulbrich (2010a,b) for the end data (25) and a
modified Lax-Friedrichs scheme with numerical viscosity O(h?) for appropriate
0<p<l.

We present now a new approach that ensures convergence of the discrete
adjoint by using (24) with slightly modified end data. To this end, we use the
fact that the correct end data of the adjoint equation are given by (60) and
that we can use yp(Z,-;up) and the pointwise convergence result of Theorem 5
to compute convergent approximations of the left and right limits y (%, z=+; u) at
xe{xy,...,xKx}.

To approximate the shock locations x1, ...,z we determine the K regions,
where A"’yévf = —O(Vh) and choose z} as the middle point z;, of the k-th

region. Then, we approximate p’(z) in (60) by

oty O+ ), ya(e)) — bl — 1), ya(a)]
Pal TV [yn (L, + h1/3) — yp (F, 2 — h1/3)] :

Now, let 7 > 0 with r < minj<p<x |2, — 2}|/8 and define the weighting
function

. 1 if |z] <,
wile) = max{w,()} if || > r.

Next, we approximate (60) by
Wy(ijf,yd,{) if |z; —af| > 2r1 <k <K,
pj,vf"” = {w'(x; —ap)pt, + otherwise. (61)
k
T Ng
(1= w" (x5 — )7y (Y; 5 Yd,5)
We have the following result.

THEOREM 7 Let y satisfy the assumptions of Theorem 1. Consider the scheme
(24) with end data (61). Assume that (30), (31), and (32) hold. Moreover, let
the coefficients B}, CTy in (3.2) and (3.2) satisfy

B;k,C;kaO, —K<Ek<K, forall jeZ, 0<n<N;—1.

Then, there exists a piecewise constant function r(h) > 0 with r(h) — 0 as
h — 0 such that with the choice r = r(h) in (61) the solution of the adjoint
scheme (24), (61) satisfies

pn — p in C([0,1]; L}, .(R)) and boundedly everywhere on Q' as h — 0

loc

with the unique reversible solution p of the adjoint equation (6), (7).
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REMARK 5 Note again that Theorem 7 does not require that the state yp be
generated by the scheme, to which the adjoint scheme belongs; yn has only to
ensure (30), (31), (32) and that the convergence properties of Theorems 4 and
5 hold. Hence, also an optimize-then-disretize approach s covered.

PROOF  (of Theorem 7) Similarly to (61) we define pt" € C%(R) by

] Y(@)y (y(t, @), ya(z)) if |z — x| > 2,1 <k <K,
P (z) = Wz — xk)—w(y(mféz;}(“))] otherwise.

+(1 = w" (@ —ax))v(2)y (y(t, @), ya(@))

We consider first the case of fixed r > 0. Theorem 4, point 5. yields
|th(ﬂ sup) —y(t, su)ly, = O(hl/Q),

and this implies |z — 2}| = O(h'/2?). Therefore, for h small enough, y(Z,-)
is C! outside of [xf — R/, zl + h'/3] and thus Theorem 5 yields that pi"
corresponding to (61) converges uniformly to p“". If p} and p" denote the
corresponding solution of (24), (61) and the reversible solution of (8) with data
pb7, respectively, then Theorem 6 yields

Py —p" in B([0,{] x [-R, R]) for all R> 0 as h = At/\ — 0. (62)

Moreover, p'" converges for r N\ 0 to pleB Lip(R) in the sense of Theorem 3.
Hence, Theorem 3 yields

p" —p in C([0,%]; L}, .(R)) and boundedly everywhere on Q¢ (63)

loc

where p is the reversible solution of the adjoint equation (6), (8).
To conclude the proof, we define a piecewise constant function r(h) > 0 with
r(h) — 0 for h — 0 as follows. Let 0 < hg < 1 be the initial grid size and choose

ro > hg, for example, as ry = h(l)/ % First of all, we note that p” and pj; are
independent of 0 < r < rg outside of [0,#] x [-R, R] for R > 0 big enough by
the finite propagation speed of (8) and of the scheme (24).

Let (v;)ien be a monotone decreasing sequence with v; — 0, for example
v = % We construct inductively a sequence hg > h; N\, 0 such that with

ri = h}/% for all i € N there holds

1% _priHB([O,ﬂx[—R,R]) <vy; YO<h<h,. (64)
This is possible by (62). Now, we set

r(h) =r; for h € (hiy1, hi].
Then, (63) and (64) yield

p"(h) = p in C([0,#]; L}, (R)) and boundedly everywhere on [0,#] x [~ R, R].

loc
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Since, p” = p as well as p}, are independent of r outside of [0,7] x [-R, R, the
convergence there follows from (62). O

Theorem 7 does not give an explicit formula for the choice of r(h). It should
be enough if the intervals [z% —7(h), 2} +r(h)] cover the numerical shock profile
and hence, by Theorem 5, r(h) = O(h'/?) should be a safe upper bound for
the choice of r(h). While an exact proof of this fact is beyond the scope of this
paper, we will give numerical evidence in Section 5 and will provide in Section
4 a proof for the adjoint Engquist-Osher scheme and a simplified structure of
the coefficients a”, ; , in (20), see Theorem 8.

J+§7k
4. Application to sensitivity and adjoint schemes for stan-
dard finite difference schemes

In this section, we apply the convergence results of the previous section to
several well known difference schemes (12) and the associated adjoint schemes.
We assume throughout that the convexity assumption (2) holds.

4.1. The Engquist-Osher scheme

The Engquist-Osher scheme (EO-scheme) has the monotone numerical flux, see,
e.g., Engquist and Osher (1981)

£ (yo, 1) = /f +dy+/ f'(y)~ dy,

where f'(y)* = max(f'(y),0), f'(y)~ = min(f’(y),0), and 7 € R is fixed. Al-
though f¥© does not depend on the choice of 7, it will be convenient to choose 7
as the sonic point, i.e., f'(g) = 0, if it exists. Thus, the Engquist-Osher scheme
(12) reads

n+l _ n y;l l + y;‘+1 / —
Y =yl = A fy)" dy+ fy) dy ). (65)
Yiq yi

In order to apply the convergence results of Theorems 6 and 7 for the associated
adjoint scheme we make the following observatlons
e The Engquist-Osher flux is consistent and ch!
over, we have

yb;O = f'(yo)*, ybzo =f'ly1)~,
and these are nondecreasing functions. Therefore, (56) holds.
e The scheme has the form (12) with K = 1. The sensitivity and adjoint
scheme are given by (19) and (24), the coefficients (20) are

EO EO EO, EO —
@jp1 nO fUO J-:Ll - f/(y;l)-‘r’ J+1n1 fm 7-:1 - f/(y;lJrl) . (66)

Thus, (13) holds. More-

loc*
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This yields, for the coefficients BY; in (33), (3.2),

Bngln - (y;l)Jr 0’
Big" =1+ M W)™ = 1)) = 1= Al @)L,
BIP™ = =\f'(y})” >0

Thus, the scheme is monotone on [—M,, M,] according to (14), under the
CFL condition

A sup |f'(y)] < 1.
ly| <M,

In particular, we have BJEO " >0 on [—M,, M,].

e Let the CFL condition hold with M, = |u||,,. Then, the EO-scheme is
convergent in the sense of (55) by Theorem 4 and generates iterates in
[—M,, M,).

e The coefﬁcients C7y in (36) are

EO,n EO,n EOmn _ npEOmM
OO — BEO™ >0, CFOm = BEOM >, (67)

CE™ =1+ MF ()™ = F'™) = 1= M )|+ L))

Hence, C]Eg’n > 0 is ensured under a 1/2-CFL condition, i.e.,

A sup [f(y)| <

ly|<M,

(68)

l\DI»—A

e It can be shown that for the initial data v € BV (R), satisfying an OSLC
Uy < My with M, € [0, 00], the EO-scheme satisfies the discrete OSLC
(57) under a 1/2-CFL condition (68), see Brenier and Osher (1988), Ul-
brich (2001).
We thus have the following result.

COROLLARY 1 Under a 1/2-CFL condition (68), the EO-scheme and its adjoint
scheme satisfy Assumption 2. Hence, the convergence results of Theorems 4, 6

and 7 hold.

7

We show now, for the simplified case of a piecewise constant state y, with
one stationary shock, that for the adjoint EO-scheme Theorem 7 holds with
r(h) = O(hP) for any B € [1/3,1/2).

THEOREM 8 Let w; > wu, with f(uw) = f(u,) and f'(w) > 0 > f'(u,). Let
u(z) = w for x <0 and u(x) = u, for x > 0 and let y be the corresponding
entropy solution of (1) (Riemann problem) given by

<0
y(t,z) = {ul e

ur x> 0.
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Let a 1/2-CFL condition (68) hold and let yp, be the grid function corresponding
to y} = y(tn,x;). Then, under the assumptions of Corollary 1, the convergence

result of Theorem 7 holds for the adjoint EQ-scheme for v(h) = O(h?) with any
Bel1/3,1/2).

ProOOF The adjoint EQ-scheme reads

= M) P+ =M Del T = A () i (69)

The shock location at t = £ is £ = 0 and the shock funnel is confined by the
characteristics &(t) = — f'(w;)(t — t) and &.(t) = — f'(u,) (¢ — t).

We estimate the dependence of p? inside the shock funnel on the values pévf
at x; sufficiently far away from the shock location .

Without restriction we consider only 7 = 0. Let (0,x3) be inside the shock
funnel and to the left of the shock. Since f'(y}) = f'(ui) > 0 to the left of the
shock and f'(y}) = f'(ur) <0 to the right of the shock, the adjoint EO-scheme
(69) to the left of the shock reads with a; = f'(u;) > 0

w=(1- )\az)p?ﬂ + )\alp?j[ll (70)

and with a, = f’(u,) < 0 on the right hand side of the shock:

= (1 + Aa,)p; I )\arp"H (71)

Hence, p is a convex combination of p ,0<1i<1-—j, with weights 3;, and
we have

Bi = (Nt) (M) (1 — Aa)Mi™? for 0 <i< —2—73.
i

Hence, the fraction pg(l) of p;Q that depends on pjvf for j <1 < —2 can be
estimated by

J l—j
i Ni i F—i
20 Z( Yo -2 < okl 3 () G 1-xa ¥,

1=0 1=0

where the right hand side vanishes for [ < j and is an integral over the tail of a
binomial distribution X with expected value E(X) = Niha; = tf# > 0 and
variance V(X) = LW (1 — A f/(y)).

Since (0,x3) is in the shock funnel, we have z; + tf'(y;) > 0 and thus
j+ E(X) > 0. Hence, Chebyshev’s inequality yields

I—j
( )Aal (1-Xa)Vi " < P(IX-E(X)| > -1) < =
1=0



On the numerical discretization of optimal control problems for conservation laws 371

If now —lh = O(h?) with 8 € [1/3,1/2), then > = O(h'=%%) — 0 as h — 0,
and the proof is complete, since pg does not depend on pj-vf for j > 2 as observed
above.

A sharper estimate is obtained by using Stirling’s formula that yields (see
Theorem of Moivre-Laplace)

1+0(1) o G- BOO)®

P(X =i) = ——2 )
2nV(X)
Hence, we obtain, with the substitution s = 252
V(X)
I+E(X) L 2 1/\/V(X)
R() < C/ L S g C/ Lt g
e 2V (X) . V2

If now —lh = O(h?) with B € [1/3,1/2), then —1 = O(h?~1), while V(X) =
O(h™1). Hence,

O(—hP=1/2)

R(l)gc/

— 00

and the right hand side tends to zero exponentially for h — 0. O

REMARK 6 If yy is constant outside of a numerical shock profile, then an anal-
ogous proof is possible. One has only to choose x; outside of the shock profile
instead of | < —2.

The general case of a nonstationary shock can also be handled, but the proof
1s quite technical. An extension to general piecewise smooth solutions with shocks
should also be possible.

4.2. Modified Lax-Friedrichs scheme

The numerical flux is given by

S (o, ) = % (f(yo) + fy) — %(yl - yo)) , 7 € [Amax|f'(y)],1),

where the maximum is taken over the whole region in which yo,y; vary. Then,
the scheme (12) reads

1 A
yi = SO+ 2= 205 i) - S - FE)). (72)

Obviously, the scheme is for any v € (0, 1] monotone on [—M,, M,] under the
CFL condition

A sup |f'(y)] <7
ly| <My
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The original Lax-Friedrichs (L-F) scheme is obtained for v = 1 and can be
analyzed on the decoupled staggered grids (n + j) mod 2 = const. In the
following, we study the case of v € (0,1). In order to apply Theorems 6 and 7
we collect the following properties.
e The Lax-Friedrichs flux is consistent and C’l1 0’3.
over, we have

Thus, (13) holds. More-

1 Y Y
yfoFZQfl(yo)'i‘ﬁa yLlFZ—f/(yl)——

and these are nondecreasing functions. Therefore, (56) holds.
e The LF-scheme has the form (12) with K = 1. The sensitivity and adjoint
scheme are given by (19) and (24), and the coefficients (20) are

1 1
LFn _ yLF;n  _ Loy 7 LFn _ pLFn  _ Lomom 7
a’j+%10 - fyo,j+% - 2(f (y] )+A)7 a’jJ’,%J - fy1,j+% - 2(f (y_]+l) )\)
This yields for the coefficients B, in (33), (3.2)

n 1 n
B/ = E(Af/(yj)+7)a
Big"=1-7>0

n 1 n
Bj" = 3 (A7) 7).

Thus, the LF-scheme is monotone on [—M,,, M, ], according to (14), under
the CFL condition

A sup [f(y)l <
ly|<M,

In particular, we have Bﬁg’" >0 on [—M,, M,].

e Let the 4-CFL condition hold with M, = ||u|| ... By the monotonicity, the
LF-scheme is convergent in the sense of (55) by Theorem 4 and generates
iterates in [—M,, M,].

e The coefficients C7 in (36) are

CLF',n BLF,n Z O, CLF',n o BLF',n >0

§-1 = Pjt+1,-1 A S B
CLF,n =1 1 A ") (., mn 2
o = "'5( (f' (i) = F1(y))) — 27).

Hence, C]L,f" > 0 is ensured under a (1 — v)-CFL condition.

COROLLARY 2 Under a min(y,1 — ~)-CFL condition the modified Lax-
Friedrichs-scheme and its adjoint scheme satisfy Assumption 2. Hence, the
convergence results of Theorems 4, 6, and 7 hold.
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5. Numerical example

We consider the state equation (1) with f(y) = y?/2 and initial data

2 for z <0,
u(x) =
-1 forz > 0.

The objective function is

56) = [ 2025 ds

with v € CY(R) and v = 1 on [—~2,2]. The entropy solution has a single shock
with speed s = 1/2 and is given by

t,x) =
( —1 forxz >t/2.

){2 for x < t/2,

The reversible solution of the adjoint equation (6) on [0,7] x [—2,2] is

2 for —2<z<1/2-2(1-1t),
p(t,z) =< -1 for1/24+(1—1t) <z <2,

1 for1/2-2(1—-t)<a<1/24(1-1).

We apply the EO-scheme (65) with A = 1/4 to compute y;, and its adjoint
scheme (24), (66) to compute py. As end data for the adjoint scheme we choose
on the one hand (25), which yields the exact discrete adjoint, and on the other
hand (61) with r(h) = h%/?°, which ensures convergence to the correct adjoint
state by Theorems 7 and 8.

Figure 1 shows the discrete state yp (1, -), the discrete adjoint pp, (0, -) for data
(25) and discrete adjoint pp,(0,-) for data (61) when using the Engquist-Osher
scheme and its adjoint scheme with A = 276 and h = 2719, respectively. As
already observed in Giles and Ulbrich (2010a,b), the end data (25) corresponding
to the exact discrete adjoint do not yield the correct value 1/2 of pj, in the shock
funnel. The sharp shock profile does not allow to propagate the correct value
in the shock funnel. In Giles and Ulbrich (2010a,b) it has been shown that a
numerical viscosity O(hﬁ ) with 8 < 1 is necessary to obtain convergence.

The modified end data (61) that have been proposed and analyzed in this
paper yield also the correct value 1/2 up to machine precision without using
very dissipative state solvers as required in Giles and Ulbrich (2010a,b). The
proposed approach provides an easily applicable remedy to ensure convergence
to the correct adjoint also for schemes with sharp shock resolution.
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h (o — p)(0, )| 1 for | ||(pn — p)(0,-)|| ;1 for | exp. order of conv.
data (25) data (61)
276 11.0749 0.3785
2-7 | 1.0194 0.2579 0.5536
278 | 0.9815 0.1856 0.4741
279 | 0.9552 0.1273 0.5443
271010.9369 0.0887 0.5215

Table 1. Left: Ll-error of adjoint (EOQ) pp(0,-) for data (25); right: L!-error of
adjoint (EO) pp(0,-) for data (61) and experimental order of convergence

Table 1 shows for different mesh sizes the L'-error ||(ps — p)(0, Mri-2,2
for the data (25) (left) and for the data (61) (right). While the error for data
(25) remains O(1), it converges for the proposed data (61) to zero with an
experimental order of convergence of approximately h'/2.
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Figure 1. From above: state (EO) yp(1,-), adjoint (EO) px(0,-) for data (25),
adjoint (EO) py(0,-) for data (61), h =27 (left), h = 2719 (right)




